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. extension of Mathematical Knowledge. 


THE LONDON MATHEMATICAL ВООТЕТУ is instituted for the promotion and 


Tt was founded in 1865, and incorporated under Section 28 of the Companies Act 1867 
in 1894, 


Every Candidate foc Membership must be proposed and recommended, according to a 
form which the Secretaries will supply, by not less than three Members, of whom one ab 


least, except in special cases to be submitted for the decision of the Council, must cartify his 
personal knowledge of the Candidate, 


This form is read at one of the Ordinary or Annual General Meetings, and the Candidate ] | 
is balloted for at the next ensuing meeting, provided that seven Members аге présent thereat. ‘+ = | 
The Candidate, if elected, is informed oi his election by one of the Secretaries, and | 
supplied with a copy of the Memorandum and Articles of Assoointion and By-Laws, He must | " 
pay the contribution which is due from him within six months after the AAT of his election, | | 
otherwise his election shall be void, | | 

An entrance fee of two guineas is required to be paid by each newly elected Member. 

The Annual Subscription to be paid by each Member is twa guineas. The subscription | 
gue from à newly elected member for his first year of membership is one guinea if his election | 
takes place between March and June inclusive: any Member may compound for his annual - 
subscriptions by the payment of twenty-five guineas in one sum, or in two equal annual 


' instalments. In certain cases the composition fce is reduced. 


Every Member is considered liable for his annual subscription until he has signified in 
writing his desire to resign, and has returned all books and property belonging to the Society. 


Annual subscriptions are due at the beginüing of each Session (the first Thursday in 
November of each yer), and may be paid to the aecount of the London Mathematical Society, 
London County, Westminster and Parr’s Bank, 1 St. James's Square, London, 8.W.1, or 
to the Treasurer, Dr. А. E. Western, 85 Essex Street, Strand, London, W.C.2. 


The affairs of the Soojety are directed by the Council and Officers. B 

The Council consists of sixteen Members, including the Officers, and is chosen from among 

the Ordinary Members of the Society at the Annual General Meeting in November. | 
The Officers are a President, Vice-Presidents, a Treasurer, and Secretaries. 

| 


The Ordinary Meetings of the Society are now held at Burlington House, W.1, and begin | 
at 5 o'clock in the evening. The Meetings for the Session 1920-21 are on November 11, 


_ December 9, January 13, February 10, March 10, April 21, May 12, and June 9. Cards. giving 


the Programmes of the meetings as they occur can be had by Members a few days beforehand 
on application to С. F. Hodgson & Son, 2 Newton Street, Kingsway, London, W.C.2. 
At these meetings papers ате read and communications made: upon each paper br 


- communication the Chairman invites discussion. 


The Council alone: decides whether any paper proposed for reading shall or shall not | 
be read, | | 

After а paper has been presented to the Society, it is referred by the Caunoil to one or c | 
тоге Members, who report to the Council on its fitness for publication in the Proceeawngs. 
After hearing the reports, the Council decides by ballot whether it shall be printed or not. 

Authors of Papers intended for communication to the Society are requested to furnish to 
the Secretaries short Abstracts of their Papers, indicating the nature of the methods empjoyed 
and the character of the results obtained. Abstracts of papers submitted for publication in 
[ull should be extremely brief ; ав a rule, such an Abstract should not exceed half a page of 
the Proceedings. When an Abstract refers to њ communication which is not to be published 
in full, more space will be allowed for the Abstract, with a maximum of about two pages. 


Communications for the Бестећатјен may be forwarded to them at the following | 
addresses :— | 
Now College, Oxlord—Q. Н. Hanbt, M.A., FRS, | 
The University, Edmund Street, Birmingham—G. №, Warsos, Sc,D., FES. | 
London Маі лайса] Society, Burlington House, W.1. 
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RECORDS OF PROCEEDINGS AT MEETINGS. 


SESSION NOVEMBER, 1920-JUNE, 1921. 
Thursday, November 11th, 1920. 


ANNUAL GENERAL MEETING. 


Mr. J. E. CAMPBELL, President, and later Mr. H. W. RICHMOND, 
President, in the Chair. 


Present thirty-five members and two visitors. 

N. Sen was elected a member. 

Messrs. F. G. W. Brown, R. G. Cooke, S. L. Green, Y. A. J. Limerick, 
C. N. H. Lock, H. Lowery, T. A. Lumsden, J. B. Maclean, K. B. 
Madhava, A. R. Richardson, and Miss N. I. Calderwood, were nominated 
for election. 

The Treasurer presented his Report. Lt.-Col. Cunningham was 
appointed Auditor. 

The President announced that Prof. Eddington had consented to 
deliver a lecture at the February meeting. 

The President presented the De Morgan medal to Prof. E. W. Hobson. 

The Officers and Council for the Session 1920-21 were elected. The 
1186 is as follows :—President, Н. W. Richmond; Vice-Presidents, T. J. ГА. 
. Bromwich, J. E. Campbell; Treasurer, A. E. Western ; Secretaries, G. Н. 
Hardy, G. N. Watson; other members of the Council, C. G. Darwin, 
А. L. Dixon, A. 5. Eddington, L. N. G. Filon, H. Hilton, Miss Н. P. 
Hudson, A. E. Jolliffe, J. E. Littlewood, J. W. Nicholson, W. H. Young. 

The retiring President then delivered his Presidential Address, 
“ Einstein’s Theory of Gravitation as an Hypothesis in Differential 
Geometry.” Prof. Eddington also spoke on the subject of the address. 


The following papers were communicated by title from the Chair :— 


On the Conformal Transformations of a Space of Four Dimen- 
sions : H. Bateman. 


RECORDS OF PROCEEDINGS AT MEETINGS. ү 


*(1) The Differentiation of the Complete Third Elliptic Integral 
with respect to the Modulus, (2) Note on the Intersection of 
a Plane Curve and its Hessian at a Multiple Point: F. 


Bowman. 
On Dirichlet’s Multiplication of Infinite Series : T. S. Broderick. 


* Arithmetic of Quaternions: L. E. Dickson. 
*The Classification of Rational Approximations: P. J. Heawood. 
Integral Solutions of Ordinary Linear Differential Equations: 


E. L. Ince. 
*On the Series of Polynomials, every Partial Sum of which Approxi- 
mates п Values according to the Method of Least Squares: 


Charles Jordan. 
*On some Solutions of the Wave Equation: H. J. Priestley. 
*An Example of a thoroughly Divergent Orthogonal Development : 


H. Steinhaus. 
*The Group of the Linear Continuum: N. Wiener. 
*On the Partial Derivates of a Function of many Variables: Mrs. 


G. C. Young. 


ABSTRACTS. 


On the Conformal Transformations of a Space of Four 
Dimensions and Lines of Electric Force 


Prof. H. Bateman. 


The system of eighteen differential equations 


д(т', у) _ , ol, t) „0(2', Ё), Aly’, z") 
oly, z) — t om, D" ~ oye — t cr, 0) ' 


may be solved directly, giving the relations 


ie) one dodi Cong ee ey), 
a(ua’'+1b'—e) = — wa! —nb' +9 — В(ра' + mb' — f), 
а(— ти +vB'+q) = ha +38 p k— b (la! —uB' — p), 
a(va'+mb'—f) = ja'—hb'+s+b (иа +W — e), 


* Printed in this volume. 
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vi RECORDS OF PROCEEDINGS AT MEETINGS. 


where a=2'+ct’, B=zx+iy, a= 2 Fct, b=2'—iy’, 
а= z —ct, B'=z+iy, w=zt+et, Wor —ty, 


and J, m,n, и, о, W, р, 9, T, e, f, g, h, j, К, s are arbitrary constants. 
These equations are equivalent to a conformal transformation from 
(г, y, 2, ict) to (z', y', 2’, tct’). 


If а = $4-08', бда = y —b, a=¢'+0'8, Өа = y —b, 


the two sets of parameters (0, ф, Y), (0', ф', ү) are connected by a pro- 
jective transformation 


x0 = 00 —0ф d wj, хуу = 90 — fp a ey'—s, 
xp = 70' —аф Фр +k, x = n0' —тф + hy! —ћ, 


in accordance with a well known theorem. 

A set of parameters Ө, ф, У which are functions of a variable para- 
meter r may sometimes define a line of electric force in an electromagnetic 
field. The Riccatian equations, which must be satisfied by 0, $, and y» 
in order that they may give a line of electric force of a moving electric 
pole, are written down, and some interesting transformations of these 
equations are considered. 


The Classification of Rational Approximations 
Prof. P. J. Hrawoon. 


The object of this paper is to settle certain questions raised by Mr. 
J. H. Grace, in a paper published in Vol. 17 of the Proceedings, with 
respect to the rational approximations x/y, to a given number 0, which 
satisfy the condition 


x 1 
rd Ri 


where Ё is a given number. The special points relate to the cases where 
k is equal to, or in the neighbourhood of, the critical value 8, and the 
questions that arise are as to the special forms of 0 for which there will 
be only a finite number of such approximations. It is first shown that, 
however slightly k exceeds 8, there are not only algebraic but transcen- 
dental numbers @ for which there are only a finite number of approxima- 
tions z/y which satisfy the above condition, & result suggested but left 
undecided in the paper referred to. The main investigation, however, is 
of the possible forms of @ fcr which this is true when k — 8 and when 
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k <8; and the final conclusion is that the result, based by Mr. Grace on 
certain investigations of Markoff, that in these cases Ó must be a quadratic 
surd, holds in the latter case but not the former. 


On some Solutions of the Wave Equation 
Prof. Н. J. PRIESTLEY. 


The wave equation, expressed in spheroidal coordinates, is satisfied by 


y — M (nu) Z(& et net pt) 
provided that 


2 
Е ; [0-5 2. |+[щв+1— sl“ k*a^Q —4) M, (1) 


2 
dr [a+ sc |- [a+ el Z =P Q+, (2 


where k = p/c and п is any constant. 
As a prelimivary to the solution of 40 and (2) the writer discusses the 


equation d 
[Р |+, = элу, 
and exhibits the solution w(x) as the solution of the integral equation 


yi(X), ya) 


y (D, уд | O dé 


w(x) = Х (2) — cay R(t) 


where x(z), y, (2), y; (xz) are solutions of 

d Грау = 
4; | Р az |T 2 0, 
and C, a are constants. 


The results obtained are first applied to equation (1) and a solution 
W.r*(u)is found such that W,"(u)/(1—4?)"* is finite throughout the 
range —1 <u <l. 


It is shown that, if 
hold :— 


(D Wz") is even. 


= W-™(u) = 0 at д = 0, the following theorems 


(D W,"(4) is the solution of a homogeneous Fredholm equation. 
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(III) If m is real, the values of n are real and separate. 
(IV) The values of » are infinite in number. 


(V) Any function of u, which with its first two derived functions 18 
continuous over the range O xz и <1 aud of which the first derivative 
vanishes at и, can be expanded in a series of functions W7" (u). 


Analogous theorems hold when ]V."(0) = 0. 

The results of the preliminary discussion are then used to find a 
Volterra equation for a solution of (2) which behave like e^"*5/6 when ё 
tends to infinity. 


On the Partial Derivates of a Function of many Variables 


Mrs. G. C. Youna. 


The results obtained in this paper correspond to those given in an 
earlier communication for a single variable, and include a somewhat ex- 
tended form and a revised proof of one of the earlier theorems. They are 
as follows, the primitive function f(x, y) = f(x, yi, у... Yn-1, ---) being 
supposed finite and measurable for each fixed ensemble y. 


(1) The points at which the upper partial derivate on one side with 
respect to z is less than the lower partial derivate on the other side, form 
a set of plane content zero, whose section by every line y = constant is a 
countable set. 


(2) The points at which the upper partial derivate with respect to x 
on one side has the value +œ, while the lower partial derivate on the 
other side has a value other than — ©, form a set of plane content zero, 
whose section by every line y — constant has zero linear content. 


(8) The points at which there 1s a forward or a backward partial 
differential coefficient, or a partial differential coefficient, df/0x which is 
infinite with determinate sign, form a set of plane content zero, whose 
section by y = constant 18 of zero linear content. 


(4) The points at which one of the upper (lower) partial derivates 
with respect to x, being finite, is not equal to the lower (upper) derivate 
on the other side, form a set of plane content zero, whose section by 
y = constant is a set of linear content zero. 
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(46) The points, if any, at which опе of the upper partial derivates 
with respect to x, and one of the lower partial derivates are finite and 
different from one another, form a set of plane content zero, whose section 
by y = constant is a set of linear content zero. 


Corresponding results are given when the primitive function 


f(z, y) = f (æ, Yis 34; ..7 Yn-1) 
assumes infinite values. In particular (2) now takes the following form :— 


(2 bis) The points at which f (x, y) has an infinite partial forward or 
backward differential coefficient with determinate sign, consist of the 
infinities of f(x, y) and possibly an additional set of plane content zero, 
whose section by y = constant is a set of linear content zero. 


For a partial differential coefficient Of(z, y)/0x, however, (2) remains 
true, even when Ј (2, y) assumes infinite values. 


Thursday, December 9th, 1920. 
Mr. H. W. RICHMOND, President, in the Chair. 


Present thirteen members. 

The Auditor's report was received, and a vote of thanks to the Auditor 
was carried unanimously. 

Messrs. F. G. W. Brown, R. G. Cooke, S. L. Green, Y. A. J. Limericke, 
C. N. H. Lock, H. Lowery, T. A. Lumsden, J. B. Maclean, K. B. Madhava, 
A. R. Richardson, and Miss N. I. Calderwood were elected members of 
the Society. 

Messrs. C. W. Bartram and T. W. J. Powell were nominated for 
election. 

Messrs. G. F. S. Hills and С. а. Darwin were admitted into the Society. 

The Secretaries reported that 41 new members were elected during 
the Session 1919—20, 9 had died, and 2 resigned. The number of mem- 
bers is now 842. 

Dr. Watson read & paper ''The Product of Two Hypergeometric 
Functions." * 

Lt.-Col. Cunningham and Prof. Hardy made informal communications. 


— 


* Printed in this volume. 
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The following papers were communicated by title from the Chair :— 
*The Algebraic Theory of Algebraic Functions of One Variable: 
S. Beatty. 
The Construction of Magic Squares: F. Debono. 
Developable Surfaces through a Couple of Guiding Curves in 
Different Planes: A. R. Forsyth. 
*The Distribution of Energy in the Neighbourhood of a Vibrating 
Sphere: J. E. Jones. 
*(1) On the Reciprocity Formula for the Gauss’s Sums in a Quad- 
ratic Field, +(2) A New Class of Definite Integrals: L. J. Mordell. 
*Approximate Solutions of Linear Differential Equations: R. H. 
Fowler and C. N. H. Lock. 
(1) Integration over the Area of a Surface and Transformation of 
the Variables in a Multiple Integral, (2) A New Set of Conditions 
for a Formula for an Area: W. H. Young. 


ABSTRACTS. 
The Product of Two Hypergeometric Functions 
Dr. С. N. Warson. 


In this paper I investigate a relation which connects the product of 
two hypergeometric functions (which have the same constant elements) 
with the fourth type of Appell’s hypergeometric function of two variables. 
In the case of terminating series the relation assumes the simple form 


F(—n, B+n; y; 2XF(—n, B+n; y; Z) 


= (— г, 8+; у, B—y+1; 22, (1— 2)(1— 4)], 


where (у), = yytD(y+2) ... (у+п—1). 


The Algebraic Theory of Algebraic Functions of One Variable 
Mr. S. Bearry. 


The general aim kept in view in preparing the paper has been to 
attain the simplicity and flexibility of treatment implied in deriving pro- 


———— —————M—— M Ó—————MM—————— — 


* Printed in this volume. 1 (2) does not appear in this volume. 
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perties relative to a given basis from properties relative to certain appro- 
priate bases, the study of which presents less difficulty. Use is made of 
order numbers of a certain type of adjointness relative to a given value of 
the variable. A lower limit is obtained for the number of linearly inde- 
pendent reduced forms of rational functions which are built on certain 
bases relative to a given value of the variable and contain none but 
negative powers of the element. Upper and lower limits are obtained for 
ihe number of linearly independent reduced forms of rational functions 
built on a basis—in the latter case a basis of a certain type. The proof 
of the complementary-theorem is effected by noting that, were it to fail in 
any given case, certain of the numbers obtained as lower limits would not 
be such. A well known formula of Dr. Fields is obtained for the number 
of conditions applicable to the reduced form of a rational function of a 
certain general type to build it on a given basis relative to a given value 
of the variable. 


————— —— —— te — an — 


Approeimate Solutions of Linear Differential Equations 
Мг. R. Н. Fowren and Mr. C. N. H. Lock. 


This paper deals with the problem of the determination of the 
asymptotic expansions of solutions of a system of linear differeutial 
equations for large values of & parameter. The solutions are considered 
over a definite fixed range ‘of values of the independent variable. In the 
ease of homogeneous linear equations the asymptotic expansions of solutions 
have been obtained by Schlesinger (Math. Ann., Vol. 63, p. 277) and 
Birkhoff (Trans. Amer. Math. Soc., Vol. 9, p. 219) for real values of the 
independent variable. Non-homogeneous linear equations have hardly 
been considered—in other words, the expansions of the complementary 
funetion are known, but those of the particular integral have not been 
obtained. The need for expansions of both types arises in connection with 
the authors’ investigations of the motion of a spinning shell, in which 
problem the leading terms of such asymptotic expansions provide valuable 
approximate solutions of the equations of motion. 

In this paper therefore asymptotic expansions of the particular in- 
tegrals of a system of non-homogeneous linear differential equations are 
obtained for large values of a parameter, thus completing the theory for 
real values of the independent variable. At the same time we adhere to 
a simplified method of attack which enables us to extend the results for 
both complementary function and particular integral to a region of com- 
plex values of the independent variable, and to analyse the whole problem 
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of the determination of these asymptotic expansions into its essential 
component parts. 


Integration over the Area of a Curve and Transformation of the 
Variables in a Multiple Inteqral 


Prof. W. H. Youna. 


The present paper forms a pendant to the previous one on “A 
Formula for an Area," and contains the elaboration of the theory of in- 
tegration over the area of a curve, and the transformation of the variables 
in such an integral, already foreshadowed in that paper. First the 
integral of a continuous function is defined completely, beginning with a 
polygon as area of integration, and proceeding thence to a curve, by 
means of a limiting process applied to polygons inscribed in the curve in 
its prescribed sense, the lengths of the sides tending simultaneously to 
zero. The polygons and curves employed will in general eut themselves 
and the latter may even do so any finite or infinite number of times. 
From a continuous function the author passes to any bounded function, 
using the method of monotone sequences and thence further, in the usual 
way, to unbounded functions, possessing integrals over our curve which 
may be called absolutely convergent, and we obtain the restrictions imposed 
on such functions by this integrability. 

The simplicity of the theory in the case of bounded functions would 
seem to be due largely to the fact that a set of zero content in the usual 
sense possesses zero content with respect to our curve. Here content 
with respect to the curve is defined as the integral with respect to the 
eurve of the function which is unity at the points of the set and zero else- 
where. Two functions which have the same integral in the usual sense 
have thus the same integral over the area of the curve. 

The curves with which we are concerned include those termed by the 
author, viz. the coordinates г = z(u) and y = y(u), (и <и< И) are 
such that both r(u) and у(и) are continuous, and one at least, say y(u), 
has bounded variation. The contour integral expression for our integral 


is then " 


|| ле у) dx dy = | F {ж (0, y (и) | ду (и), 


Uy 


where F(z, у) = | Ј (х, y) dz. 


In the case where C is а semi-rectifiable curve, which does not cut itself, 
the integral is shown to be the usual one. 
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The eonditions obtained for the validity of the formula 
- : = ; , M Olr, y), 
J| fe, y) dx dy || fiza, v), y(u, v); TET du di 


for transformation of the variables in an integral over a curve C which is 
the image of a fundamental rectangle R, are the following :— 


(1) That the formula for an area [i.e. the above, with f(x, y) = 1] 
Should hold, not only for the fundamental rectangle, but for every homo- 
thetic rectangle, that 1s one whose sides are parallel to those of the funda- 
mental rectangle. 


(2) When the fundamental rectangle is divided up into sub-rectangles 
S, by means of parallels to the axes of u and v, and these sub-rectangles 
are halved by means of their diagonals, sloping down from left to right, 
the triangles Д’ in the (x, y)-plane, whose vertices are the 8-point images 
of the semi-rectangles A, are such that È A' | is less than a fired quantity, 
however the semi-rectangles be constructed. 


As the second of these conditions is fulfilled in point of fact by those 
obtained in the author's first paper on the subject entitled “ On a Formula 
for an Area," it follows as a special case of the fundamental theorem 
proved in the present paper that a transformation of the variables in a 
multiple integral is always allowable, whenever the conditions for validity 
of the formula for an area given in that earlier paper are fulfilled. This 
result, though virtually contained in a footnote in the paper last men- 
tioned, is now stated explicitly for the first time. The result may also 
be extended to the case of any number of variables. 


Thursday, January 18th, 1921. 


Mr. H. W. RICHMOND, President, in the Chair. 


Present twenty members. 

Messrs. C. W. Bartram and T. W. J. Powell were elected members of 
the Society. 

Messrs. W. H. Glaser, R. F. Whitehead, and Prof. Olive C. Hazlett were 
nominated for election. 

Messrs. S. L. Green and A. J. Thompson were admitted into the Society. 
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Prof. A. 5. Eddington read а paper ‘On Dr. Sheppard's Method of 
Reduction of Error by Linear Compounding.’’* 

Dr. W. F. Sheppard spoke on Prof. Eddington’s paper, and also made 
a communication ** Conjugate Sets of Quantities.” * 

Dr. Watson communicated a paper by Dr. M. Kossler “ On the Zeros 
of Analytic Functions." * 


The following papers were communicated by title from the Chair :— 


*On & Problem concerning the Maxima of certain Types of Sums 
and Integrals: E. A. Milne and 5. Pollard. 

On the Linear Differential Equation of the Second Order: H. J. 
Priestley. 

The Theory of a Thin Elastic Plate, Bounded by Two Circular 
Arcs, and Clamped: A. C. Dixon. 

Determination of all the Characteristic Sub-Groups of an Abelian 
Group: G. A. Miller. 


SPECIAL GENERAL MEETING. 


The following Extraordinsry Resolutions were carried unanimously :— 


1. That Article No. 19 be altered by the substitution of the words 
‘two guineas’’ for the words “опе guinea," and by the addition at the 
end of the Article of the following provision :—“ The subscription due 
from a newly elected member for his first year of membership shall be 
one guinea if his election takes place after February." And that these 
alterations shall take effect on and after 11th November, 19920. 


2. That Article No. 20 be altered by the substitution of the words 
" two guineas " for the words “ one guinea." 


8. That Article No. 18 be altered by the omission of the words “in 
the case of candidates not residing in the United Kingdom” and of the 
words “ provided that seven members shall be present thereat.” 


4. That Article No. 27 be altered by the addition at the end thereof of 
the words, “‘ The accidental omission to give notice to any of the members, 
or the non-receipt by any of the members of any notice, shall not invali- 
date any resolution passed, or any proceedings which may take place at 
any General Meeting. When it is proposed to pass a Special Resolution, 
the two Meetings may be convened by the sarae notice." | 


* Printed in this volume. 
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5. That Article No. 29 be cancelled, and that the following Article be 
substituted for it :— 

““ 99. (1) Every question submitted to a General Meeting (except 
the election of Council and Officers and candidates for membership) 
shall be decided in the first instance by a show of hands. 

“ (2) Any Resolution proposed as an Extraordinary Resolution or 
a Special Resolution shall require to be carried in accordance with 
the provisions of the Companies’ (Consolidation) Act, 1908, Sec. 69, 
or any Statutory modification thereof for the time being in force. 

‘ (3) Any Resolution to alter the By-laws shall require а majority 
of two-thirds of the votes given.” 


6. That Article No. 32 be altered by the substitution of the words 
“ three members ог by the Chairman " for the words “ fifteen members," 
and of the word ‘‘ conclusive " for the word “ sufficient." 


7. That Article No. 85 be altered by the addition of the words “ог 
Special " after the word “ Annual," and that Article No. 36 be cancelled, 
and that Article No. 87 be renumbered No. 86. 


8. That Article No. 38 be renumbered No. 37 and that the following 
new Article be adopted :— 

' 88. Votes may be given either personally or by proxy. A proxy 
shall be a member, and shall be appointed in writing signed by the 
member appointing the proxy. And the document appointing a 
proxy shall be delivered to one of the Secretaries, or deposited at the 
registered office, not less than 24 hours before the time for holding 
the Meeting or Adjourned Meeting as the case may be, at which the 
proxy proposes to vote. Every document appointing a proxy shall be 
in the form or to the effect following :— 

“ I, being a member of the London Mathematical Society, hereby 
appoint a member of the Society, or 
failing him, another member of the 
Society, to be my proxy to vote for me and on my behalf at the 
(Annual or Special or Ordinary) General Meeting of the Society to 
be held on the day of and at any adjournment 
thereof As Witness my hand this day of £j 


The following Resolutions were also carried unanimously :— 


9. That By-law II, Clauses 1, 2, and 8, be cancelled, and that the 
following By-law be substituted for it :— 


“II. Of the Life Composition. 
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“ (1) Any member may compound for future Annual Subscriptions 
by the payment of 25 guineas. 

(2) The Life Composition Fee shall be reduced in the case of 
members who shall have already paid Annual Subscriptions as 


follows :— 
'" 10 Annual Subscriptions ... 21 guineas ; 
“ 20 do. ... 17 guineas; 
“ 30 do. 12 guineas. 
“ (8) All Life Compositions may bé paid in two equal annual 
instalments." 


10. That By-law IX (4) be altered by the substitution of the words 
* the volume of the Proceedings current at the date of his election and of 
each Part of the Proceedings subsequently published while he remains a 
member,” for the words ‘‘ the Proceedings which shall be published after 
the date of his election." 


It was agreed that Resolutions 1-8 be submitted for confirmation to & 
Special General Meeting to be held on Thursday, February 10th, 1921. 


ABSTRACTS. 
On the Zeros of Analytic Functions 
Dr. Minos KóssLER. 


I start with the equation 
(1) $G)—uf(z) = 0, 


where $(z) and fix) are analytic functions. 


If ai, ag, аз, ..., the roots of ф(х) = О are supposed known, I form 
the power series 


(2) ш == > alu", 
n=0 
where 
d. d" — 


These power series, which represent the roots of (1), are convergent inside 
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a definite circle |u| = R. Itransform them into the polynomial develop- 
ments of Mittag-Leffer, 


(4) Ly = У POW), 


which are convergent in the whole star, and it is now possible to calculate 
the roots of (1) for every value of u. 

In the case of multiple roots of ¢(r) = 0, it is necessary to make а 
slight modification of the series (2). 

This method 1s very general and powerfyl; the three following results 
are obtained as special cases :— | 


(I) The roots of the general algebraic equation 
1" —– (а,2" !+а,2""' +... Fa.) = 0, 


are expressible in the form 


етті" d"-! 


oo 
r= E —— —À 
k ml ni! dr"! 


Пај1" '+а,2" "+... +а,)"!"] r-0 
(k = 0, 1, 2, ..., n— 1), 


if the coefficients а, dg, ..., An satisfy certain definite conditions; and 
the roots are expressible in the form 


© 
х= > Pern), 
m= 


when the coefficients have arbitrary values. 
(ID Add the zeros of such functions as 
R(r,€), Raz, sinz), R(x, е9), RHlpQ), e], 


where R(u, v) denotes a rational function of u and v, A(x) is a polynomial 
in х and P(x) is the Weierstrassian elliptic function, can be developed in 
expansions of the type (4). 


(III) All the zeros of a given integral function F(x) can be developed 
in this manner by using the equation 


sin z—u[F(x)+sinx] = 0, 
and calculating the zeros when и = 1. 


As an example consider the zeros of 


F(z) = sin z—ie*. 
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For small values of |u| we solve the equation 


sin z —ue* = 0), 
by an ascending series 


m= 2 аи“ (k =0,1, 2, 8, ...), 
m=0 


m—1 » 
where аб) = + Кт, ах = + 3 [ (я) e] : 
z= tkr 


м m! dr"! sin 2 


The zeros of F(x) are then given by Borel's formula 
фу == | e^! F,Gt) dt, 
0 


(k) ,,m 
2 а in u 


by putting rau) = 2 
m =0 


m! 


On Dr. Sheppard’s Method of Reduction of Error by Linear 
Compounding 


Prof. А. S. EDDINGTON. 


Dr. W. F. Sheppard's theory (Phil. Trans., Vol. 221, A, pp. 199-287) 
is here treated according to the methods and notation of the tensor 
calculus. In this way great compactness is attained, and the symmetry 
of the formule becomes apparent. A geometrical interpretation is given 
of the significance of the processes employed. This method of treating 
the problem is likely to appeal chiefly to those who already have some 
familiarity with the theory of tensors; but since it provides an illustra- 
tion of the elementary notions of tensors, it may also be of use as a first 
introduction to that subject. 


On the Innear Differential Equation of the Second. Order 
Prof. H. J. Рвіквтіву. 


The following results, arrived at in a paper to be communicated to the 
forthcoming meeting of the Australasian Association for the Advancement 
of Science, may be of interest to the members of the London Mathematical 

Society. 
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1. If the equation 


TY е0 Pa 4 +(z—c)~“* Q(x)y = 0, (1) 


where P(x) and Q(z) are regular in the neighbourhood of z = c, be trans- 
formed by the substitutions 


Exp [| (r—0)7! P) dz | = ф(х), 


| [9(0]"! dz =z, 


d'y 


it becomes dà =— [r—07!$(]* Q(z) y. (2) 


The solutions of this equation can be expressed as solutions of a Volterra 
integral equation. A discussion of this equation shows that solutions of 
(2) which are regular at z — c can be obtained under the following con- 
ditions :— 

(а) P(O21, Q(0«0; 

6) Р(с) ә 1, @(0 = 0; 

(c) Р(с) < 1, бо < 0; 

(d) P(e) < 1, до = 0; 


(е) P()«1, 0 < Q(c) < H[1—P(c)]°. 


The behaviour of y and ¢(z) 1 at x = c, in these five cases, is given below 
(a) y = 0, Фа) 9 =0; 
(0) у =71, 600) SE = о; 
() у=0, Фа) 49 = 0; 
à у=0, $@ 1; 


d 
(e) у= 0, $( 75 Ф. 


SER. 2. voL. 20. с 


XX RECORDS OF ‘PROCEEDINGS AT MEETINGS. 


2. The equations 


d dy, An? -- Bn--C 
2: E (г) e Hey oi Yn = ant Bn dey уһ, (8) 
and AES иу = = 0, 


are of the above type if (z) contains the factor (r—c). In that case 
Q(c) = 9 for both equations, and therefore solutions of both exist satis- 
fying conditions (b) or (d) at х = c. These solutions will be referred to 
as solutions of type A. 

By Hilbert’s well known method, a solution of (8) of type (A) which 
also satisfies the condition 


d 22 


ру.+9 = = 0 at х=а, (В) 


сап be expressed as the solution of 


ins An? Вп+ С 
Jn V an? + Вл+у 


where K (z, t) is symmetrical. 


| К (z, t) y(t) dt, 


It follows, as in my paper in Proc. London Math. Soc., Vol. 18, 
pp. 266, 267, that, when А, B, С, a, 8, у are real, the appropriate values 
of n are real and separate. 

It also follows from Hilbert's work* that a function which, with its 
first and second derivatives, is continuous in the range a « z « c, which 
is of type A at z — c and satisfies condition (B), can be expanded in a 
series of y,(r) ; the coefficients being calculated in Fourier’s manner. 


The Singularities of the Algebraic Trochoids. 
Prof. D. M. Y. SouxERVILLE. 


I am indebted to Prof. H. Hilton for referring me to an article by 
Elling Holst: “ Ueber algebraische cykloidische Kurven," Arch. Math. 
Naturvid., Kristiania, Vol. 6 (1881), pp. 125-152, which anticipates my 
paper with the above title, Proc. London Math. Soc., Ser. 2, Vol. 18 
(1919), pp. 385-392. In this article, using rather different methods and 


* Hilbert, ‘‘ Grundüzge einer allgemeinen Theorie der linearen Integralgleichungen,’’ 
Chap. VII, 
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with a different notation, he arrives at the same results which I found re- 
garding the numbers of the various singularities, both in the finite region 
and at infinity. It is of interest to note that he determines the singu- 
larities at infinity separately, and then finds the number of finite singu- 
larities by subtraction from the total Plückerian numbers, while I adopted 
the reverse order. He bases his results on the known facts that the curve 
у“ = uz? (р> д) has a singularity at the origin consisting of 3( p—3)(q — 1) 
double points, 3(p—3)(p—q-— 1) double tangents, g—1 cusps and p—q—1 
inflexions. 


Thursday, February 10th, 1921. 


Mr. H. W. RICHMOND, President, and later Mr. J. E. CAMPBELL, 
Vice-President, in the Chair. 


Present thirty-seven members and twelve visitors. 

Messrs. W. H. Glaser and R. F. Whitehead, and Prof. Olive C. Hazlett, 
were elected members of the Society. 

Dr. H. Levy was nominated for membership. 

Prof. H. S. Carslaw was admitted into the Society. 

Prof. A. 5. Eddington delivered a lecture ~“ World Geometry (with par- 
ticular reference to Weyl’s electromagnetic theory).” 


The following papers were communicated by title from the chair :— 


*Note on the Electromagnetic Equations: J. Brill. 

Researches in the Theory of the Riemann Zeta-Function: J. E. 
Littlewood. 
A New Condition for Cauchy’s Theorem: 5. Pollard. 

*(1) On the Torsion of a Prism, one of the Cross Sections of which 
remains Plane; *(2) The Analogy with Membranes in the case of 
the Bending of a Prism: S. Timoschenko. _ 

| SPECIAL GENERAL MEETING. 

The Extraordinary Resolutions carried at the Special General Meeting 
of January 13th, 1921 (see Records of Proceedings at Meetings for that 
date), were submitted for confirmation and confirmed unanimously. 


* Printed in this volume. 
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ABSTRACT. 
Researches in the Theory of the Riemann $- Function 
Mr. J. E. Lirrzewoon. 


It would occupy too much space to give any detailed description of the 
methods used in these researches, or any full account of previous work in 
the same subjects, and I have confined myself in the main to a bare state- 
ment of results. 


1. Theorems on mean values. 
We have 
(1.1) 


T+H 
|, | £o 4-6) 2 dt = L(T+H)—L,(T)+0(T'-?+) +0(T)+0(AT;***) 


uniformly in ОН ЕТ, 3<ес<29, 
| | 77 1 | 
3 s = - * • 22 —1 ь Жин 
where L,(t) = 680) t + (27) €(2— 2а) 9295? 


and limiting values are to be taken when а = à or а = 1. 
In particular we have, uniformly for 0 x Н « T, 
T+H 
(1.11) |. | 40] dt = 2r[P(T+H)—P(T)]+O(T'*9+O(HT-#*), 
where 27 P(t) = t log ¢—(1+log 27) t. 
An easy deduction from the special case H = T is 
T 
(1.12) | | é(3 g- i0 |* dt = 2r P(T)+0(T?*9. 
0 


To the same order of ideas belongs the following theorem, which is 
important in certain applications :— 


Given any positive ô, there is a К = K(6) anda T, = Т,(), such that 
| (0 4+%9| < K(log T (с > à), 


(1.9) | (c4-i0| < Klog T? (с> à), 
| | E(o+it)|do < К, 
5 


for T 2 Тр and some t satisfying T t THT”. 
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2. Results concerning S(T), N(o, T), independent of the Riemann 
hypothesis. 


We suppose T > 0, and, for simplicity, that t = T contains no zero of 
(5). Let N(T) denote, as usual, the number of zeros of ((s) whose 
imaginary parts lie between O and T. Let N(c, T) denote the number of 
these for which, in addition, the real parts are greater than c. The 
Riemann hypothesis is equivalent to N(3, T) = 0. It is known that* 


where c ts a constant, 

sif = = If +iN), 
f(s) ts the value ој log ((¢+it) obtained by continuous variation from 
log ¢(2-+72) as с varies from 2 to с, and log £(2+üt) is the branch defined 


by the ordinary Dirichlet's series. 
I prove that 


(2.11) | f (cit) dt = дт | No, T)do—I | Јо +: Тада, 


T © 
(2.12) ij fo+inat = % | f(o+iT)do+c(o), 


where c(o) 15 independent of T, results which have analogues for more 
general functions f(s) = log ¢(s). 
Taking с = їп (2.12), we have 


T 20 
(2.9) | S (2) аё = | log | (c + Т) | de + c. 
Let us write 


" 
(2.21) | S(t)dt = 8,(Т)+ с. 
Starting from (2.2) I prove 

(2.8) S,(T) = O(log T).t 


* See Backlund, Acta Mathematica, Bd. 41 (1918). 


T H. Cramér, Mathematische Zeitschrift, Bd. 4, pp. 122-130, proves, by an entirely 
diflerent method, that | 
' Sı (T) = О(Т°©). 
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Equation (2.11) may be written 
(2.81) 
1 T » 
2r | М№(с, Т) ас = | log | £(o 4-10] а+1| fe iD det | f (c 3-1) do. 


2 
g 


It is known that Zf(c--iT) = O(log Т), e > 4. 
The second integral on the right of (2.31) is O(1) ; hence 


1 T 
(2.82) ат | N (c, T) de xi log | (+ +70) | dt + O(log T). 


A remarkable theorem due to F. Carlson states that for fired а > 1, 


N(c, T) = O(Th- 4-9». 


Equation (2.32) can be used to effect minor improvements in the proof of 
this, but does not lead to any appreciable refinement of the result. It 
does, however, lead to new results of some interest when oc is not fixed, 
and 2—5 is a small function of T. Thus (2.82) leads easily to 


1 
(2.88) | N (c, Т)јаг = О(Т log log Т), 
$ 
whence, if ¢(f) — ©, however slowly, as £ — ©, 
(2.84) М (т, Т) = о(Т log Т), (с > p+r 001927 | 


Thus all but an infinitesimal proportion of the complex zeros of ¢(s) lie in 


the region бөө 


— | 


9. Before proceeding to results which depend, in the main, on the 
Riemann hypothesis, I mention next one or two of & different eharaeter. 
There isa К =K(6) and a Ty = Tô) such that, when Т> То 6(9 
has a zero in every rectangle 
K K 


— log log log T «teilt log log log T" 


4—0 Llc <1, T 

4. In a paper written in collaboration with Prof. G. H. Hardy, which 

we hope will be published shortly, it is shown that ¢(}+7t) = O(t**?, that 
intermediate upper bounds exist for o’s between } and 1, and that (with 
special reference to the neighbourhood of с = 1) there is a constant À such 
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that jos? 


€(o 4-20) = О (ios log г exp E (1—0) log t flog |) ; 


uniformly in 4<o<1. Starting from the last of these results I prove: 
There is а positive c and a t, such that ((s) has no zeros in the region 


c log log t 


с» 1— log £ (6 > t. 

Further, if c' < c, we have, in . 
_ €' log logt 

Des loggt ' 

and in particular for с = 1, 
| log t 
zy. 

(4.1) : | ¢(s) = 0 (ios log ) i 

C'(s) _ log é ) 
(4.2) OR О T log t/’ 

1 _ log t ) 
er Fa = т i 


5. The functions S(T), S,(T) on the Riemann hypothesis. 


It we assume the Riemann hypothesis, so that N(r, T) = 0 for с > i, 
and define S,(T) by the equations ИЧЕ р 


So(T) = S(T), 


m S(T) = If | | ferias (п>, 


£ 


S» (D) = (—)"- R | | 


g 


«| fi iT de (n> 1), 
we obtain, by successive integrations of (2.11) and (2.12), 


T * 
(5 . 2) Sa(T) — | S,-1(t) dt+c,. 

0 
Thus each S is substantially the integral of the preceding one. I prove 
further | 


(5.8) S(T) = О fail 
| "on _ log T 
(5.4) S,(T) = О fray ou 
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A log 7) 


(5.5) | ¢(+77)|< exp ice log Т/` 


The proofs are difficult, and there seems reason to suppose that any im- 
provement of the result for S(T), if indeed possible, must depend on exceed- 
ingly deep considerations. 

It follows from the results of the next section that 


(5.6) 083-27) | > exp {log Di7*j 
for arbitrarily large values of T, and that, for fixed с satisfying 3< а «1, 
45 .7) |с :7) | > exp ос 7)1777*. 


The relations (5.5) and (5. 6) express the present extent of our knowledge 
of the order of ¢(s) on the line c = 3, the Riemann hypothesis being 
assumed. It may be observed that it is by no means impossible for both 
(5.5) and (5 . 7) to ђе “ best possible " results. 


6. Further results concerning S and S. 


It is known that à positive a exists such that, for every positive e, 
S(T) Æ О [log T)*~*]. 


Let a be the greatest such a, and let a, be the corresponding index for S.. 
Further, for с fixed and greater than 3, let Tr(c) be the least index т 
such that, for every positive e, 


se + О [ор #)'““), 


and let a’ = lim r(o)/(1—0). 
o—>h+0 


The following theorem is fundamental in the proof of much that re- 
mains to be stated. 

THEORBM A.—If ô, 6' are any positive constants, 
(6.1) 


– ка = 2 A(n)n-*+O[(log 07° 21° 106 z]+ Ori" log т (log * +=] 


and 
(6.2) 


- À = = = A (0) n^* 4- O[ (log 75 z!7*(log 2)" +: + O[zi7 “(log с)" (log t+] 


uniformly for 2< x «t, o Peto’. 
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I prove the following relations between the a’s, 
(6.3) Трава, > any >> а Bh 
(1 > a `> a'> 0 18 known already). The most interesting of these results 
is a’ zm 3: itis a particular case of 


(6.4) т(с) > 401—0) «exl. 


It is further true that the numbers 1, а, а, ..., a, ... have the property 
of “ convexity.” 
Again, starting from Theorem A, I prove 


T 
(6.5) F | | S(t)| dt = O(log log Т), 
0 Я 
1 T 
(6.6) - T | |S (|? dt = ОД) in > 1). 


More generally, 6 being any positive constant less than 1, 


| 1 T4H Е 
(6.51) H |. | S(é)|dt = O(log log T), 
1 T+H ^ 
(6.61) 2 |. 8,0012 dt = 04), 


uniformly for Т < Н < T. Thus, while the “order” а of S(T) as a 
function of log Т is at least À, its average order is zero. 


7. Upper and lower bounds for €(s), etc., on the line о = 1. 


In this subject I have obtained results of considerable precision. 1: 
is true, without any hypothesis, that 


(7.1) ав > e, 


>= log logt 


where y is Euler's constant. On the other hand, we have, on the Riemann 
hypothesis, 
(7.9) im oo L La'e & 2e, 

>»  loglogt 
This last result remains true if we replace ¢(1+it) by 1/¢(1+ 0. It 
appears from (7.1) and (7.2) that we obtain the exact value of the left- 


> 
hand side if it is true that a’ = 3. Similar results hold for 5 
There are interesting analogues concerning the number / (k) of classes 
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of ideals of the corpus P(/—k), where —k is a negative fundamental 
diseriminant. It is well known that 


h(k) = vi L (1), 


where L(s) = Zx(n)n-* and x(n) = (55. 


n 


Here (=) is the Kronecker symbol of quadratic reciprocity: it is a real 


primitive character mod k. 1 prove that, assuming the hypothesis that 
all the L (<) have no zeros in т > 5, we have, on the one hand, 


(7.8) . ee 


iz log log À 


> de. 


and on the other hand 


(7.4) dm ОГ сое, 


rx log log k 


There is a factor 4 on the right-hand side of (7.3) which is absent from 
(7.1). There exist some moduli k’, and corresponding real primitive 
characters x, such that 


L(1, x) > (1—9 e log log Ё', 


but I have not succeeded in proving this inequality for the special set of 
characters in which we are interested. | 

Another analogue is: There is an А = А(б) such that, for all sufi- 
A 


ciently large k, L(s, x) has a zero in а > 3—6, | t| < Pump 


8. I conclude by mentioning a result in a different field. Assuming 
the Riemann: hypothesis, we have, in the usual notation of the prime 
number theory, 


(8.1) VW(x)—xz = È = FO log 2) 
x 


Ір, < 


uniformly for X >r. 
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Thursday, March 10th, 1921. 
Mr. H. W. RICHMOND, President, in the Chair. 


Present ten members. 
Dr. H. Levy was elected a member of the Society. 
Messrs. P. J. Daniell, H. G. Forder, A. H. Pope, and Miss C. W. M 
Sherriff were nominated for election. 
The President announced the death of Lord Moulton. 
Mr. J. Brill read a paper “ Note on the Electrodynamic Equations.” * 
Mr. J. E. Littlewood communicated two papers by himself and Prof. 
Hardy: (1) "The Approximate Functional Equation in the Theory of 
Riemann's Zeta-Function," (2) *Summation of a certain Multiple Series." 
The following papers were communicated by title from the chair :— 
A Method for the Solution of certain Linear Partial Differential 
Equations: T. W. Chaundy. 
*An Extension of Two Theorems on Jacobians: C. W. Gilham. 
*On certain Classes of Mathieu Functions: E. G. C. Poole. 


ABSTRACTS. 


The Approrimate Functional Equation in the Theory of Riemann’s 
Zeta- Function, with Applications to the Divisor-Problems of 
Dirichlet and Piltz 


Prof. G. H. Harpy and Mr. J. E. LITTLEWOOD. 


The approximate functional equation may be stated as follows. 
Suppose that 


s=otit, —Н<с<Н, «>К, у >K, пту =| +|, 
where Н and К are positive constants. Then 


(s) = E n-—c-r2(2-Y^siniszI(1—s) È n! Olt Olt, yY, 
n<u n«y 


uniformly in c, x, and y. 


* Printed in this volume. 
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By means of this theorem it is shown that 
T 
| [63 4-20 |* dt = OiT log Т), 
cT 


and that Ay (az) = О( 9 +9, 


for k > 4 and for every positive e, A,(x) being the “error term” іп 
Piltz’s generalisation of Dirichlet’s divisor problem. 


ee — о ———9 


Summation of a certain Multiple Series 
Prof. С. H. Harpy and Mr. J. E. LirrLEwoop. 
The series in question is 
m= ou uu XIX) -хеох де rar " ug 


Here q, runs through all positive integral values, and p, through all such 
values less than and prime to g,, and Q is the denominator of 


Pi 4 Ра Po Р 
di T q2 Е dm Q’ 
expressed in its lowest terms. The arithmetical function x(q) is de- 


fined by m" u(g) 
p(y)’ 


where и(4) and ¢(q) are the well known functions of Mobius and Euler. 
Finally, the a’s are unequal positive integers, and 


e(x) = eu 
The sum of the series 18 > 


в. = | (S23) (=), 


where тт assumes all prime values, and v is the number of distinct resi- 
dues of the group of numbers 0, ai, ay, ..., an to modulus zæ. It is plain 
that y = m-+1 from a certain point onwards. 

The series is of very great interest, for it is the series on which the 
asymptotic distribution of groups of primes 


р, pay ptas ..., ptas 
appears to depend. The details of the summation, and some indication 


of the concordance of the results suggested with the evidence of computa- 
tion, are included in а memoir to appear in the Acta Mathematica. 
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Thursday, April 91st, 1921. 
Mr. H. W. RICHMOND, President, in the Chair. 


Present ten members. 

Messrs. P. J. Daniell, H. G. Forder, A. H. Pope, and Miss C. W. M. 
Sherriff were elected members of the Society. 

Dr. J. F. Tinto and Dr. N. Wiener were nominated for election. 

Prof. Hardy communicated a paper by Mr. L. J. Mordell, “ Note on 
papers by Mr. Darling and Prof. Rogers.”’* 

Prof. Hilton and Major MacMahon made informal communications. 


The following papers were communicated by title from the chair :— 


*(1) Cyelotomie Quinquesection, +(2) On a Generalisation of a 
Theorem of Booth: Pandit Oudh Upadhyaya. 

Properties of Eulerian and Prepared Bernoullian Numbers: 
C. Krishnamachary and M. Bhimasena Rao. 


ABSTRACT. 
Note on Papers by Mr. Darling and Prof. Rogers 
Мг. L. J. MonpELL. 


These papers are concerned with certain theorems enunciated by 
Ramanujan, some of which may be stated as follows. Let 


1 


= н 1 
G = paar Н —u-5ü—»5..' 


where the factor 1—7" occurs in G if n = 1, 4 (mod 5) and in H if 
» = 2, 8 (mod 5), and let 

ј=лд =рија, f= fi. 
Then (1) F—f-MfiG +A) = 0, 


| _ 1 (Ann). |8 
(2) 9-7-0 sn | ' 


* Printed in this volume. t (2) does not appear in this volume. 
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or HG” —r GH” = 1-F11rG*H$, 


jee | mt LC A Pt 

8) f —/—1=- aa 
(1—/®(1—!%(1—›15) ..}5 
16 > 


UE pong pec a plo) ake 


and so forth. In this paper all of these formule are deduced in a com- 
paratively simple manner from the general theory of the elliptic modular 
funetions. 


Thursday, May 12th, 1921. 


Mr. H. W. RICHMOND, President, in the Chair. 


Present ten members. 

Dr. J. F. Tinto and Dr. N. Wiener were elected members of the 
Society. 

Miss F. M. Wood was nominated for election. | 

Lt.-Col. Cunningham read a paper on “ Multifactor Quadrinomials." 

Prof. Hardy communicated a paper, written in collaboration with 
Mr. Littlewood, “ Some Problems of Diophantine Approximation; The 
Lattice-Points of a Right-Angled Triangle " (second paper).* 

A paper by Mr. Н. W. Turnbull, “ Invariants of Three Quadrics,’’* was 
communicated by title from the chair. 


ABSTRACTS. 
Invariants of Three Quadrics 
Mr. Н. W. TURNBULL. | 


The accompanying paper is an attempt to find the irreducible con- 
comitants of three quadries. In the Math. Annalen, Vol. 56, Gordan 
discussed the system of two quadrics, which I recently showedt to be 


* Printed in this volume. 
t Proc. London Math. Soc., Ser. 2, Vol. 18 (1920), pp. 69-94. 
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capable of reduction to 125 forms. Little seems to be known of the in- 
variants of three quadrics. In the new edition of Salmon’s Analytical 
Geometry of Three Dimensions (§ 235), the editor, Rogers, discusses three 
important invariants by starting from geometrical considerations. 

The following pages employ the symbolic method and, starting from 
the fundamental bracket factors (abcd), (абси), (abp), а,, proceed to an 
expression of the symbols in the prepared form, analogous to the form 
used by Gordan for ternary or quaternary quadratics. This prepared 
system of factors (§ 14) illustrates very clearly the importance of recipro- 
cation, and the central place that line coordinates, rather than point or 
plane coordinates, hold. In § 28 a list of 44 irreducible invariants is 
given, & list which may be capable of further reduction, although, as in 
other cases where the symbolic method is used, it necessarily includes all 
possible reducible invariants. The highest degree which occurs is 6: 
thus any invariant of degree greater than 6 in the coefficients of either of 
the three quadrics must be reducible. 


Multifactor Quadrinomials 


Lt.-Col. ALLAN CuNNINGHAM, R.E. 


1. Introduction.—The object of this paper is to present a nuniber of 
quadrinomials (N) which have a large number of (algebraic) factors. 


2. THEOREM I.—Let 


М, = (ab)? — (а Сп) 8 — (bE)? + (aby )“, 
№, == 9 i ” RE 9 — y , 
Ns = ,› s » EN » 22 » , 


N, = 9, + 99 + LE) + 99 9 


where the two members of the pairs (а, b), (a, 8), (£, т have no common 
factor, and a, B are odd. 

Then, if (a, b) have the values (a, 1), (1, 8), (a, 8), the four functions 
N,, Nz, Na N, have the numbers of (algebraic) factors shown in the table 
below, depending on the form of a, 8 = 4i t 1. 
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Factors in Factors in 
№, №, № М, 
, 1 | 12, 10, 10, 8 | , 1 | 12, 10, 10, 8 
,8,12,10,10, 8| + | , 12 
10, 9, 9, 8 ‚ 9, 9, 10 
c Se Е À 8, 10, 10, 12] _ m nm ка, 1 8, 10, 10, 12 
1 1 + 1, 8 8, 10, 10,12] | + 1 |1, 8 12, 10, 10, 8 
7 77 a B 10, 9, 9, 8| "* = * a B| 8, 9, 9, 10 


Demonstration.—W rite 


r-ag95, у= р; ub v = ar. 


X = (—%), Х = (фу; Uzw$—w85, U` = иё о", 
whence NiS KU, Noe ХИ, МЕЛО NH aC: 


Since a, 8 are both odd, and have no common factor, therefore each of 
X, X, 0, U isa product of four (algebraic) factors, во that each of Nj, 
Na №, N, is always a product of eight (algebraic) factors (the normal 
number). 


Write Z,=2-y, 2, = (r*—y)/Z,, Zp = (x?—yPl[Z, 
A=et+y, Zo=(e*+y)/Zi, Zs = (2? +y*)/Zi, 
в = Х2\/(х®— y) y"), Zag = X Zt у°)(х* + y, 
and take Wi, Wa, Wa, Was; Wi, We, Wa, Was the same functions of 
u, v that Zi, Zas Za, Zas; Zi, Ze Za, Zag are of =, y. Then 
Хеда бр Х = 217,2: | 
U = W, Wa. W: Wag, ОС = У, И .,g. 


Now use the symbols A, A, to denote the Aurifeuillian functions of 
order p, i.e. 


A, = (hP—pPk®)/(h?—kp?) [when p = 4i4-1], 

A, = (14-р?) [(А24- Ер?) [when р = 4j—1]. 
It is known that A,, A, are always (algebraically) resolvable into two 
factors, say 4, = L.M, A, = L'.M.. 


It will be seen now that several of the functions Z, Z, W, W are of 
one or other of the forms 4,, Ap. See the detail in the table below. 
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The factors Z, Z', W, W' which are of either of the forms A,, A, in- 
crease the number of algebraic factors in Ny, Na, № N, beyond the 


normal number (8) up to 9, 10, or 12. The results will be found detailed 
in the table below. 


Factors in 
a, B, aB a b Z&Zi; W&W' A&A‘ N, N, N; N, 


a, 117, Zag; И, Wop = 4L. 
a, B 2.8 › W. B 


a 


а, 112, Zagi We Wap 
1, В Zg, Жов: We, We = 
Жов : Le = 


Zar 8,8: Wa» Wap = 


2 ap ES Wie 


Zap : Was 


8. THEOREM II.—Let 
N = (a£!) en (аё) — (27) + (ap *)?", 
where a is an odd prime, and n = a’. 


Then N has always (6r+-4) algebraic factors. 


Demonstration.—Write 
т={, у=ађ; и= аё ъ=), 
Then N = (ay) (um — um) 
= (z^— y") (z^ - y") (u^ — o") (u* +0"). 
Pub X-—z"—y, X = х"- у"; G=u*—v*, UO = upo. 
Then N = XX. UU:. 
Write 2, —z—y, 2, = (2*—y*)/Z,, Za = (z* —y*Z,, ..., Фе. ... 
en Zra = (t — | Zen. 


SER. 2. voL. 90. d 


it S. Ра ome rue VEM rea a 
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Write 2,= z+y, 2, = (1: +у)/21, Zoe = GU + у“)/2%, ..., бе. ... 
eu Za = (a Hy Ze ne 
And let W,, Wa, Wo, &c.; Wi, Wais Wa, &c., be the same functions of 
u, v that Ду, Zas Za, &с.; Zi, Zar Zr, &C., are of z, y. 
Then X-II(Z2, X = 102); О = ПИ), U' = ШІ»). 


Thus each of X, X', О, U` is a product of (7+1) algebraic factors. 

Further, when а = 4i+1, all the Z (except Z,), and all the ЈУ (ex- 
cept W,), are Aurifeuillians of the same order a, and are thus each of 
them a product of two (algebraic) factors (say = L.M). 

Also, when a = 4i—1, all the Z` (except 21), and all the W` (except 
Ил), are Aurifeuillians of the same order a, and are thus each of them a 
product of two (algebraic) factors (вау = L'. M). 

Hence, one of the products XW, X W has always (4r+2) algebraic 
factors, and the other product Х W or XW has (27 +2) algebraic factors. 

Then, finally, N = XX'WW' has always (6r+ 4) algebraic factors. 


! 
За. THEOREM 2a.—It is easy now to see that if (with a, n ав above) 
N, = (aft) — (afn) + (En) — (ап) ", 
= „+ — »„ — 55 
М= „ +» tw + »„, 


then Na N, have only (57+ 4) algebraic factors, and N, has only (2r+2) 
such ; because іп N, and N; only one of the products XW, X W contains 
Aurifeuillians, and N, has no Aurifeuillians. 


4. Тнеовем III.—Let 
М, = (2a€*)* + (даб "+ (En) + (Lan), 
let №, = (да "+ (2£n)**+ (afn) "+ (2an*), 
where a is an odd prime, and n = a’. 
Then N, and N, have always (4r+2) algebraic factors. 
Demonstration.— Write, in Ni, 
z=, y= ар: u= а, о = р, 


and in №, т=926% у = ар; и= 9%, v= ар. 
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Then N, and N, are each (27"+ y?")(u*"+ v^"). 
Write Z4 = (ху), Zoe = (x**-Fy*)/Za Zoe = (22у) |Zo ...; 
ee дц? = (235 + y) Zari. 


And let W,, Wa, Woas, &c., be the same functions of u, v, that 2,, Zea 
Zor, &C., are of z, y. 


Then (r?--y?" = II(Z), и" 4-7") = (W). 


Thus II(Z) and II(W) contain always (r+1) algebraic factors. 

Further, all the Z (except Za), and all the W (except W,) are Auri- 
feuillians of same order (а), and are thus each of them a product of two 
algebraic factors (say — LM). 

Hence, each of II(Z), II(W) contains (2r+1) algebraic factors ; and, 
finally, since N, and N, are of the forms II(Z), II(W), each contains 
447 + 2) algebraic factors. | 


4a. Тнковем IIIa.—It is easy to see that if—with the same а, n as 
above—either the 2nd and 4th, or the 8rd and 4th signs in the above Nj, 
Ng be minus, then N, and N, will have (4r+8) algebraic factors, because 
only one of the products II(Z), II(W) will contain Aurifeuillians ; and 
that if the 2nd and 8rd signs be minus, then N, and N, will have (4r +4) 
algebraic factors, because there will be no Aurifeuillians in either. 


Thursday, June 9th, 1921. 
Mr. H. W. RICHMOND, President, in the Chair. 


Present fifteen members. 

Miss F. M. Wood was elected a member of the Society. 

Mr. J. Prescott was nominated for election. 

Prof. J. L. S. Hatton read a paper “ The Inscribed, Circumscribed, and 
Self-Conjugate Polygons of Two Conics.” 

Prof. M. J. M. Hill read а paper “ The Differential Equations of the 
First Order derivable from an Irreducible Algebraic Primitive."* 


* Printed in this volume. 
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The following informal communications were made :— 
The Congruence 2?7! —1 = 0 (mod y? : Lieut.-Col. A. Cunningham. 
Diophantine Equations: Dr. T. Stuart. 
A Chapter from Ramanujan's Note-Book: Prof. G. H. Hardy. 


The following papers were communicated by title from the chair :— 
Curvature and Torsion in Elliptie Space: Prof. M. J. Conran. 
Note on the Resultant of a Number of Polynomials of the same 

Degree: Dr. F. S. Macaulay. 
An Analytie Treatment of the Three-Bar Curve: Mr. F. V. Morley. 
Bemerkung zu unserer Abhandlung “ On the Diophantine Equa- 
tion ay’+by+c = dz^": E. Landau and A. Ostrowski (com- 
municated by Prof. G. H. Hardy). 


ABSTRACTS. 


On the Differential Equations of the First Order derivable from 
an Irreducible Algebraic Primitive 


Prof. M. J. M. HILL. 


If ф(х, y, с) be an irreducible polynomial in the variables x, y and the 
arbitrary constant c, then it is proved in this paper that the differential 
equation satisfied by the curves 


p(x, y, с) = 0 (D 
is of the form [f(z, y, p) |" = 0, (ID 


where p = дујах, where m is а positive integer, and where f(z, y, p) is 
an irreducible polynomial in x, y, and p. 

If the integer m is greater than unity, it is proved that m must be a 
factor of n, and if in this саве m = n/s, then the degree of f(z, y, p) in p 
18 8. 

Further, in this case 16 is possible to replace the primitive (I) by another 


Wiz, y, С) = 0, (III) 


which is of degree s in C, where m values of c correspond to each value of 
C. So faras the relation between z and y is concerned, the two primitives 
(I) and (III) are equivalent. 
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Next it is proved that the differential equation 
f(z, у, р) = 0 (IV) 


ean have no primitive containing an arbitrary constant independent 
of (IIT). 

Any other primitive, involving an arbitrary constant, which it may 
possess, is obtainable from (IIT) by replacing C by some function of c. 

If the degrees of two primitives of (IV) in their respective parameters 
are the same, it is shown that there must be a lineo-linear relation be- 
tween these parameters, which relation does not involve the variables. 

Lastly, it is shown that if a primitive exist, which does not involve an 
arbitrary constant, it must be obtainable by eliminating c between 


ф(х, y, с) = 0 (Т) 
and Sp, Wo) — о, (V) 


Bemerkung 2и unserer Abhandlung «€ On the Diophantine 
Equation ay*+by+c = dz"? 


E. Lanpau and A. Ostrowski (communicated by G. H. Harpy). 


Durch eine freundliche Mitteilung von Herrn бтовмев wurden wir auf 
die Abhandlung von Herrn Тнок aufmerksam gemacht: “ Über die Unlós- 
barkeit der Gleichung az?4- ӧс |с = dy" in grossen ganzen Zahlen z und 
y [Archiv for Mathematik og Naturvidenskab, Bd. xxxiv (1917), No. 16, 
8.1-6] Hierin beweist er im Wesentlichen unser Hauptresultat. Sein 
Beweis ist elementarer, aber komplizierter als der unsere. Wir bedauern, 
dass uns die Tuuesche Arbeit erst jetzt bekannt werden konnte; der 
Archivband traf erst 1921 in der Gôttinger Universitätsbibliothek ein, und 
in der Revue semestrielle des publications mathématiques, die uns bis 
Bd. xxvi (Oktober 1919-April 1920) vorliegt, ist der Band bisher nicht 
besprochen. 


LIBRARY 


Presents. 


Between December 81st, 1920, and December 81st, 1921, the follow- 
ing presents were made to the Library by their respective authors and 
publishers :— 


Bhattacharyya, D.—Thesis on Vector Calculus. 

Böttcher, L.—Copies of eight papers by the author. 

Byerley, W. E.—Fourier’s Series and Spherical Harmonics. 

Duarte, F. J.—Détermination des positions geographiques par les méthodes des hauteurs 
égales. 

Edwards, Joseph.—A Treatise оп the Integral Calculus. 

Goedhart, J. G. A.—The Spiral Orbit of Celestial Mechanics, Parts I, IT. 

Halkyard, Edward.—The Fossil Foraminifera of the Blue Marl of the Cite des Basques, 
Biarritz. 

Hurwitz, Frau.—Copies of thirty-seven papers by her husband and copies of six papers by 
other authors. 

Klein, Felix.—Gesammelte Mathematische Abhandlungen, Band 1. 

Newton, Isaac.—Principia Philosophiae, Editio tertia (presented by the family of the late 
Walter Bailey, M.A.). 

Prasad, Ganesh.—On Mathematical Research in the last twenty years. 

Willis, Edward J.—The Mathematics of Navigation. 


Abo Academy: Acta Humaniora, no. 2. 

Amsterdam: Royal Academy of Sciences, Proceedings, vol. 20, parts 1-10; Verhandelingen, 
deel 12, no. 5. 

Brussels : Académie Royale de Belgique, Bulletin de la Classe des Sciences, tome 6, nos. 9-12 ; 
tome 7, nos. 1-10. Tables générales des Bulletins, 1899-1910, 1911-1914; Annexe aux 
Bulletins, 1915. Mémoires, 2me série, tome 6, fasc. 8. 

Brussels: Académie Royale des Sciences, Annuaire, 37те année, 1921. 

Calcutta University : Post-graduate Teaching in the University of Calcutta, 1919-20. 

Journal fiir die reine und angewandte Mathematik, band 151, hefte 1-4. 

Kansas University : Science Bulletin, vol. 11 ; vol. 12, nos. 1, 2. 

Kyoto: Imperial University, College of Science, Memoirs, vol. 3, no. 11; vol. 4, nos. 1-6. 

La Haye: Société Hollandaise des Sciences, Œuvres complétes de Christiaan Huyghens, 
tomes 13, 14. 

London: Conjoint Board of Scientific Societies, Confirmed Minutes, 18th, 19th, 20th, and 21st 
Meetings; Fourth Annual Report. 

London: Institution of Civil Engineers, List of Members, 1921; Record of origin and progress. 

Madrid: Junta para Amplicación de Estudios e Investigaciones Cientificas, Publicaciones del 
Laboratorio y Seminario Matemático, tome 3, memoria 5 ; tome 4, memoria 1. 

Masaryk University: Faculté des Sciences, Publications. nos. 1-4. 

Mathematical Gazette, vol. 10, nos. 150-155. 
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Paris: L'Enseignement Mathématique, 21me année, nos. 3, 4. 

Nation and Atheneum, vol. 28, uos. 21-26 ; vol. 29; vol. 30, nos. let4. 

Nautical Almanac, 1923. 

Sendai: Tóhoku Imperial University, Science Reports, vol. 9, no. 6; vol. 10, nos. 1-4. 

Sendai: Tohoku Mathematical Journal, vol. 18, nos. 3, 4; vol. 19, nos. 1-4. 

South Kensington : Science Museum, List of Short Titles of current Periodicals in the Science 
Library. 

Technology, vol. 10. 

Tokyo: Physico-Mathematical Society of Japan, Proceedings, vol. 2, no. 11; vol. 3, nos. 
1-10. | 


Exchanges. 


American Journal of Mathematics, vol. 42, no. 1; vol. 43, nos. 1-3. 

Athens : Société Mathématique de Gréce, Bulletin, vol. 2, nos. 1, 2. 

Benares: Mathematical Society, Proceedings, vol. 2, pt. 2. 

Berlin: Mathematische Zeitschrift, band 8, 9, 10; band 11, hefte 1,2. 

Boston (Mass.) : American Academy of Arts and Sciences, Proceedings, vol. 55, no. 10 vol. 56, 
nos. 1-11. 

Bulletin des Sciences Mathématiques, vol. 44, nos. 10, 12; vol. 45, nos. 1-12. 

Calcutta : Indian Association for the Cultivation of Science, Proceedings, vol.5, pt.2; vol. 6, 
pts. 1-4. Convention for the year 1918. 

Calcutta : Mathematical Society, Bulletin, vol. 9, nos. 1, 2; vol. 10, no. 1; vol. 11, no. 4 
vol. 12, nos. 1, 2. 

Cambridge Philosophical Society, Proceedings, vol. 20, pts. 2, 3. 

Dublin: Royal Irish Academy, Proceedings, vol, 35, Section À, nos. 1-4. 

Edinburgh : Royal Society, Proceedings, vol. 38, pt. 3 ; vol. 39, pt. 1. 

Florence: Biblioteca Nazionale Centrale, Bollettino, nos. 234-245. 

Hamburg University: Abhandlungen aus dem Mathematischen Seminar, baud 1, heft 1, 

Haarlem: Société Hollandaise des Sciences, Archives Néerlandaises, série 3, tome 5. 

Jahrbuch über die Fortschritte der Mathematik, band 43-45. 

Lancaster, Pa.: American Mathematical Society, Bulletin, vol. 27, noe. 3-8 ; "Transactions, 
vol. 22, nos. 1, 2. List of Officers and Members, 1919-20. 

La Plata : Universidad Nacional, Contribución al Estudio de las Ciencias físicas y matemáticas, 
nos. 47, 49 ; Memorias, 1919, no. 9; Anuario, 1921. 

London: Institute of Actuaries, vol. 52, pt. 2. List of Members, 1920. 

London: Physical Society, Proceedings, vol. 33, pte. 1-5. 

London: Royal Astronomical Society, Monthly Notices, vol. 81. 

London: Royal Society, Philosophical Transactions, vol, 221, nos, 592, 592 ; vol. 222, nos. 594- 
597. Proceedings, vol. 98, nos. 691-695 ; vol. 99, nos. 696-701. 

Madras : Indian Mathematical Society, Journal: vol. 12, nos. 4—6 ; vol 13, nos. 1-5. 

Manchester: Literary and Philosophical Society, Memoirs and Proceedings, vol. 63 ; vol. 64, 
pts. 1, 2; vol. 65, pt. 1. 

Milan: Reale Instituto Lombardo, Memorie, vol. 21, fasc. 10, 11 ; vol. 22, fasc. 1, 2. Rendi- 
conti, vol. 49, fasc. 16-20 ; vols. 50, 51, 52, 53; vol. 54, fase. 1-10. 

Monatshefte für Mathematik und Physik, band 25, nos. 3, 4; band 26-31. 

National Physical Laboratory: Collected Researches, vol. 15, 1920; Report for 1920. 

Nature: vol. 106, nos. 2670-2678; vol, 107; vol. 108, nos. 2705-2722. 

Nouvelles Annales de Mathématiques : 4me aérie, tome 20, December. 

Palermo: Reudiconti del Circolo Matematico, tomo 44, fasc. 2, 3. 

Paris: Ecole Polytechnique, Journal, cahier 20, 1921. 

Paris: Société Mathématique de France, Bulletin, tome 48, fasc. 3, 4 ; Comptes Rendus des 
Séances, année 1920 


Ilii LirRARY, 


Philadelphia : American Philosophical Society, Proceedings, vol. 59, nos. 5, 6 ; vol. 60, no. 1. 

Rome: Reale Accademia dei Lincei, Atti, vol. 29 (2me sem.), nos. 10-12; vol. 30 (1re sem.), 
fasc. 1-12 ; vol. 20 (2me sem.), fasc. 1, 2. 

South African Journal of Science: vol. 11, no. 1: vol. 15, nos. 7, 8: vol. 17, nos. 2-4. 

Toronto: Royal Canadian Institute, Transactions, vol. 13, pt. 1. 

Toulouse University : Faculté des Sciences, Annales, série 3, tomes 8-10. 

Turin: Reale Accademia delle Scienze, Atti, vol. 56, nos. 1-7. 

Washington: National Academy of Sciences, Proceedings, vol. 6, nos. 1-12; vol. 7, nos. 1-9. 

Washington: U.S. Naval Observatory, Annual Report, 1920; Publications, 2nd series, 
vol. 9, pt. 1. 

Zürich : Naturforschende Gesellschaft, Vierteljahrachrift, jahrgang 65, hefte 3, 4; jahrgang 66, 
hefte 1, 2. 


Purchased. 


Mathematische Annalen, band 82 ; band 83, hefte 1, 2. 
Messenger of Mathematics, vol. 50, nos. 1-3. 
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LORD RAYLEIGH. 


Joun WiLLiAM Strutt, afterwards Baron Rayleigh, was born on 
November 12th, 1842. His early education was mainly at а private 
school. He entered as a Fellow Commoner at Cambridge in 1861, read 
mathematics with Routh, and, after a brilliant undergraduate career, 
graduated as Senior Wrangler in 1865. He was shortly afterwards elected 
to a Fellowship of his College (Trinity. He succeeded to the peerage in 
1878. 

Within a few years of his degree he began that career of original 
scientific investigation which continued without intermission almost to the 
day of his death, and was ultimately to establish his fame, after the de- 
parture of his great compeers Stokes, Kelvin, and Maxwell, as the supreme 
authority in physical science. It is unnecessary here to attempt a record 
of the manifold distinctions which were conferred on him or the impor- 
tant offices to which he was called. One or two matters may however be 
mentioned. In response to а pressing invitation he accepted the Cavendish 
Professorship of Physics in 1879, in succession to Maxwell; this he held 
till 1884. He was Secretary of the Royal Society from 1885 to 1896, and 
President from 1905 to 1908. His long and intimate connection with our 
own Society dates from 1871. He was President in the years 1876-7, 
and received the De Morgan medal in 1890. It is a matter of some pride 
to recall that much of his earlier and most characteristic work on Sound 
and Vibrations made its first appearance in our Proceedings. Nor should 
we forget his solicitude for the welfare of the Society, and the generous 
eontribution which he made to its funds, at a time of financial stress. 

Rayleigh's closest affinities were to the great dynamical school of which 
the three great physicists already named were exponents. In respect of 
the massive solidity of his work, and serene breadth of judgment, he 
stands nearest perhaps to Stokes, for whom indeed he had an intense ad- 
miration. This found eloquent expression in the obituary notice which 
he wrote for the Royal Society. One sentence, among others, may be 
picked out from this memoir as equally applicable to himself: “ Instinct 


xliv | OnrTUARY NOTICES 


amounting to genius and accuracy of workmanship are everywhere mani- 
fest; and in scarcely a single instance can it be said that he has failed to 
lead in the right direction.” 

A survey of his achievements from the physical point of view must be 
sought elsewhere." In these pages some account may be looked for of 
his characteristies as & mathematician. It must be recognised that his 
main interest was in the unravelling of physical phenomena, and that 
mathematics was to him chiefly valuable as an auxiliary. Moreover, just 
as in his experimental work he had recourse by preference to the simplest 
devices, so the mathematical apparatus, whenever possible, was of the 
most elementary character. There was always, however, enormous 
mathematical power in reserve, and whenever the occasion called for it 
the utmost degree of skill of this kind was brought to bear. One striking 
instance among others was his application of Hill's highly original methods 
in the Lunar Theory to the optics of stratified media. But perhaps the 
most original feature in his own mathematical work was the development 
of approximate methods, by which problems utterly refractory (in their 
rigorous form) to analysis receive a solution fully adequate for practical 
purposes. An early instance is the treatment of the Helmholtz resonator 
as a system of one degree of freedom. The treatise on Sound contains 
many other examples. 

His earliest papers relate chiefly to Sound and Optics. The book on 
Sound just referred to is remarkable for the great development given to 
the theory of Vibrations. This theory, originated by Bernoulli and 
Lagrange, and further elucidated by Thomson and Tait, was greatly ex- 
tended by him, and runs as a leading thread through the whole book. 
The work as 4 whole ranks as a classical achievement, and has entirely 
transformed the subject. Many of the theorems which it contains have 
applications not only in other branches of mechanics but in such subjects 
as Electricity and Heat. 

In Optics he proceeded at first on the basis of the old elastic theory 
of the «ther, until he became convinced that it was untenable, or rather 
as he expressed it, “‘ too wide for the facts." His later work was in terms 
of the electromagnetic theory, although many investigations are indepen- 
dent of the particular hypothesis adopted. One of the earliest problems 
which he took up was the scattering of light by small particles. To this 
he returned more than once, with the final conclusion that the scattering 
by the molecules of the air, apart from the influence of grosser particles, 


* See the memoir by Sir Arthur Schuster, Proc. Roy. Soc., (A), Vol. 98. 


== — ——— 


qq === 
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would account for the blue of the sky. Other investigations were on the 
theory of gratings, which he simplified, and on the resolving powers of 
spectroscopes, and of optical instruments in general. This theory is in 
fact largely of his creation. As an instance of his power in putting old 
matters in a new light and dispelling obscurities we may cite his elu- 
cidation of '' Huyghens' principle," which had long been a perplexity to 
serious students of the subject. By great good fortune he was induced 
to write a connected account of the theory of Light, as he regarded it, in 
the form of two articles contributed to the Encyclopedia Britannica. 
These are ineluded of course in his collected papers, but might well be 
published separately. They constitute by far the best textbook on the 
subject which has ever appeared. 

From the theory of Sound and Vibrations to Hydrodynamics, especially 
in relation to problems of small oscillation about a state of equilibrium or 
of steady motion, was a natural transition. His first paper on the subject 
deals with water waves, and reproduces the fundamental results of Airy, 
Stokes, and others, by an elegant and simplified analysis. The “ solitary 
wave" of Scott Russell was also elucidated, and it was explained in 
particular why such a wave must necessarily be one of elevation only. 
Rayleigh was scrupulous here, as in all similar cases, to point out where he 
had been anticipated. Boussinesq in this instance shares the credit of clear- 
ing up в matter which had long been obscure. The theory of deep-water 
waves of permanent type, which had been the subject of a classical research 
by Stokes, had a lasting fascination for Rayleigh, who returned to it again 
and again, continually improving the approximations. The influence of 
capillarity on water-waves had been considered by Kelvin in 1871. The 
subjeet was taken up and completed by Rayleigh, who investigated the 
train of waves and ripples set up by a travelling disturbance. The paper 
referred to, which appeared in Vol. 1x of our own Proceedings, is remarkable 
for a characteristic analytical artifice which subsequent writers have found 
very useful. A mathematical indeterminateness which presents itself in 
various problems of steady motion (owing to the implicit inclusion of free 
waves of a certain period), when dissipation is neglected, is evaded by the 
temporary introduction of frictional forces varying as the velocity, whose co- 
efficient is ultimately made to vanish. The result must be the same as if the 
true law of viscosity had been employed, but the analysis is much simpler. 
In this connection we may recall the beautiful investigation of the oscilla- 
tions of a liquid globule, and the vibrations of a jet, and also the lucid set 
of papers in which Laplace's theory of Capillarity is explained, criticised, 
and amended. Reference may also be made to the theory of ''group- 
velocity.” ‘The discrimination between this and wave-velocity had been 
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made by Scott Russell, and the group-velocity had been identified by 
Reynolds with the rate of transmission of energy, for the case of water-. 
waves. A general proof applicable to any type of wave-motion was given 
by Rayleigh, who also pointed out the importance of the conception in 
various fields. 

The mathematically elegant theory of discontinuous motions in fric- 
tionless liquids had been started by Helmholtz and Kirchhoff in two 
classical papers. The work of the latter suggested to Rayleigh a theory 
of the resistance experienced by a plane lamina moving through a stream, 
and he completed Kirchhoff's solution from this point of view. The re- 
sults, though necessarily imperfect as a picture of what really takes place, 
were & great Improvement on previous explanations, and have stimulated 
much subsequent investigation. A cognate subject to which Rayleigh 
devoted much attention, partly no doubt owing to its acoustical bearings, 
and later for its own sake, was the question of stability of fluid motions. 
It had been remarked by Helmholtz, and further insisted on by Kelvin, 
that a surface of discontinuity would in a frictionless liquid necessarily be 
unstable. Rayleigh's first enquiry was: to what degree is the instability 
affected if the disconti-uity is eased off, as it actually is by viscosity? He 
found that the instability remains for disturbances whose wave-length 
exceeds a certain limit. He further investigated the flow between parallel 
planes, and later in a pipe, having in view Reynolds’s experimental demon- 
stration of a critical velocity. The motion proved to be stable provided 
the graph of the velocity, as a function of the distance from the axis, is 
free from inflexions. Rayleigh was well aware that this conclusion must 
not be pressed too far. "The disturbances contemplated are assumed to be 
infinitesimal ; moreover, although the type of steady motion is such as 
could be maintained (if there were no disturbance) under the influence of 
viscosity, the effect of friction on the disturbed motion is in fact neglected. 
In particular, the condition of no slipping at the walls, which appears to 
be fundamental, is violated. Calculations of the above type were resumed 
at frequent intervals, and his more recent papers include a masterly re- 
view of the subject, in which viscosity is duly considered. — 

The most casual inspection of the contents of any one of the six 
volumes of his collected papers will show what large fields of Rayleigh’s 
activity have here been left unnoticed. The electrical researches, for in- 
- stance, important as they often are from a mathematical as well as a 
physical point of view, have not even been mentioned. But the main 
characteristics of the work are the same throughout. If asked to describe 
in one word the essential character of his genius, we should say that it 
was in the highest degree illuminating. Whatever the subject taken up, 
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not only is new material contributed, but existing knowledge is reviewed 
and set in a fresh light, unsuspected analogies and affinities are revealed, 
and what was often a collection of disconnected fragments becomes an 
orderly and massive structure. His mind was of a type which we like to 
think of as peculiarly British, and he maintained to the full the tradition 
of the great dynamical school of which he was the most conspicuous 
surviving representative. He died on June 80th, 1919. 


H. L. 


xlviii OBITUARY NOTICES 


ADOLF HURWITZ. 


Just a week after the signing of the Peace, there passed away in the 
person of Adolf Hurwitz one of the most notable representatives of con- 
temporary German mathematical science. Although a Jew by parentage, 
and for no less than twenty-seven years Professor at the Swiss 
Technische Hochschule, he retained his German nationality to the end. 
A product of the German academic system at its best, he can never have 
felt the temptation, to which so many of his countrymen have yielded, to 
change, even nominally, his nationality. 

Born at Hildesheim in the year in which Riemann became Professor 
at Gottingen, Hurwitz entered the Andreanum little more than eighteen 
months after Riemann’s untimely death, and was, before. ће had quite 
reached his eighteenth year, already at Munich attending the lectures of 
Klein, the most genial exponent of Riemann’s ideas. A year later, he 
was at Berlin, in the mathematical Seminar, and gaining at first hand, 
from Weierstrass and Kronecker, a knowledge of the methods in which 
they were passed masters. But Hurwitz was to be above all a pupil of 
Klein, and, after three semesters spent at Berlin, we find him once more 
ab Munich, and in October 1880 following Klein thence to Leipzig. 

Untrammelled by examinations, Hurwitz was able, even when at Berlin, 
to eollaborate with Klein and to afford him help in one of his most notable 
papers on elliptic modular functions,* а paper destined, with others of 
Klein's, almost equally remarkable, to be for many years the pivot on 
which Hurwitz’s mathematical interests were to turn. Hurwitz was 
peculiarly fitted to carry out Klein's ideas.t Не had gained from Schubert, } 
of Abzühlende Geometrie fame, his master at the Andreanum, an interest 


* Math. Ann., Vol. 17, pp. 69 and 70. Some idea of the advance due to Klein may be 
gained by comparing the papers just referred to with H. J. S. Stephen's B. A. Report, 1865. 
t Klein's strength, it may be remembered, was sometimes regarded as consisting still 
more in the fertility and the genial character of his ideas than in the power of developing 
ee Cf. Lie, Transf. Gruppen. 
| + We are told that Schubert gave up part of every Sunday to РТ at Geometry with 
the боо Hurwitz, and the first of the latter’s papers, written when he was still at the 
Andreanum, was a joint paper. It was also Schubert who persuaded Hurwitz’s father to 
allow him to go to the University and who sent him with warm recommendations to Klein 
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in Geometry and a familiarity with geometrical methods which were bound 
to serve him in good stead with Klein, and he had already entered’ on 
the field of original research. · On the other hand, we have Hilbert’s 
authority for the statement that the acquisition of Riemannian ideas, 
which intercourse with Klein rendered possible, of itself constituted at 
that time a transfer, so to speak, to a higher class among mathematicians. 
It is not surprising, then, that we find Hurwitz, a Gôttingen Private 
docent of barely two years' standing and not yet 25, called in 1884 to 
Königsberg as Extraordinarius, with a record of important published work 
behind him. 

At Konigsberg he made the acquaintance of Hilbert, first the student 
and then the Privatdocent, and of Minkowski, whose family lived there, 
and who, when at home from Bonn for the holidays, joined them in their 
almost daily walks. During these walks, continued over the whole of the 
eight-year period of Hurwitz's residence at Königsberg, wellnigh every 
corner of the then known mathematical world was explored. * 

We get some glimpse, incidentically, in studying Hurwitz's career, as 
to the way in which a professional mathematician may be formed. 

From Konigsberg, Hurwitz went to Zürich, where ad тшше until 
his death. 

About a hundred papers were MT by На. In almost all of 
them, the influence of Klein,* direct or indirect, is perceptible, and many 
of them may be characterized as solutions, usually complete, of prob- 
lems, of a fundamental nature and of no small difficulty, proposed by 


* Cf. Hilbert, С. N., 1920. Hilbert adds: ‘‘ Hurwitz mit seinen ebenso ausgedehnten 
und vielseitigen wie festbegriindeten und wohlgeordneten Kenntnissen war uns dabei immer 
der Führer. 

t How much Hurwitz owed to Dedekind also is evident from his papers and from his 
own acknowledgments. But it would seem that they had never met, at any rate not before 
1895. There is an interesting indication of this in Dedekind’s answer to a question as to 
what he thought of the paper ‘‘ Uber die Theorie der Ideale’’ (G. N., 1894), the first of 
Hurwitz's attempts in this direction. Dedekind explains that the mode of treatment of the 
fundamental theorem in the theory of Ideals there exposed, and based indeed on an alge- 
braical lemma of his own, had been familiar to him for many years, and he gives in detail 
his reasons for not having adopted it. He had since found and published in Dirichlet's 
Zahlentheorie what he regarded as a much more natural and simple way of building up the 
subject. He quotes Gauss’s ‘‘ Auspruch eines grossen Wissenschaftlichen Gedanken, ‘die 
Entscheidung für das Innerliche im Gegensatz zu dem Aeusserlichen '," and then continues: 
‘¢ Hiernach wird man es auch erklärlich finden, dass ich meiner Definition des Ideals durch 
eine charakteristische innerliche Eigenschaft den Vorzug gebe vor derjenigen durch eine 
üusserliche Darstellungsform, von welcher Herr Hurwitz in seiner Abhandlung ausgeht. 
Aus denselben Gründen konnte der.... Beweis des Satzes.. . . mich noch nicht vóllig 
befriedigen, weil durch die Einmischung der Functionen von Variabelen die Reinheit, der 
Theorie nach meiner Ansicht getrübt wird." (Göttinger Nachrichten, 1895, p. 111.) 
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Klein. In some cases, the results obtained or the methods employed have 
an importance far beyond what we know or may presume to have been the 
occasion for writing them. In particular, the paper “ Uber algebraische 
Correspondenzen,"* may be referred to in this connection. Brill had 
succeeded in proving a theorem of the truth of which Cayley had per- 
suaded himself by inductive processes, without being able however to de- 
vise anything of the nature of a demonstration save in a very special 
case. Hurwitz’s work goes far beyond Brill's in сепега у, + besides being 
above all remarkable as an application, promised nine years before, of 
Abelian integrals to Geometry, and as the point of departure of 
Castelnuovo in his investigations on analogous matters in the theory of 
surfaces. And it may be said to generalise Abel's Theorem itself. 

Other pairs of papers that have become classical are those entitled 
** Über algebraische Gebilde mit eindeutige Transformationen in већ," ! 
and “ Uber Riemannsche Flächen mit gegebenen Verzweigungspunkte "5; 
the second pair are also interesting because they show Hurwitz first failing 
to obtain the complete solution of the problem, taking up the thread ten 
years later in the light of a happy suggestion from Lasker, the inter- 
national Chess Champion, met in the previous summer, and finally com- 
pleting the solution by the use of a method!| in the theory of abstract 
groups discovered in the meanwhile by Frobenius, Hurwitz's predecessor 
at Zurich. 

Of the papers not more or less directly inspired by Klein, amoug the 
most original are those on the roots of algebraic and transcendental equa- 
tions. Hurwitz was & recognised expert in the treatment of problems of 
this nature. His paper on the zeros of Bessel's functions, which already 
marked a strikingly new departure, both as regards the methods employed 
and the character of the results obtained, was followed rapidly by several 
others on the roots of transcendental equations.** And when, soon after 
he had gone to Zürich, one of his Swiss colleagues turned to him for help 


* Math. Ann., Vol. 28. 

1 Hurwitz was thus able to repay with interest a debt of Klein to Cayley (Math. Ann., 
Vol. 17, p. 66). It was in studying the theory of modular correspondences that Hurwitz was 
led to consider the necessity of investigating correspondences defined by more than one equa- 
tion on entities of genus 7. 

i Math. Ann., Vols. 32, 41. 

8 Math. Ann., Vols. 39, 55. 

| This method of Frobenius is also interesting to English readers as being closely con- 
nected with some of the most important of Burnside's work. 

4 Math. Ann., Vol. 33. 
#* No fewer than seven papers of Hurwitz’s deal with roots of equations 
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in a technical problem involving the conditions under which an algebraic 
equation has the real part of its roots all negative, the skill shown by 
Hurwitz in furnishing the complete solution was noteworthy. Simple as 
are the conditions arrived at,* namely that certain determinants formed 
out of the coefficients of the equation have to be positive, the resources 
Hurwitz disposes of are seen in this, as in so many others of his papers, 
to be of the most varied description. He avails himself with equal free- 
dom of the ideas and results of Sturm, of Hermite, of Frobenius, of 
Kronecker, and of Cauchy. | 


His papers on continued fractions and on the approximate representa- 
tion of irrational numbers are also very original, as well as curious. And 
all his algebraical work is marked by a rare insight into underlying 
principles. One of Hurwitz’s grentest triumphs was his complete solu- 
tion of а question concerned with the reducibilitv of quadratic forms of 
auv number of varinbles, a part of which had batHed the united efforts 
of a Cayley and a Roberts, equipped though they might be with all the 
resources of an empirical science aud of a power of calculation that 
shunned no labour. + 

But perhaps Hurwitz’s main interests really lay in the theory of num- 
bers as a whole, including that part of it which attaches itself naturally to 
the theory of modular functions, such as the relations connecting numbers 
of classes of quadratic forms. On this latter subject he wrote seven 
papers, and one of the earliest of his papers written independently was 
devoted to the proof that a theorem of Stieltjes, giving the number of 
modes of expressing a prime as the sum of five squares, holds in a 
generalised form for every integer. The interest of four others lies in 
their connection with the theory of ideals. And of his last sixteen 
papers,} almost all those whose interest is not chiefly pedagogic, were de- 
voted to the solution of Diophantine equations and analogous problems, 


* Math. Ann., Vol. 46. . 


t Hurwitz’s account of the matter is worth quoting :—'* Roberts und Cayley haben sich 
im 16ten und 17ten Bands des Quarterly Journal mit den Nachweis beschäftigt, dass ein 
Product von Zwei Summen von je 16 Quadraten nicht als Summe von 16 Quadraten dar- 
stellbar sei. Ihre äusserst mühsamen auf Probiren beruhenden Betrachtungen besitzen 
indessen keine Beweiskraft, weil ihnen bezüglich der bilinearen Formen 2), zs, ... specielle 
Annahmen zu Grunde liegen, die durch nichts gerechtfertigt sind."  (Gótt. Nach., 1895, 
p. 310, Note 1.) 


+ It is noteworthy that in one of these later papers he concerns himself with an equation 
first employed by Klein in investigations (Math, Ann., Vols. 14, 15) with which Hurwitz's 
dissertation was connected. 
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while his only publication in book form is a reprint of one of his papers 
on “Quaternion Theory of Numbers.” * 

Brilliant as Hurwitz’s researches were known to be, he was honoured 
at Zürich most as a teacher, and the tradition of his success there 18 
likely to be long preserved. 

But he loved to employ the deductive method of exposition, alike in 
his writings and in his lectures. His papers even weary by their com- 
pleteness, although this is almost always atoned for by a finished ele- 
ganee of form. And if but few are merely didactic, a relatively large 
proportion are concerned with new proofs of known theorems ;* while of 
his pupils, only those in close personal contact with him can have been 
able to form a just idea of the processes by which he was led to his re- 
sults. Perhaps had he been less successful as a teacher, he might have 
been better able to found a great school of mathematics. 

Hurwitz always remained a nineteenth century mathematician. One 
of the first, if not the very first, to utilise Cantor's theorem on the non- 
countability of the continuum,{ and possessed, as he several times showed, 
of an acquaintance with, and the ability to apply, the elements of the theory 
of sets of points, he had to content himself with appreciating the nature, 
without fully grasping the magnitude of the revolution brought about in 
mathematical analysis by the extension of ourknowledge of the Real Variable, 
so characteristic of the century in which we live. The very thoroughness of 
his early preparation may indeed have rendered him inapt or unwilling to 
do more than skirmish on ground$ relatively unfamiliar to him, and it is 
noteworthy that he did not follow Poincaré in the exploitation of the 
generalisation of the elliptic modular function constituted by the auto- 
morphic function. Indeed, though in an improved version of a portion 
of his dissertation, published in later years, he remarks that the methods 
he employs are obviously applicable to automorphic functions, his sole 


* Gött. Nach., 1896. ; 


1 The interest of these proofs is undeniable, and some have become classical. In one the 
motive is the desire to give a purely algebraic proof of an algebraic theorem previously estab- 
lished with extreme facility by the use of the Calculus. 


+ Crelle, Vol. 95. 


§ His interest in new work is shown in more than one of his later papers—for example, 
in his use of Fejér-Cesaro methods in dealing with Fourier series, in his proof of a theorem of 
Fatou, and in the application of his old modular elliptic function equipment to a new proof 
of Landau’s extension of Picard’s theorem. 


1 Math. Ann., Vol. 58. 
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contribution to that subject is a paper* in which he shows how the funda- 
mental region may be determined for automorphie functions of any 
number of variables. 

Though he was educated in the Real Gymnasium! section of the 
Andreanum, and though, curiously enough, the friend of his father to 
whose benevolence he owed his University career, and to whom he dedi- 
cated his dissertation, had the English or at least British name of Edwards, 
Hurwitz was not sufficiently master of our language to be able to read 
English mathematical papers, except with very great difficulty. His 
knowledge of the work of English writers was indirect. But he had great 
familiarity with French and several of his papers are written in this lan- 
guage. The value of his work was appreciated outside Germany and 
Switzerland. Some of his papers written in German were translated into 
other languages, and he was elected honorary or corresponding member 
of several learned bodies. He became an honorary member of our Society 
in November 1918. 

Hurwitz was very generally liked, not only as a teacher, but as a man, 
and this in spite of the fact of his life being one long struggle; with a 
wasting disease, which must have rendered him little disposed for social 
intercourse. In points of honour he was punctilious. It fell to his lot to 
be anticipated in several of his results, and he was never slow to publish 
his recognition of the priority of another. And it is related that nothing 
but his refusal to break his word pledged to the Swiss Schulratspresident, 
who had secured him for the Technische Hochschule by travelling all the 
way from Zürich to Königsberg for the purpose, prevented his going 
to Gottingen as Ordinarius in succession to H. A. Schwarz. How great 
a sacrifice this entailed will be realised if it be borne in mind that a Chair 
in a Swiss University was, for a German, never, before the War, regarded 
as more than a stepping stone to a Chair in Germany. That the call 


* Math. Ann., Vol. 60. 


1 It was owing to this circumstance that he did not become Privatdocent at the Univer- 
sity of Leipzig, as he, a pupil of Klein’s, then holding a Chair there, would naturally have 
done. Evidence of a knowledge of Greek was regarded by the Philosophical faculty of 
Leipzig as an indispensable requisite for the venia legendi. Gottingen was, as would now 
be said, more advanced in its ideas, 


| That this struggle was waged with comparative success for во many years appears 
almost incredible, and can only be accounted for by the constant care and devotion of 
Hurwitz's wife, a daughter of Professor Samuel, a well known member of the Medical faculty 
at Konigsberg. 
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was not repeated at a later date may be attributed to the state of Hurwitz's 
health, supposed to render such a call undesirable.* 


W. H. Y. 


* Since the above notice was in print, I have received tho following statement from 
Dr. Vermeil, Klein’s assistant, written at Klein’s request. It confirms in various points what 
is given above, and adds some details of interest: ‘‘ Hurwitz hat als Schüler von Schubert 
schon als Secundaner Resultate im Gebiete der abziihlenden Geometrie gefunden. Alser dann im 
Sommer 1877 nach Miinchen kam, stellte ihm Klein sofort die Aufgabe, die Resultate der ab- 
zithlenden Geometrie auf zuverlässige Grundlagen zu stellen. Leider aber erlitt Hurwitz sehr 
bald cinen Typhusanfall (der Typhus grassierte damals in Miinchen), und kehrte darum erst 
nach mehreren Semestern nach Miinchen zuriick, woer die beste Hilfe von Klein im Ausbau der 
Theorie der elliptischen Modulfunktionen wurde. Seine Leipziger Dissertation, die in den 
Math. Ann. erschienen ist, ist nicht nur durch die selbstiindige Entwicklung der Eisen- 
stein'sehen Methoden bemerkenswert, sondern insbesondere dadurch, dass er (A (а, w») als 
eine Kongruenzform 12ter Stufe erkannte und dadurch die einfachste Grundlage für die neuen 
Multiplikatorgleichungen schuf. Inzwischen hatte Gierster aus den von Klein gefundenen 
Modulargleichungen hóherer Stufe neue Zahlentheoretische Resultate, zum Teil auf induktivem 
Wegc, abgeleitet, und es bleibt eine der gróssten Leistungen von Hurwitz, durch die Theorie 
der zugehörigen überall endlichen Integrale, die Gierster'schen Resultate endgültig begründet 
zu haben und überhaupt eine allgemeine Theorie der algebraischen Korrespondenzen auf 
algebraischen Kurven begründet zu haben. Später machte die räumliche Trennung die 
Beziehung Zwischen Klein und Hurwitz seltener. Aber Klein wünscht die Fórderung an 
zuerkennen, die Hurwitz der Theorie der endlichen Gruppen linearer Substitutionen von der 
Theorie der elliptischen Modulfunktionen her erteilt hat. Hurwitz war wesentlich ein zahlen- 
theoretisches Talent und ergünzte dadurch die mehr intuitive Art von Klein auf glückliche 
Weise.” 
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Mn. Prestpent, LADIES AND GENTLEMEN, 


I am venturing this afternoon to talk to you on Differential 
Geometry, or rather on a part of that vast and interesting study. The 
part I wish to bring before you is the geometry of quadratic differential 
forms, in its relation to Einstein's Theory of Gravitation. I want to 
show how naturally the law of gravitation arises in this geometry. It 
might even have been discovered by some pure mathematician, and 
studied by him as a particular kind of four dimensional geometry ; and 
he would never have dreamt of its wonderful possibilities as an explana- 
tion of natural events. 

There will be little originality in anything I say; yet it may possibly 
help some, who, like myself, have a very slight knowledge of physics, to 
understand the bearing of the new theory on Differential Geometry, 
and perhaps enable them to contribute to its advancement by 
familiarising them with the foundations. 

As regards the law of gravitation, I owe what knowledge I have of 
it to Prof. Eddington's report on the relativity theory. I cannot, how- 
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ever, elaim his great authority for anything I say ; the errors into which 
I may fall will be шу own contribution to the theory, and he will perhaps 
warn others of falling into the same in the lecture we are hoping to hear 
from him iu the coming session. 

I must ask your indulgence if I have to start off in my talk with some 
rather formidable symbols. I must also ask you to allow me only to 
sketch the proofs of my assertions. You would not, I think, find much 
difficulty in supplying the gaps—agreeing with me if I am right and 
. eorrecting me if wrong—had you the time and inclination, and, say, 
Bianehi's Differential Geometry to refer to. 

Let us begin by considering the expression 


ay dr а.с, 
which is briefly written for the sum of л? such terms, obtained by giving 
to i, k independently the values 1, 2, ..., n. 
The coefficients ax (= ay) are at present arbitrarily assigned functions 


of the variables £i, Ху, ..., Ка. If, for instance, n = 2, the expression is 
a short way of writing 


2 : 2 
а г + 20,5 dr, dx, 4- aade. 


Let А denote the minor of а; in the determinant 


divided by the determinant itself. 


Ca Сам дак 
Let [ikt] = 4 ( аи | Сам ШУ 


CL}: OX; Cz, 


(rkih) = 3 


= 


===> ie 


~ ^ ^ 
Ол;Оль ^ OL Olh | ОС OL OLI 


( Са љ Qa Fair Сам ) 


+ A (ели) [EX] — [riu] А). 


Just as in the expression 
Ga Ах; doy, 


the law of the notation is that wherever a suffix which occurs in one 
faetor of a product is repeated in another factor [as in the expression 
(rkih) the suffixes А and u are repeated] the sum of n” such terms are to 
be taken by giving to the suffixes independently the values 1, 2, ..., n. 


1920.] | EiNSTEIN'8 THEORY OF GRAVITATION. 3 

We shall only be dealing with the case of n = 4; but even in this 
case, and for fixed values of r, k, 1, h, the full expression of the symbol 
(rkih) would involve 10 expressions of the form 


Ay, (е^) (А) Ге) (ААА), | 


were it not for the convention introduced ; one is therefore soon converted 
to a belief in its utility. 

But there are 256 symbols (rkvh), as the integers take independently 
the values 1, 2, 3, 4, and the need of further contraction is obvious. 
Happily the 256 symbols can be shown to be simply expressible in terms 
of 21 two index symbols up; 

We pass from the four index symbol (rkiÀ) to the two index one a, by 
taking 23, in this order, as 1, 31 as 2, 12 as 8, 14 as 4, 24 as 5, 34 as 6, 
and we notice that aj; = ui We can easily show that 


a+ az, + agg = 0, 


so that in effect our 256 symbols reduce to 20. 
Written at length we have 


(2323) = ay, 
(9884) = ang, 
(3184) = 0%, 


(2331) = 012, 
(8181) = (oo, 
(1212) = (139; 


(2312) = a, 
(3112) — gs 
(1214) = ag, 


(2314) = ан, 
(3114) = ам, 


` (1224) = ag, 


(2324) = ajg 
| (8124) = ag, 


(1434) = as, 
(3434) — ag. 


(1414) = ац, (1424) = ay, (2494) = a, (2434) = ugs, 


From the point z,, 22, x3, z, in our four way space we think of two direc- 
tions going out into this space given by 


dry, _ Чг, _ dag — dr, 
а & & а 
Ж n С ж 
апа = = = = 20 = 5. 
£1 E: ©з ба 


Here £i, &, 55, ё, and ё, &, és, & are arbitrarily assigned functions of 
the coordinates гу, co. r4, гу, and we may usefully regard them as the 
coordinates of two points in ordinary Euclidean space. 


Let 
~ ~ ~ 
ру = dara0z,—dag0r, py = dit — dt ty Ps = dira drca, 
pa = de, да —с,дху, py = ФС — ад, Сл, pe = drgtcr,—dz,cr,. 


n 2 
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We have Pi Pst Pe руі Ps Po = 0, 


and may therefore look on р}, pa, Ра po Pss po 88 the six coordinates of a 
line in ordinary space. 
Consider now the expression | 


Aik Pi Pk» 


When we regard the point z,, ra, Ср 2, as fixed and equate this expression 
to zero, we have the most general quadratic complex of lines in ordinary 
space. We therefore call the expression the first complex. 

The expression formed by expanding 


(ai dori Cty) (ам OF 07 p) — (ав dx Org) (из, d.n) Cr.) 


is written Ва Di рь, 


and called the second complex. 

The ratio of the first complex to the second is what Riemann calls the 
measure of curvature of the space 2, Za, zs, z,. 

The meaning of this measure of curvature I will now try to explain. 
The six coordinates Pi, pa, рз po рь рв are proportional to the віх co- 
ordinates of the line in ordinary space, joining the point whose homo- 
geneous coordinates are 2:6: & and 42:54. Regarding for the moment 
Zis Za 23, T, NS fixed, and also these two points as fixed, we consider the 
single infinity of ravs in the four way space whose directions are propor- 
tional to ‘ 


Suter, at éB, ёза £8, até; 8. 
We then construct in the four way space the geodesie two way surface, 
made up of the siugle infinity of geodesic lines issuing from the point 
7125132; in the directions given by 


d.r, dz, ars dr, 


= 


Пав Фа ЕВ Bati atib 


Here the ratio a: [8 is a mere parameter, and thus the geodesic surface is 
formed and may be taken to have the element of length on it given by 


ds? = edw+2fdu dv4- g dv, 


where и and т are the Gaussian coordinates which may be taken, say, to 
be zero at the point from which the geodesics issue forth. The curvature 
| of this geodesic two way surface will express itself in terms of e, f, g and 
their. derivatives : its value at the point гу, To, ra 7, and for the orienta- 
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tion given by the six coordinates р, p». Pa, po рь pe 18 Riemann’s measure 
of the curvature of the space 2}, Lg, Tg, Zy- 
Let us now consider the effect of transforming 


| e; dxida, 
to new variables. | 

When it is said that this expression is invariant for all transformations 
it 18 not meant that the functions a, preserve their form as functions of 
Ju Las La, 0400 Rather, as in the theory of linear transformation, we regard 
it as the fundamental quantic. 

It can be proved that the two complexes are absolute invariants. This 
fact is of fundamental importance in the theory of quadratic forms. 

It may be verified that the first complex is such an invariant by con- 
sidering the infinitesimal transformation 


PR К... я E : f = : 
ү == Tle. LL, ab ^W. £d 


where ¢ is a small constant, and ¢ any arbitrary function of tne variables 
21252314. We then have, from the fundamental invariant, 


~ л 


© Ог 
ак = Aix —t (au oÈ +a: 52), 
CTi JE 


and by aid of this set of equations it can be proved that the first complex 
is invariant for this infinitesimal transformation, and, therefore for every 
transformation. 

It is a much simpler matter to prove that the second complex is an 
invariant. 

Riemann's measure of curvature is thus independent of any particular 
system of coordinates. 

Define now a system of functions Gi: thus 


= Ga = Ац (rkih), 


where the вићхев Az on the right, being found in two factors of the pro- 
duct, are to indicate summation of the products in accordance with the 
law explained earlier. It is easily proved that 


Спа чак), 
* is an absolute invariant. 

Einstein's law of gravitation Just asserts that this invariant vanishes 
identically. I only mention this now in passing and will return to it. 
later. | 
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Next let us consider the invariant determinantal equation in A, 


11, 419 19 01477 A, O15; dig | 
| | 
451, “ээ, 023; ад, «у À, а | 
m аз, 39; аза, 034; азә — Ugg—A | 
ах = | = 0 

| аА, 449 249 Q 44» U45» a 
| ал, асш—А, а 054: O55; as 
| Ugl» (169; Agg—A, G4; Ags» “66 ! 

Take Mi mM 129 Migs m 14? MN 159 m 16° 
Moi, Mons Mog, Mag, Mass Mog, j 


3031, Mzz аз, WT. Mass Mags 
Msi, Mo Miss Minis Moss Msgs 


Mer, Meg, Megs Moy Mes, Megs 


to be six sets of first minors of any row corresponding to the six roots of 
av = 0. 
We can prove that, for any values of х and 7, 


m 17,4 E Mig mj F Mig Ms тата + Mis Nos т тз = 0. 


Now the terms in m which we have written down are such that, if we take 
the т'в in any row as the coordinates of a linear complex, we get six 
linear complexes corresponding to the six roots of аА = 0; and these six 
complexes are naturally in involution. 

But if we choose « so that 


(mai + mj) (nj кэнд) F Qi» + ng) (Mis + kms) + (Mig KM jg) (Mig кт) = 0, 


we obtain what we may take as the “six coordinates " of two lines in 
ordinary Euclidean space. In saying this we look on 2, £z, 23, 2, as fixed, 
and therefore ay... as fixed, and we say that these two lines correspond 
to the roots À; and A; of aÀ — O. 

If we divide the roots into three pairs we will have as corresponding 
lines three pairs of lines; each line of any pair intersecting each line of. 
any other pair, but not the line of its own pair. These lines will then 
form the six edges of a tetrahedron in ordinary space. We may call this. 
the tetrahedron which corresponds to £i, To, 23, z,. 
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Suppose the coordinates of one of the vertices of this tetrahedron are, 
say, (aB yı), then—no longer regarding шу, ra, ra, =; as fixed, and ex- 
pressing, as we may, ау, 81, Yı ô, in terms of the functions ay,—the curve 


dr, _ dr, _ dr} _ ах, 


ay Bi ш Yı m б, 


is invariant for any transformation which leaves 


ai dz; d£; 
invariant. | 

Corresponding to the tetrahedron of the point 2,, £} 23, 2,4, we have 
therefore four invariant curves going out from the point in our four way 
space. | | 

So far, although the language of geometry has been used in speaking 
of curvature, geodesics, complexes, lines and points, this language is 
merely a convenient artifice to avoid prolixity. 

We shall now try to make a little more use of our conceptions of time 
and space. We look on £i, 23, 23, £, as functions of any space coordinates 
and the time. I mean by space coordinates simply numbers which fix 
for me tlie position of a point in space at a given time. Ido not think I 
introduce any new ideas as to what space is. I imagine a triply infinite 
system of surfaces drawn in this space at any given time, and describe 
the position of the point by giviug the numbers attached to the surfaces 
which pass through the point. The time coordinate I cannot express 
otherwise than just as the time coordinate. When I say that two points 
are * near " one another, I mean that their four coordinates of space and 
time differ only by small quantities, and I do not attempt any greater 
accuracy of expression. 


We take 05° = а у dr; dey, 


and call 95 the space-time interval element. Because of the arbitrary 
nature of the functions a; of Zi, Ху Z3, T, this space-time interval does 
not depend merely on the coordinates of the two near points. Jt depends 
also on our choice of the functions ац. That choice may depend on what 
we want to measure. Thus, to take a very homely illustration which will 
perhaps explain my meaning, suppose we want what we may call the 
practicai distance between two points in London from the point of view of 
the man who has to walk from one to the other. Here we need to use 
only two coordinates, say, c; and z,. The practical distance would be 
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measured by the minimum value of the integral 
à = | М(ал dai 2a, dz 42, аз dr?) 


taken between the two points. If the two extreme points lie on & hori- 
zontal plane, and if there were no obstacles in the intervening path, we 
could take the integral to be 
| (dr? + а) 

by proper choice of coordinates and obtain the straight line path. But 
generally this would not be possible, and the a, а)», ау» would be func- 
tions of z, and x, depending on the traffic at that point. And even if the 
traffic were to die away and the obstacles in the way of buildings were to 
disappear, the surface over which the pedestrian would have to travel 
between the two points might be a curved one, and the aiis а}, an would 
still remain as functions of x, and х. The path he should take would be 
the geodesic on this surface. The practical distance between the points 
might remain the same in the two cases, but in the second case we should 
look on his problem as one merely of geometry. 

Now suppose that the inhabitant of some distant planet, if he exists, 
observed this pedestrian he might give either interpretation to what he 
observed. He might regard London as a portion of a surface and think 
the path & geodesic on it, or he might regard the pedestrian as a particle 
moving under the action of some force. But he would have no such 
simple law to explain the motion he observed as that which Einstein has 
formulated to explain gravitation ; and Einstein would interpret what is 
. observed as a property of space time, and not of force influencing the path 
of the particle. 


In taking ds? = ayxdt;drs, 


where а 18 any function of the coordinates as the element of length in 
some four way space, the geometer is guided, I think, by analogy merely. 
.He knows of two way surfaces in ordinary space where the element of 
length is given by | 
а? = edu? +2fdudv+g dv", 


and e, f, g are functions of u and v. 

The geometry on this surface is, in general, quite different from that 
of plane Euclidean geometry, though he was led to it by considering 
.Euelidean space. Не is not concerned as a mathematician with the ques- 
tion whether his abstract Euclidean space is, or is not, the space of ex- 
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perience, though he knows that at all events it must be very nearly во. 
So, in taking the space-time interval element as given by 


és? = Aik dr, day, 


he is not primarily concerned with the question whether this is built up 
from the space and time continuum of experience itself, or whether the 
functions а, arise in some other way. | 

He can conceive a four-fold continuum of space and time, but he can 
only conceive of a four way space by analogy and by his power of imagining 
the plight of a mathematician to whom experience had only awakened a 
perception of two way space. 

So far no special hypothesis has been made ‘with respect to the 
functions а. 

Einstein’s law of gravitation is the hypothesis that 


Gi dz; dz, 


‘wanishes identically; that is, that С, is zero. Its naturalness in the 
study of differential geometry could hardly be exaggerated. The wonderful 
thing is that it should tell us about facts of the universe. 

It gives us a number of differential equations to determine a;, ..., and 
when these are determined the path of a particle in empty space will be 
that which makes 

| M (ax. dr; Axx) 
stationary. | 
But the form given for the gravitation field due to a particle at rest, viz. 


—y dr —rd05 — 1? sin? даф + , d£, 
where у=, 


is not deduced merely from the gravitation law ; other considerations are 
brought in; and I have a difficulty in seeing the justification of the use 
made of polar coordinates when Euclidean geometry has been rejected. 

I now introduce an hypothesis which will be satisfied by this form, 
but which, I think, arises more naturally out of the form 


05? — (lix ах; dre, 


from which our geometry of Einstein is to be built up. 
The hypothesis I make is that the four curves which go out from any 
point, and which we have seen are invariant for any choice of coordinates, 
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may be taken as the intersections of three of a quadruplv infinite system 
of hyper-surfaces—here three way loci. . 

This hypothesis distinctly limits the functions ay, and if it is to be 
applied in conjunction with Einstein's hypothesis it distinctly limits the 
law of gravitation. 

First we take this hypothesis apart from Einstein's and consider what 
it leads to just as a geometrical one. 

We can take the quadruply infinite system of surfaces to be 


zı = constant, r, = constant, z = constant, 2, — constant, 


and we call this coordinate system the normal one. Referred to normal 
coordinates the four invariant curves have the equations 


dr, = dz, = dr, = 0, dr,=dr,=dr,=0. dr, = dr, = dr, = 0, 
dr, = dr, = ас» = 0. 


It follows that the vertices of what we called the tetrahedron of the point 
2125235, Will be the point whose coordinates are 


, 0, 0, 0, 


9 , э 


1, 0, 0 
0, 1, 0, 
0, 0, 1 


ооо m 


? , 9 


and the “ six coordinates ” of its edges will be 


1, 0, 0, 0, 0, о, 
0, 1, 0, 0, 0, о, 
0, 0, 1, 0, 0, O, 
0, 0 0, 1, 0, 0, 
0 0, 0 0, 1, O, 
0 0, 0, 0. 0, 1 


It may be proved that consequentially all the coefficients in the first 
complex vanish except 


ау Aga, gg, Uggs Uggs Ugg, Чы, Чо; 186: 


In other words, every symbol (rk?h) vanishes, in which three and only 
three distinct indices occur. . 
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It is worth noting in connection with the hypothesis I bave made that 
the necessary and sufficient condition that by a change of variables 


Qik ax; dr k 


can be brought to the form 
аза асі аг, 


that is, to flat or Euclidean space, is the identical vanishing of all the 
symbols (rkih), taken with respect to any coordinate system, whilst this 
particular hypothesis requires the vanishing of every symbol in which 
three, and only three, of the indices are distinct when referred to the 
normal coordinate system.* 

We now combine this hypothesis with Einstein's law of gravitation. 
We have 


Gi = — az A 99 — аз Аз—а А а С» = — ад Ay, — ај Аза; A а 
Са = — аз An — а) Ар — Ogg A А са = — ay А — azs A a — aeg A as. 
Ga = an Aog + (agg — 035) Аи, су, = (аӊв— аз) Ag tay А, 
Gg = yg Ági + (ai — 36) Ay, Gog = (a1,— ам) Ag) Һа А 
Gig = — gg Ag | (035—214) Au, G3, = (as — а) A pat a; Азу. 


Since all the functions Gj vanish for a non-vanishing set of Aix, ..., we 
see that the product of the determinants | 


| 0, — Авр — ба — 44 

‚ 488» 0, — бр 795 ae Agg — (tas | aa а14— Ogg Agg, Ugg аз. 
77093, Air 0, — 066 136 — Фр ац ац — Uges gp, | (195 — аз, а, 
— yy, — ag;  — 466 0 


must be zero. 

If we go back to the determinantal equation aA = 0, we see that the 
sum of its six roots is zero; and further, now that the first complex takes 
a simpler form, the roots are given by 


апаң = (а —А)?, аза» = (ар —А)“, agg gg = («36 — A)”. 


It can be shown that the determinant product just considered is the 


——{ — — — — —— M — —ÀH € —— — —— — = — — — —— -— ——— 


* I owe the correction of a misleading statement here to Prof. Eddington's remark that 
the symbols in which three of the indices are distinct are not components of a tensor. 
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“square root of the product of the sum of every set of three of the roots 
of the determinantal equation aA = 0. 

The sum of some three of these roots is therefore zero. 

Excluding the case of equality between any of the roots—a possibility 
which would repay investigation as it actually occurs in the form given 
for the gravitation field due to a particle at rest—we can arrange that one 
of the three roots, whose sum is zero, is found in each of the sets 

440,4 = (ау А), азар = (а —À),. gy Ugg = (ag —À). 


16 will be found to follow that none of the determinants 


‘+ 
1 t | 


ап, 436 — “25 A22, 01477 43 (gs 225 — 236 | 


| 1367 025» аң 034,77 43; 455 | (t25 — U36» 466 

can vanish, and therefore we must have 

Ag = Ац = Аз = Ay = Ay = Ам = 0. 
The space-time interval must thus take the form 
a* Qxi- 0 0x3 + c Сл + 4027, 
and for this form we easily verify that 
ац = Ag, = agg = О. 

"The functions а, 6, c, d are no longer arbitrary functions of the variables 


p Loy га, 24: the fact that all symbols (АЛ), in which at least three of 
the indices are distinct, must vanish, gives us 


_ ба, с с od | b 
d; = аз 72 as <>, dg, = аз — +a, d ty = а, 2 +а + 
C a a d d C 
by = 0з P +b, = bi, = b, ps +b, м bis = b, P +b, P 
ios —— Ek b CC +c, —- RUNE ELT 
d mia pe EN и = а 7 4 , di ж dc 
b с а b 
dy = d, À dA, dy = dy — +h—, dy = d, ^4 td 


whore witb respect to a, b, c, d, and only with respect to these functions, 
suflixes denote differentiation with respect to £i, x, rg, Z4. 
We have not yet used the differential equations arising from the con- 


ditions Gi = Ga = Ga = Gy = 0, 


and we now proceed to obtain them. 
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The first complex has reduced to 


ay Pi + 023 рі + 035 Ps + au Di tass P; + а Dé, | 
the second to 
bc pi + с?а?рз + a! ps + a dpi 4- 03d p; + c^ d^ pj. 


Recalling the explanation of Riemann's measure of curvature, how it 
depended, not merely on the point at which it was taken, but also on the 
six coordinates of its line of orientation, we take the curvatures corrc- 
sponding to the six edges of the tetrahedron of the point тү, Za 23, z,. 

Let K;, be the measure of eurvature corresponding to the edge BC of 
this tetrahedron ABCD. The other curvatures will be Ка corresponding 
to СА, Ky to AB, K, to AD, K, to BD, and K, to CD. 

The first complex may now be written 


Uc Kay pita Kg Pi + UK, р a^ d! Ky pit Ud Ka, р; + d Ks, py. 


and we have 


К + (0) +(@) + he = 0, 
abat (02) FC) t eat о, 
ч) (6), ео 


The Einstein conditions 
Gy = Gy = Gg = Сү, 
now give 


Ay, = Ky, Ay = Kg Ку = Ky, Kg Kyat Ky, 0, 


that is, “ The sum of the curvatures which correspond to the edges of the 
tetrahedron meeting at any vertex is zero.” 
We thus have four further differential equations which must be satis- 
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fied by a, b, c, d : that is, sixteen in all of the second order if we are to 
combine Einstein's law of gravitation with the hypothesis ] have made. 

I have not worked out the consequences of the consistency of the 
sixteen equations of the second order to be satisfied by the four functions 
a, b, с, а. Perhaps the first step ought to be to eliminate these four 
functions, and thus to obtain any further consequential relations between 
the derivatives of two of the curvatures, say K, and A, in terms of 
which the others can be expressed. 

In the expression given for the gravitational field due to a particle at 
rest К, = A, and thus the more general hypothesis, of a functional 
relation between them, is suggested as something that might lead to a 
new geometrical problem. 

In a further study of the differential equations one might be led to 
connect them with other problems in geometry, in a manner which will 
be familiar to those who have made a study of similar problems in 
differential geometry of ordinary Euclidean space. 

In the gravitational field given for a particle at rest Ку = m/r, so 
that as we increase our distance from the particle the geometry of space 
tends to flatness or zero curvature. 


wt 
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SOME PROBLEMS OF DIOPHANTINE APPROXIMATION: ТНГ 
LATTICE-POINTS OF A RIGHT-ANGLED TRIANGLE 


By G. Н. Harpy and J. 15. LirrrL.ewoop. 
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l. Introduction. 


1.1. The problem considered in this paper may be stated as follows. 

Suppose that о and w’ are two positive numbers whose ratio 0 = w/w’ 
is irrational; and denote by A the triangle whose sides are the coordinate 
axes and the line 


(1.11) vx +w'y == n > 0, 


and by N(y) the number of lattice-points* which lie inside А. How 
accurate an approximation can we find for N(y) when у 15 large? And 
how does the accuracy of the approximation depend upon the arithmetic 
character of 0? We call this problem Problem A. 

Such ''lattice-point " problems are, in general, very difficult. It 
is enough to recall the two most famous of them, the problem of the 
circle (the problem of Gauss and Sierpinski), and the problem of the rect- 
angular hyperbola (Dirichlet’s divisor problem), both of which have been 
the subject of numerous researches during the last ten years. The 
particular problem which we consider here has not, so far as we know, 
been stated quite in this form before. It is however easily brought into 
connection with another problem which has attracted a certain amount of 
attention, and which has been considered, from varying points of view, by 
Lerch,t by Weyl,i and by ourselves.§ This problem, which we shall call 


* A lattice-point (Gitterpunkt) is a point whose coordinates 2 and y are both integral. 

t M. Lerch, l’ Intermédiaire des Mathématiciens, Vol. 11 (1904), pp. 145-146 (Question 1547). 

t Н. Weyl, ‘ Über dic Gleichverteilung von Zahlen mod. Eins”, Math, Annalen, 
Vol. 77 (1916), pp. 313-352. 

$ G. H. Hardy and J. E. Littlewood, ‘‘ Some problems of Diophantine approximation "’, 
Proceedings of the fifth international congress of mathematicians, Cambridge, 1912, Vol 1, 
pp. 223-229. 
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Problem В, is as follows. Suppose that, as usual, [2] denotes the integral 
part of z, and that 


(1.12) [2] = г—[т]—а. 


Then what ts the most that can ђе said as to the order of magnitude of 


(1.18) s (0, n) = ve; 


y=] 


when n is large? 


1.2. We begin, in $ 2, by proving the formula which establishes the 
connection between Problems A and B, and shows that the first problem 
is a generalised and more symmetrical form of the second. We prove in 
fact that 

. 2 
(1.21) М) = g^ — 5 — 5 + SU) 
w 2w 


where S(») is a sum very similar to the sum 1. 18. 
It is trivial that 


n 
(1.211) N) = TER + O(n), 


the area of the triangle, together with an error of the order of the peri- _ 
meter. The second and third terms of (1.21) occur naturally when we 
consider, instead of A, the similar and similarly situated triangle whose 
vertex ів at (1, 1) instead of the origin ; for the area of this triangle is 


n? n 7,41 

бой до Bo! 2° 

But no closer approximation than (1.211) is in any way trivial; and, 
when Ө is rational, S(r) is effectively of order у, so that a universal 
formula, professing to be more precise than (1.211), would necessarily 
be false. 

In § 8 we deduce transformation formule for N and S, which are 
generalisations of a formula given without proof by Lerch, and which 
enable us to study these sums by means of the expression of 0 as a simple 
continued fraction. In § 4 we prove (a) that 


(1. 22) — Sn) = oln) 


for any irrational 6, and (b) that (1.292) is the most that is true for every 
such irrational. Incidentally we obtain the corresponding results con- 
cerning Problem B: the first of them at any rate is in this case familiar. 
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In § 5 we consider more closely cases in which the rate of increase of the 
quotients in the continued fraction is comparatively slow, and in. particular 
the case in which they are bounded ; and we prove that in this case . 


(1.98) | S(n = O(log y), 


and that this result too is a best possible result of its kind. There are 
naturally analogous results for Problem В; that corresponding to (1.23) 
was stated as a new theorem in our communication to the Cambridge 
eongress, but had, as was pointed out to us by Prof. Landau, been given 
already by Lerch. | | 

Up to this point our argument is entirely elementary, and both methods 
and results are of a kind to be found in our previous papers on Diophantine 
approximation or in those of other writers. We have therefore aimed at 
the maximum of compression and have omitted a good deal of elementary 
algebraical calculation. The concluding section (§ 6) is more novel. In 
it we prove that 27 0 is algebraic then 


(1.24) S(n) = O(n"), 


where а < 1. This result is unlike any which we have been able to prove 
before, and is obtained by entirely different methods, based on the proper- 
ties of the analytic function 

= 1 


EOM als, t a) n ато тоу 


This function will be recognised as a degenerate form of the “ Double 
Zeta-function " introduced into analysis by Dr. Barnes.* | 


2. Reduction of Problem A. | 
2.1. We write 


aw ве и [Me 


о) 
where 0</<1, O<f'<1. 


= —— 


* E. W. Barnes, ‘‘ A memoir on the Double-Gamma-function ", Phil. Trans. Roy. Soc., 
(A), Vol. 196 (1901), pp. 265-387 ; see in particular pp. 314-349. For a study of some of the 
properties of the degenerate function (for which the ratio «/#’ is real) see G. Н. Hardy, ‘ On 
double Fourier series, and in perticular those which represent the double Zeta-function with 
real and incommensurable parameters '', Quarterly Journal, Vol. 37 (1900), pp. 53-79. 
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^. Stppose first that there is по lattice-point on the line (1. 11), or AB 
of те аи Then the number of lattice-points inside OAB i is 


am sos DE AE Eon 


Now[—2z] = — [2] —1 +е,, where e, is 1 or 0 according as z is or is not 
an' integer; and u0— f' cannot be an integer, since then 7—u would be 
ам integral multiple of «' and there would be a lattice-point on 4B. Thus 


(2. 18) [/'—40] = — [u0—f']—1 = — џд—7)+ !u0—f' | —3 


Substituting into (2. 12), and using (2.11), we obtain, after a little re- 
duction 


a. 14 Ко) = EL 80), 
where 

(2.141) $ = HA-A 

and 

(2.142) — Si) = = {mO—f'}. 


Since ¢ is bounded, the problem is reduced, substantially, to the dis- 
cussion of S(n). 

The preceding argument requires a trifling modification when: there is 
a lattice-point on AB; there cannot be more than one, since Ө is irra- 
tional. In this case the sum (2.12) gives N(m)+1 instead of N(y). 
There is one value of и for which 40—/f' is integral, and for this и the 
—4 in (2.18) is changed into 4. The net result is to leave the final 
formule unchanged. 


8. The Transformation Formule. 


8.1. In order to obtain a formula for the transformation of М(у or of 
S(n), we employ the familiar device of adding together the number of 
lattice-points of-the triangles ОАВ, O'A'B' of the figure. | 

If we take new axes O' X, O'Y, as shown in the figure, it is plain that 


——Á—— S  Ó———ÁÀ— 
~ a PF M M — D —— — — 
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and the equation of AB, reférred to the new axes, is 
(8.11) e X-wY = п-+{(1—/)+®(1—/') = Н, 
say. Repeating the arguments of $ 2, we find, for the number N'(H) of 


lattice-points of O' A'B', 


„н HH Р 
(9.19) МН) = 3 до ди FETS A), 
where 
(8.121) = r+ O.P 
and 
' "TS [v p! 
(8.192) Sqn-z ie)? 


F and Е being defined by 
о) 


(8.128) 2 = |= |+Е, Le HGA 0<Е<1, осе <1. 


3.2. We suppose now that о < w, 0<1. A glance at the figure 


w o 


Substituting for H in terms of у, from (3.11), we find at once that 


(8.21) F' = 0(1—f). 
The same argument shows that 
(8.99) F = і =p, 
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where р is an integer ;:#t-happens that the value of p is not material .to 
the argument. , | 
It is also clear from the figure ‘that 


e У 


a | NON) = -[2 zT. 


where eis zero unless there is & lattice point on AB, and then unity. 
Substituting for N (у) and N'(H) from (2.14) and (3.192), using (2.11), 
(3.11), and (8.21), and reducing, we obtain, finally, 


(8.90 S+S'te= EH GHANA PH 55. 
` 8.8. Ít is important, in view of Problem B, to show that this formula 


includes a formula given by Lerch.* Suppose then in particular that 
w = 1, w = Ө < 1, and write _ 


у | 
| 


(8 . 81) «== {иӨ\, '= 2! ! 
1 1 | Ө 


where m is the integral part of n0. 


Starting with an arbitrary positive integral n, we write n0 = M-t6, 
where M is an integer and 0 < б < 1, and take 


n = М+1 = nO+1—6. 
Then /' = 0, PI (mod 1), 


by (2.11) and (8.22) ; and there is no lattice point on AB, so that « = 0. 
Suppose now that q is a positive integer and 


TEC < ERE 
Then 1. = A — Je а, 
Also Н = +1+01—/) lies between M+2 and M-+8. Hence 


(8. 82) gat E == ati Ls: 


* M. Lerch, loc. cit. 
+ It is easy to see that (1—5)/0 cannot be integral. 
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and 
(M41) _ 551, (1-6) _1—8_ _ 
(8.821) = lp; = ө; = g-1-i | 
Also ч ЈЕ а 
[2/6 ) + 


8.8) S= 2 {uO} = = {u0} =s+ > (+ 90) 2.55, 


say. And (n+1)0, ‚ (n4-g)0 have all thé integral part M, since’ 
ад < 1—ô < (0+1). Hence . | Ü 


(8.84) 8, = b (пд+7—М—ћ) = i "P = ва #98 —). 


Substituting from (8.82), (8.821), (8.88), and (8. 34) into (3. 24), апа 
кап it LL be foung that 


(3.85) 5+8 = +0— 
which is the formula of Lerch. р 
' 4. Results concerning an arbitrary irrational Ө. ^ '— 


4.1. Тивовем A1.— If Ө = w/w’ ts irrational, then | | 


co 8 À 
We may clearly suppose that 0 < 1. Suppose that 
oo) _ 0; + a4 + a4 +... 
I5. 1 - 
4.12 C= M M enr E 
ee) a, -0, ' ! ato 


We have, from (3. 24), 
(4.18) | и“ S+S' = 0(1/4), 


the constant of the O being independent of both п а д. 
We write 7 = wf, во that ` no 


п, = ова -р+1–/ = :0+00), 
and we write f, and и, in S instead of F and y. anes 


"= 2 127 5) = -004 > Е] = OW) +8, 
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вау; so that 
(4. 14) S = 0(1/8) — 
Similarly, we have 
8, = 0(1/0)—S, 8, = O(1/0)—S;, — ..., 


where S, S; ... are sums of the types 


is 
= È [mhal S; = = У {изв — — fs , 


so that Sa = O(£00,, 8, = un 0), 
It follows that 
(4.161) S=0 (+) +0 (- >)+...+0 (5 =) +0160 O) 


and 


(4.152 8=0(5)+40(5 8) +- +0 (a 8) +0099... 6.0). 


We shall require both of these equations. 


4.2, We choose » so that 
(4.21) GOO, ... 8,18, < 1 « £00, ... Opi. 


It may be verified at once* that 0,0,., < 4 for every s. Hence on the 
one hand 


(4 . 22) 90, ... 6, = O(2 ^9), 
and on the other | 

TL d МЕ De 11 _ > y 
(4.98) gt 8 teta = O v Max 3-) = 0 (a) = 062-*£). 
From (4.151), (4.29), and (4.28), we obtain | 
(4 . 94) S = Ор2-92)+0(2-";2) = о(ё), 


since v tends to infinity with ¢; and the theorem follows from (2.14) and 
(4.24). 


ө See our paper ‘‘ Same problems of Diophantine approximation (П) '" (deta Mathe- 
matica, Vol. 37 (1914), pp. 193-338 (р. 219)]. 
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4.8. To Theorem 41 аса (ог Problem B, the well: knows 
theorem : 


Тивовем 81.—1/ Ө is irrational, then 
' 8(0, n) = x {uO} = o(n). 
к 


The.proof of this theorem is included in that of Theorem A1. We 
have only to take у = kw’, where k is an integer, во that f’ = 0, and to. 
write ё = л[о = ЕЈд, n = [£]. 


4.4. Тнвовни А@.—// Y(n) ts any function of n which tends eteadily 
to infinity with n, then there is an irrational 0 such that each of the | 
mequalitres | 


E EU E: ILE T x» n 7 


is satisfied for a sequence of indefinitely bonis values of т). 
Thus Theorem A1 is the best possible theorem of its kind. 


Making the transformations indicated in 4.8, we see at once that it 
is enough to prove 


THEorREM B2.—1f Y(n) is any Anton of n which tends steadily to 
infinity with n, then there is an irrational Ө such that each of the in- 
equalities m 

8(0, n) > ——— Tia’ s(0,n) < — Ta 
is satisfied for an infinity of values of n. 

Tò prove this we use Lerch’s formula (3.85). Writing 

(4.41) m,-—[n0] = "70—6, ng = n,0,—6,, ... па = Np 0,— Oe, 


Е M 6, (1—6,) 
(4. 42) Pot — 59, 


we have | 
(4.49) 50,9 = hs (у, m) = фу—з(б т) = бт) | 


=... = ф—ф% +... -(— 1)" p telO Жз), 


We suppose а, +: even, and exceedingly large in comparison with the pre- 
ceding quotients a, Ga, ..., dy, and take я, = ёа... Then n,,1 = Ogand 
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6, is practically 4, во that 46,(1—6,) is certainly greater than 1. Having 
fixed n,, we can determine 7,_1, n,.5, ..., Ту, n from the equations (4. 41); and 
2n, 
"SO < 90 `` <06,...6,5 @00,...Ө,1` 

It is then plain that, if das 18 sufficiently large in comparison with the 

preceding partial quotients, s(0, n) will have the sign of (— 1)", and 
(4.41) ben dw IA 
| p a> . 20 ^ Уб: 
And, by choosing a 0 for which sufficiently violent increments in the 
order of magnitude of the quotients occur at an infinity of stages in the 


continued fraction, we can secure the truth of (4.41) for an infinity of 
values of n. 


5. Results concerning special T of irrationals. 


5.1. THEOREM A3.— If the quotients.a, in the РЕТ 7. ш for 
= w/w’ are bounded, then "E | 


T» m 
Noo) = shy — 2 = gb + Odog y). 


THEOREM ВЗ. — Under the same condition, 
s(0, n) = O(log n). 


То prove Theorem АЗ, we return to the analysis of 4.1 and 4. 2, but 
use (4.152) instead of (4.151). In this case we have plainly 


s= 0(5 )+о(2 J+. +о (1. ) = оо. 


Since 2 = 0 ae) =0 (aa) = O(, 


we have v= O(log 2) = O(log #; and the theorem i is proved. Theorem B3 
follows а fortiori: this is the theorem which, 88 we explained in 1.2, was 
claimed as a new theorem in our communication to the Cambridge con- 
gress, but is really due to Lerch. 

It will easily be verified that, if we assume 


a, = On) © > 9, 


1920.] © Some PROBLEMS OF DIOPHANTINE APPROXIMATION. 25 


we obtain an error term of the order 
S = O| (log т*'}; 
if we assume а, = O(e*"), where р lies below a certain limit, we obtain , 
S = Обт) (e< 1).* 


As so little is known concerning the order of magnitude of the quotients 
in the continued fractions which express irrationals of oo types, it 
is hardly worth while to go into further detail. 


5.2. THEOREM A4. — There are values of 0 = vw, with bounded 
quotients, such that each of the inequalities | 


2 
N@———-2-= „> К log», МО) у ба Ba < оет 


where К is а positive constant, is satisfied for а sequence of indefinitel y 
increasing values of э: · | 


Тнвоввм B4.—There are values of Ө, with bounded quotients, such that 
each of the inequalities 


(8, n) > K log n, «8, n) << — К log n 
is satisfied for an infinity of values of n, 


Thus Theorems АЗ and 83 are. die. best · possible theorems of 
their kind. To prove this, it is plainly enough jo prove Theorem B4; 
and this we shall do by considering thé simplest irrational of all, viz. 


g= беа 1.14 '1/ c 


2 COE. 
We write Ө= 5 = v5+1 


2 
and take the convergents to Ө to be І 


P0 ml rl 
Jo 1’ qı 1' q 2° 


Then it is easily verified that 


= JOE, pi = gm 


Compare p. 214 of our memoir in the Acta Mathematica reterred to above (p. 23). 
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5.8. We first take n = q, in the formula (3.81). We find without 
difficulty that [0,0] = 9, = 4.0—[9.0] =", 
ifsiseven,and _ [9,0] = д,,—4, 5=1—06", 
if s is odd ; and that in either ease 
(5.81) а, = > 09) 
satisfies the equation 
(5.89) cos = à (0 (— 19 en). 
Using this recurrence equation to express o, in terms of 

eq — 10; = фу5—1, 

we find, after reduction, that 


| T PER iat +1 E ys. 
Suppose now that | 
(5.84) s(0, п) = 2 170] (0, KR «qi. 


We can express x in one’and only див way in the form 
"= 949494,4... 4-9, = tA, 
where в, 5j, 8, ... ate desesmding iutegers differing by at least 2; snd 


€ 
5(0,2) = а, + 2 149.490). 
м = 


Now 4,0 differs from an integer by less than does any 40. Henee 
[(q,4-4)0] = q.i - [40] 
and — ((g,2-4)0] = q,0—4,-:- 40— [u0]—8 == (— 1) Ot! + (ад, 


8(0, n) = ce,4-(—1)!0*! Qi +50. 
We now write 


Qi = д, да +... FG, = qi Qo Q= Inks, 
and so on, and repeat the argument. We thus obtain 
(5.95) 8(0, n) = Oto, to, +... |с, | 
+(– 100, + (— 1)" 6010, +... (1) EtG, 
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5.4. If in (5.85) we substitute the values of the o's given by (5 . 38), 
the first two terms of (6.88) will plainly gwe a contribution bounded ior 
all values of s, so that 


(6.41) e be Fo, = Ур ((—1+(—1"+...+(—®%)+О@. 
Again 
k i 
(5.42) Q= Х 4, = 52 > (e ce), 
and the sum of the second terms is numerically less than k, and a fortiori 


than s. The sum of the eontributions of all such terms to (5.85) is 
therefore less in absolute value than 


80*! 4-5,0^*! 4+... = O1). 
These terms, then, may be disregarded. Making this gimplifigatien, aad 
substituting from (5.41) and (5 . 42) into (5. 85), we obtain, finally, 


(5.48) (6,95 OD- 5. ((—1+(—1%+.. Hane) 


+S? ("OE 0*7) 
$M gio gn... penny) 
Vb 
(— 1)*-! in 
Ro CAP een 


5.5. This formula enables us to study the behaviour of s(0,n) for 
different forms of n, and in particular to prove our theorem. Let us take, 


for example, 
8 = 4k44, 8, = 4k, 8, = 4k—4, ..., =A. 


Then the right-hand side of (5 . 48) becomes 
$0 ,1 ee a ar ea - | 
-iatz SoS TO) = Cs+0(2), 
- 1 (.9 ed, 

where C= zz (ra?) = ao ^9: 
and s(0, n) is negative and greater than a constant multiple of s. Simi- 
larly, if wa were to take 

в = 4k +8, 3, = 4k—1, ..., в, = 8, 
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we should find 5 (0, л) to be positive and greater than a constant multiple 
of s. Sinee s is greater than a constant multiple of log п, this con- 
pletes the proof of Theorems A€ and ВА. 


5.6. We should perhaps, before (m to more trauscendental in- 
vestigations, add a word concerning the case, so far excluded, of a rational 
Ө. It is easy to see that, when Ө is rational, no such results as we have 
proved in the irrational case are true: s(0, п) is effectively of order n, and 
the oscillatory part of М (7) of order у. Thus, to take a simple case, the 
veris 2-1] ig | TOES el 2D 


пе пети пе HH) E. 
and 3(3, п) ~ — gn. 


In general, for a fixed rational 6 = p/q, we ave s (6, п) ~ A 4", where 
4,0 when q э ©. | 


6. Transcendental methods : results true for all algebraical values of 0. 


6.1. The substance of our concluding section lies somewhat deeper. 
Our goal is to prove 


THEORBM AB.—Jf Ө = w/w! is an algebraic irrational, then 


where a < 1. 
Тнвоввм B5.— Under the same conditions m 
| 800, п) = On") (aD. — ^ 
i We require some preliminary lemmas concerning the function 


n= NONE RENS 
Cas, а, 0, e) = es (a+ то + та)! ЛЕ 


Ы , 


(6.11) 


where а, w, and w are positive, and s = с +: This function is а de- 
generate form of the double Zeta-function of Dr. E. W. Barnes. Barnes 
considers only the case in which (as in the theory of elliptic functions) the 
ratio Ө = w/w is complex. . The series (6 . 11) defines the function in the 
first instance for с > 2. | 


6.21. Гемма a.—The function ¢,(s, a, w, w') is an analytic function 
of s, regular all over the plane except for simple poles at the points s = 2 
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and s=1, where it behaves like 
1 T. w+-w'’—2a 1 


ww’ s—2? · Qo» 5—1 


| respectively. | 
This is proved by Barnes when 9 is complex, and his proof, depending 
on the formula 


Г 1 — ) е — 31V 
(6 ° 211) Са(8, а, W, w) = = uos | res dit 


is equally applicable in the case considered here. We should observe that 
(—uy-! = 180, where log (~u) has its principal value, that the 
contour of intogeation is the same as in the well-known Riemann-Hankel 
formule for the ordinary Gamma and Zeta functions, and that the formula 
is valid for all values of s except positive integral values. | 


| 6.22. Lemma B.—Suppose that O0<acote', and that 0 = w/e’ 
ts an algebraic irrational. Then there is a K such that 
| 2mT,, \ 
воза) beann _1 5 n | а)" 
° (QT) =! T(1—s) о 1; o MON 
m-l m sın 


(2mr 
© ni fo а)+3(1—$ + 


__. тот 
m=1 m- 8 in — 
о 


for ec « — K. 


To prove this formula we start from the integral (6.211) and integrate 


(3) 
(2) 


(2 


(0 
(г) 


(3) 


round the contour shown in the figure. We suppose, as plainly we may, 


30 G. Н. Harpy and J. E. Litriewoop [April 22, 


that the horizontal lines (8) pass at a distance greater than a constant o 
from any pole of the subject of integration, and that the loop (1) passes 
between the origin and the poles + 2ri/æ, + 2rijw' nearest the origin. 
This being so, it is easy to see that the contributions of the rectilinear 
parts of the contour tend to zero when the sides of the rectangle move 
away to! infinity, and that 


£a = l'(1—5)lim ÈR, 


where R is a residue of the integrand. А simple calculation: shows that . 

the residues yield the two series required. If Ө = w/w’ is algebraic, we 

have ; 

.. Тет 

sin —— 
Фф 


> m^, sin > ms, 


where c is a constant depending on the degree of the algebraic equation 
which defines 0. It follows that the two series of the lemma are abso- 
lutely convergent if o is negative and sufficiently large.* We shall 
suppose in what follows that the series are absolutely convergent for 
с < —K. The formula (6.221) may of course hold | in a wider region 
than this. 


6.28: емма y.—If | t| — then 
ба(в, а, w, œ) = О(е''), 
for every positive е, and untformly throughout any finite interval ој 


values of т. 


Suppose that c; << с « оз. We may suppose the contour of integra- 
tion in (6. 211) deformed in such a manner that 


| | $ | = | arg (~) | < ir 
at every point of it, and |Ф| = àr+ie 
at all distant points. We have then 
| (— 20'7'| < Alu [е < А |а |4 eà7* $t, 
where A is a number depending on c, and c}, 


[Г(1—5)| = O(e”àlti | t |) = O(e- 07-39 1), 


а = О (er (ter al) = O(e t. 


. * It is hardly necessary to give fuller details of the proof, as the substance of the lemma 
is contained in the paper of Hardy referred to in the footnote to p. 17. 
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6.24. Lomma y is required only in order to prove a somewhat deeper 
lemma, viz. | 


Leusa 6.*—The function ба(в, а, w, w) is of finite order in any half- 
plane а > ву and its p-function (т) satisfies the relations 


(6. 241) u()-20 (т> 9), 
(6.242) uo) GED (-K <0 <, 
(6 . 243) uisja des (c <р — К). 


Of these relations, (6.9241) is obvious, since the series (6.11) is 
absolutely convergent for са > 2; and (6.248) follows from (6.221), 
since we have 


(27! T (1 — s) sin | Qu'—a) H9 | = O fe!" |T(1—s)|} 


= 0(|#|*-°) 


uniformly in m, and, of course, a similar result in which w and о’ are 
interchanged. Finally, (6.242) follows from (6.241), (6.248), and the 
well-known theorem of Lindelof.t Lemma y is used only to show 
that the conditions of Lindelóf's theorem are satisfied. 


6.25. Our last lemma is of a different character. We write 
(6. 251) a-+nw-+nw' = i, 


the numbers J, (no two of which are equal, since Ө is irrational) being 
ee in order of magnitude. We suppose that £ is not equal to any 


1, and we put = 21. 
ict 


Lemma e. — Suppose that c>2, Т> 1, and С = (ls). Then 
there exists a number H, independent of T and £, such that 


<н5. 


| W(£)— = Qari =i a(s) — и ds 


* For explanations concerning the '' u-function ’’ of a function f(s), defined initially by 
a Dirichlet's series, see G. H. Hardy and M. Riesz, ‘‘The general theory of Dirichlet’s 
series," Cambridge Mathematical Tracts, no. 18, 1915, pp. 14-18, . 

T Theorem 14 of the tract referred to above. 
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We have 
: А 1 c+iT ё" 1 c+iT ё “ds 
6.252 — — 2 ES Pm | — 
we i m От; L. ба) И аы > 2i \ (2) s` 
| 1 (не (€\tds =1 (<8) 
pues ду | (Ф) s —0 (,>2))' 


the right-hand side of (6. 252) may be written in the form 
1 e—iT 1 c+ix ё s ds 
p 27 ey 2m Jerir E $ ~ Up 


* (2/12) 
say. Now || < T Гов о 


Hence | 
(6 . 258) | W-— E S un (8) Egle «X У __Ь 7 
ди. гт? 5 p | 1080/0) | 
If we write l, = e^», E= е?, the series becomes 
(6.254) уе 
i |p—Ap|’ 
and | p = 3044-4). 


Now Bohr,t generalising a result of Landau, has shown that the series 
(6 . 254) is bounded, provided only that 


(С) there 18 a number 1, positive or zero, such that 


= 
Ху+1— Àp 


== O (et * 93) 


for every positive ё; 
and it is easy to verify that the condition (C) is satisfied by our series 
DI = Ўе-%, For 


lai — ly = а+то+то —а—тео—по' = ћо+Ко' = о (k4 АӨ), 
say, and во, since Ө is algebraic and 1,4; < +H, 
11—162 (A| 27 Н(| т |+ | m'|+2)-" > AL > Hl" (р> ро), 


Ma = log (1+ ===) > ну"; 


* Landau, Handbuch, § 86. 

t H. Bohr, '' Einige Bemerkungen sum Konvergenzproblem der Dirichletscher Reihen'”, 
Rendiconts del Circolo Matematico dé Palermo, Vol. 87 (1914), pp. 1-16. 

+ Handbuch, § 235. 
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H, wherever it occurs, denoting a positive constant, not of course the 
same at different occurrences. Thus Воћгв condition is satisfied, and 
Lemma e follows from (6 . 258). 


6.8. We can now prove our theorems. We take T =, where 
0<y<2. We choose arbitrary positive numbers ô and e, and take 
с = 2+6. 

We then apply Cauchy’s theorem to the integral 


1 
Ori | Са (5) e£ ds 
taken round the rectangle 
(c—iT, ст, —K+1T, —K— iT), 


the sides of which, taken in order, we denote by (1), (2), (8), and (4). 
Using Lemma a, we obtain 


6.81) goo fase [ +) e| +| = „Є+°%”— eso. 
(1) (2) (3) 'J(4) WW 
Now 
(6.39) | = т&+о (5) = = Wi HOE +- 
(1) 


by Lemma e; and 
ТК +А+е , 
(6 . 33) | = 0 (2-* T. | Ке dt) = = 0 (=) = O(£-** (ve), 
(3) 
by Lemma 6. It remains to estimate the contributions of the horizontal 


sides; and it is clear, from Lemma 6, that the contribution of either is of 
the form 


O( Max 9-14 = О(Мах 2"), 
—KLo<c 
A ( (5+ К)(2—е) | = 
where n=ot) = oe 5 - yte (—К <2<2), 


1 = ao—yte (2 xo x c). 


It is clear that у cannot exceed the greater of its values for с = — K 
and а = c, viz. 


—K+(K—-hy+e 2+6—у-е. 


The possible error-term arising from the first of these values may be 
absorbed into that already present in (6.83). That corresponding to 
БЕН. 2. voL. 20. wo. 1379. D 
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the second, as well as that in (6.82), may be absorbed in a single term 
O(£^**7Y*9). We have therefore, on collecting our results, 


w+ w' — да 


2 ww’ 


2 
(6 . 84) W(€) = г + €+0 Ое + O(£?**7v**). 


ово 
We have still у at our disposal. Taking 
—K+(K+})y = 2+8—у, 


x 2+o+th 

~ $+ 

(which is, a8 we supposed, positive and less than 2), and 
_ 24+00G+A)—-A 

У 34K ` 


This is equal to (1+4A)/(3+A)< 1 when 6 = 0, and is therefore less 
than unity if ô is sufliciently small. We have therefore 


we obtain 


2+ô— 


(6.35) Wee) = d + 09? e os, 

where a< 1. In order to obtain Theorem A5, it is only necessary to 
attribute to a the particular value о о’ and to replace € by n, since IF(£) 
then becomes N (у). 

Our argument naturally yields a definite value for a. But it becomes 
clear, when we consider the particular ease of a quadratic 0, that the 
value so obtained is, in the light of Theorem A2, not the best value possible. 
We are therefore content to show that « is in any case less than unity. 


Additional Note (March 18th, 1921). 


We have developed the transcendental method of $6 considerably 
since this paper was first communicated to the Society. 
Suppose that k > 0 and 


(©) = E (=. 
Let 


С + 12 E 3 
Then WA) = | Г(Ё+ 1) 1 (5) estk 


: “Отан 
Эл jin 2 Ка) ° 


ds 


ifc>2 We transform this equation by (1) moving back the path of 
integration to the line с = —q < 0, with the appropriate corrections for the 
residues, (2) substituting for ¢4(s) from (6.221), and (3) integrating term 
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by term. This process сап be justilied if Ө = w/w’ is algebraic and k and’ 
q are chosen appropriately, and we obtain an expression for W,(€) in the 
form of an absolutely convergent series. 

We then make use of a lemma which is of some interest in itself, 
viz.: if there are constants h > 1 and Н > 0 such that 


(1). n" |вплдт | > Н 

for all positive integral values of n, then the series 
- 1 
T п" [sin nOr | 

as convergent for every positive e. 


Using this lemma and our series for W,(£), we are able to show that 
Vf (1) is true for all positive integral values of n, then 


r yy? ? 
(2) NG) шс ны FO), 
where a = (h—1)/h, for every positive e. This is included in Theorem АЗ 
if h = 1; but is in all other cases considerably more precise than any- 
thing proved in the paper. 
In (2) the index a = (Ah —1)/A of the power of у is the best possible 
one. For we can also show that if 


(8) n’ |зїплӨт|< H 


Jor an infinity of values of n, then each of the inequalities 


(4) йг a id PUT ENS, кү. а E е 

Е ош | де д 2. 7 900 ^ 9o до i 
where А is a positive constant depending on h and H, is true for a 
sequence of indefinitely increasing values of n. 

We are further able to obtain an “explicit formula " for N (n); viz. 


2 3 y? А ' 
(6) Nu) = 7 n n pi + o + Зоо 


Oeo! 2w 2w 1 ою’ 


D j 9 
COs вал (7—4w) cos a (7 — 50) 


р + 
an s pr т è VOT 
u gn 


o (n 
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Here 0 = w/w’ is irrational and algebraic, and the series is to be inter- 
reted as meanin : 
P B lim <= 

pXoR, vw К 


when À — © in an appropriate manner. 

The most difficult of the remaining problems is that of determining 
whether there is алу Ө for which the error-term in № (у), or the sum 
$(0, n) is bounded. The answer is in the negative. We can prove, in 
fact, that there exists an À > 0 such that, for every irrational 0, 


|s(0, т) | > A logn 


for an infinity of values of n. Further, given K, there exists a 
В = B(K) > 0 such that, for every 0 for which a, < K, the inequalities 


s(0,2) > Blogn,  s(0,«) < — Blog, 


are satisfied each for an infinity of values of n. 

The corresponding Cesaro means behave rather.differently. It is 
possible to find 6’s for which the first Cesaro mean o(0, n) of s(0, n) is 
bounded, and others for which o(@, л) Пос n tends to a limit other than 
Zero. 

We may take this opportunity of correcting a misstatement in our 
communication to the Cambridge Congress referred to on p. 15. It was 
stated there that Е 

> {vO}? = 4n-FO(1) 
for every irrational Ө. This is untrue; but the equation holds for very 
general classes of values of 6, and in particular for any Ө whose partial 
quotients are bounded. 
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ON SOME SOLUTIONS OF THE WAVB EQUATION. 


ON SOME SOLUTIONS OF THE WAVE EQUATION 


By H. J. PRIESTLEY. 
[Received August 4th, 1920.— Read November 11th, 1920.) 


1. Preliminary. 

Referred to coordinates u, €, Ө defined by the equations 
r = а (1— и?) (14-3) cos 0, 
y = а (1—02) 0 4- O)! sin 6, 
2 = ang, 


the wave equation takes the form 


о-о Sen EH Ba 


97 


= (5) w+ (9 су. 


c 
This equation is satisfied by 


V — М (и) Z (Å) ei не). 


provided that М апа Z satisfy the equations 


Е у | | _ _т_ — 134841 .49 з 
AR M) +] nint 1) г=г]м = rea и?) M, 


dé [+ 2i СЕ iz] Z = — За (+62, 


where k = p/c and n is any constant. 


2. Solution of an auziliary differential equation. 


Equations (1) and (2) are of the type 


d [Чу = 
dz |? 7 H- Qu = ARy, 


(1) 


(2) 


(3) 
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where Р, Q, R are known functions of г. À is constant, and the solutions 
of ; Р 
d y | 
T ЊЕ 7! фу = 0, (4) 
are known. 
Let y,(z), yo(z) be solutions of (4), and assume that . 


у(х) = u(x) у, (7) -v(x) Yo(z) 
is а solution of (8). 


Assume further that 


du EL |! 
du ду; ды € а | 
Then 25 1 + == le AR [ну + у]. (6) 
Now, from (5), -n= = ат ln (7) 


If each of these be put equal to 2, (6) becomes 


dy, dy, 


ZP E dr Vd “th | =AR[uy Arye). (8) 


But, since у), y, are solutions of (4), 


di di " 
Р Л a Yo Zh | == C, (9) 


where C is independent of x 
Therefore, if Rw/C be written for Z in (8), that equation becomes 


w == А (иу ту»), (10) 


showing that w is a solution of (8). 


du | d 
Now, since T = — у, RwiC, = = y Ew[C, 
wie) = A— dp | RO wl ys (od (41) 
v(r) = B+ = | R(t) w(t) y,() de, (117 


where 4, В and а are arbitrary constants. 
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On substituting these values in (10) it appears that w(x) satisfies the 
Volterra equation 


yi(x), yao) 


À £ 
=== EU t 
w(x) = x (x) C ET ) S ya (4) 


w(t) dt, (12) 


where x(x) is a solution of (4). 
Different solutions of (8) ean be obtained from (12) by varying the 
function х (х), or, what amounts to the same thing, changing the limit а. 


8. The odd and even solutions of (12) when P and R are even. 


If P(x) is an even function, it follows from (9) that (4) cannot have 
two independent solutions which are both odd or both even. Hence there 
must be an odd solution z,(r) and an even solution 2,(2). | 

If y(x), y4(r) are not these solutions they are linear functions of 
them, and therefore 


21 (2), 2a(r) 


is a multiple of 
z(t), Za(t) 


| Y (£), yox) 
Yalt), (0 


From this it follows that 


ina, Y2(— г) 


B p у(х) 
010—0), у4(— t) 


Y (É) , Yalt) 


Consequently, if K(x, t) denotes the kernel of the integral equation (12), 
when R(t) is an even function 


К (х, 9 = — K(—z, —0. 
Now consider the function w(x) defined by the integral equation 
А 
10, (7) = 2 (2) — + |, K(x, t) w,(t) dt. 
0 


On changing the sign of г the equation becomes 


w,(—2) = а || Kc t) a, (€) dt 


кагый з à | Ки, 9 w,( — dt. 
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From this it is clear that w,(z) and —10,(— 2х) satisfy the same Volterra 
equation. 
It is known that the solution of such an equation is unique. 


Hence - (x) = — w,(—2); 
t.e. w(x) is an odd function. 


Similarly, it can be shown that 10, (2), defined by 


Wy (zx) = 2, (1) — + | ке, t) 20 (t) dt, 


i8 an even function. 
It follows from the equations defining w, (х) and 22; (x) that at the origin 


dw| dz dw, dz, 


w, = 2 La = 2 = = | 
1 x 2 » 4х ах’ аг dr 


Hence at the origin 


But each of these functiohs is a constant multiple of [P (z)]"!. 
Hence they are always equal. 


4. Application of the foregoing to equation (1) above. 
Solutions of 


7 


| 9 
= [а-э 5. Ј+ LI - 1 M — 0, 
du du 1—и 


are Р" (м), Р;" (и), where* 


ERE. 1+u 
Pilu) = lI(—) (s 


эп 
) F[n+1, —2, —m+1, 30 —4). 


When is an integer these solutions are not independent, but & second 
solution is then obtained by considering the limit as » tends to the 
integral value, of t 


™(u) = i cosec m | cos mr Ра (и) — те Pz” |. 


—M —— ———— —— MM M — — — — ee с о o o € 


* Hobson, Phil. Trans., (A) 187, p. 473. 
t Macdonald, Proc. London Math. Soc., Ser. 1, Vol. xxi, p. 274. 
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In the present paper Рс” (и), Q7(u) will be used as the independent 
solutions. 
Dougall* has shown that 


Pr (u), P." (u) 
(1—3) а а = — (2/7) sin тт; 
du Pi (u), du P; (u) 
from which it follows that 


n (и), Ра" (и) 
(1— и?) d d = — COS MT. 
du n (u), Ja = (и) 


[Note.—In Dougall’s notation the function Р" (д), which Hobson de- 
fines as above, is denoted by P7™(u).] 


Now consider the integral equation 


(1— u Wu) 

= in 
== (1 —ц?)-*" Ра" (и) + k’a? sec тт | (=>) К” (и, t)(1 — {*)- im W." (t)dt, 
1 = 


Qu), Pa") 


where K” (u, t) = 1— £8) 
| Oi, Ра") 


The kernal (1— 2)*" (1—,4?) -*" A" (u, f) is finite throughout the range 
—l«nuzxtcxl. 

Also (1— и3)7** P-"(u) is finite for —1 < и x 1. 

Hence, unless » is half an odd integer, the equation determines a 
function W;"(u)(1—4?" which is finite throughout the range 
—1-< и 1. 

But the equation can be written 


Wr" (u) = Рс "(и) + ka? sec тт j K” (u, t) W, "(0 dt. (13) 
1 


Therefore it follows from the discussion in $2 that W;"(u) is a solution 
of the equation (3). 


es e —— лао M —— M ——— — ——  — ——— 


* Dougall, Proc, Edin. Math. Soc., Vol. 18, p. 49. 
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5. The odd and even solutions of (3). 


Maedonald* has shown that 


Р;(—и) = сов(т4 п) = P? (и) — (2/7) sin (ntm) т Q7 (и). 
From this it follows that 
[eos 3 n+ m) т Ру (и) — (2/7) sin 3 (п-т) т Q7 (ш) ] cos mr is even 


and [sin 1(u4-m) т D? (и) H- (2/7) eos 3 (t 4- n0 т Q7 (4)] eos тт is odd. 


On substituting for Ру (и) in these expressions it is easily shown that 
they reduce to 


"(u) = eos (2 + n) | Ио + т) (о)! Pr" (и) 
+ (2/7) sin 3(m —») т Q"(u) 

and Y? (u) = sin (тл) (Ue т) Пт) Ру" (и) 
+ (2/7) eos (т — л) т Q” (u). 


From these are derived Up Ww), У; (и), even and odd solutions of (3) by 
means of the Volterra equations 


U"(u) = ф" (и) + Аа? see mr | K” (u, 0 Ur (Ot, (14) 
0 


V? (u) — Y” (u) + Аа? sec ma j K” (n, 0 V"(0dt. (15) 
0 


In general U"(u), V"(u) will be infinite at и — +1. If, however, the 
equations are written as integral equations in 


(1 — из)" Un (м), (1 — из)" Ve (u), 


16 is easily shown by an argument similar to that used for W."(uy/(1—4*)*" 
that (1— u?” U” (u) and (1—и)%" V” (u) are finite. 

The argument has to be modified slightly in the case when m = 0. 

The infinities in $,(u), K,(u, t are logarithmic, and the integral 
equation for U,(u)/log (1—и) has to be discussed. The logarithm intro- 
duces & complication at the origin, but the trouble can be avoided by dis- 
cussing solutions of (8) obtained by writing in turn a and 8 in place of 0 
as the lower limit in the integral. The solutions so obtained are inde. 


PNG а —— - —— ——— © qq © Ut de == 


* Loc. cit. 
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pendent, and the ratio of each to log (1— 4) tends to a finite limit as и 


tends to unity. U,(u) and У, (и) are linear functions of these solutions, 
and consequently U,(u)/log(1 —4), Vi(u)/log(1—) are finite at и = +1. 


6. Expression ој W7™ (u) in terms of U; (u) and V} и). 


Equation (18) can be written in the form 


W."(u)— а? sec тт | K” (u, t) Wr" (ddt 
0 

1 

= Р (д) I gec s | (1—0) Q"(t И "(t at | 
Ü 

1 
— Q” (и) Ка? see тт | (1—8) Pz"(0 У; "(ба 
= ag фу (и) + By Yr (и), (16) 


where сов mr a} = cos 3m — п) т I,-4-sin # (m +) т Iz, 


cos ma B? = sin 1 (n—m) r I,—cos (m+n) т L, 


II (n—m) 3.9 | _ #2 m -m ] 
and IJ, — Па m) [1+4 а вес тт | (1—4£) Q7 (0 W. "(0 dt |, 


1 
Та = {т Ка? sec mz | (1—2) Р;" (6 Ис" (Р) аг. 
0 


But on multiplying (14) by a”, (15) by 87, and adding, it is clear that 
W3" (и) = af UP (и) +B? V? (u) 


satisfies equation (16). 

It is known, moreover, that the solution of the Volterra equation is 
unique. 

Hence the required relation is 


Wr” (и) _ ат UR (u) +B? Vs (и). . (7 


[Note.—If m and x are integers and n is less than m, ф" (и), and con- 
sequently U7'(4), vanishes when m—n is even; V7 (и), and consequently 
(ш), vanishes when m—n is odd. | 
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r 


In the former case it follows from the relation 
Ш (пт) |! = m~ TW (m—n—1) віп (m—n)z, 


that фу (и) cosec 3 (т — л) т does not vanish. 


Consequently U% (и) cosec + (n—n)r does not vanish. 
The relation (17) becomes 


Wu) = [ат sin 3(m—?)7 ][ U7 (u) cosec 3 (m —n) 7 ]-- 87 V" (u) 


In a similar way Мл (и) sec 3 (т — л) т can be used in place of 7 (u) when 
m—n 18 odd. 


7. Case when 4 И "(и) = 0 at и = 0. 
du 


If 3 W."(u)- 0 at и = 0 the following theorems are true :— 


(D 17 "(и) 18 an even function of a. 


(П) Wz"(u) is the solution of a homogeneous Fredholm integral 
equation with symmetric kernal. 


(IIT) If m is real the values of n are real and separate. 
(IV) The values of » are infinite in number. 


(V) Any function of u, F (u) which with its first two derived functions 
is continuous over the range 0 < д < 1, and which satisfies the condition 


© Pw =0 when 4-0, 
u 


can be expanded in an absolutely and uniformly convergent series 
> с, W3 ™ (u); where 
n 


1 1 
= | F(t) W; "(tdt | [ We” H]? dt. 
0 0 


The proofs of these theorems are given below. 


(I) W>™(u) is an even function of u. 
Since И "(и) and (ш) are solutions of the equation (1), it follows 
that 
U; ш), Wa” (и) 
(1— и?) | 


Я Ut (и) А) 


du 
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is constant. Since + U” (u) and ET W."(u) both vanish at 4 — 0, the 
determinant must vanish for all values of и. Therefore ]W,"(u) 18 а 


multiple of U” (u), which proves the proposition. 


(П) И" (и) is the solution of a homogeneous Fredholm equation. 
The function H™(u, t) defined by 

Aru, ђ = Wu) UM) (E< и), 

H? (u, t) = И (и) W7” (> м), 


18 & continuous solution of 


à 2 
sa-a $] [ve - le = ea s. 
which satisfies the three conditions 
(а) A™(u, t) is finite at ¢ = 1. 


[Note.—Unless m = 0, H™(u, t) = 0 at t= 1.] 


(b) =, с ; Ну (и, D = 0 at = 0. 


д | | 
(2) 3; H7 (u, H 18 continuous throughout the range 0 < t < 1, except 


at £ = u, where 


П (r+m) 
IItr—) 


cos? MT. 


(1—3) D H” (n, f) » = — (2/7) В" 


It follows in the usual way that Ис" (и) satisfies the Fredholm 
equation * 


l 
Wu) = (п 0) (н +7+1)/67 | H? (u, t) W(t) dt, 
0 


D 
where 6” denotes the discontinuity in (1— 4?) ^j Н" (и, t) at t = д. 


(III) When m is real the values of n for which 2. W."(u) vanishes at 
u = О are real and distinct. Ёё 


— 


* Hilbert, Grundzüge einer Allgemeinen Theorie der Linearen Integralgleichungen, Кар. 7. 
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The value of r in Theorem (II) may be taken as real since the only 
restriction on the choice of r is that 8” must not vanish. 


Hence the argument used in my note on the values of n which make 
d 


diu P,(u) vanish, may be applied to establish the present theorem. * 


(IV) The values of n are infinite in number. 
Suppose g(t) is a continuous function such that 


1 
| неи, доба = о. 
m ] 
Then Wwe" w) | U"(0 g(t) dt + ur | W? (0 g (0 dt 
0 и 


1 
= | Н” (и, 0900 dt = 0. 
0 
Differentiation of this equation leads to 


1 
id Wr" (и) j On" (t) g (t)dt+ а usw) | W"(t)g(Odt = 0. 
du du 


0 m 
југ), U"() 


Since d 


ES d does not vanish, it follows that 
== MU, == Vu) 
du du 


| U" (t) g(t)dt = 0 
0 


1 
and | W-"(t)g(t)dt = 0. 


Hence g(t) = 0. 


It is known that under the condition just proved, the integral equation 
has an infinite number of characteristic constants! Х,. 
The values of » are the roots of the quadratic equations 


(n—r)(n+r+1) = d, (5 = 1, 2, 8, ...). 
Hence there are an infinite number of values of n. 


* Proc. London Math. Soc., December 1919, 
+ Lalesco, Introduction à la Théorie des Equations Int‘grales, p. 70. 
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(V) Any function F(u) satisfying the conditions stated above can. be 
expanded in a series of JV 7 (x). 


Hilbert* has shown that if the equation 
? | 
| Н" (и, t) g(t) dt = 0, 
о 


where g (£ is continuous, implies that g(t) = 0, then any function of u 
which can be expressed in the form 


1 
| H” (n, 0 f (0 dt, 
0 


where f (£ is continuous, can be expanded in an absolutely and uniformly 
convergent series È с, W,W;."(u) the coefficients being found in the 
Fourier manner. 

He has proved alsot that if F(f) and its first two derived functions are 
continuous, and if F(t) satisfies the same boundary conditions as H” (и, t), 
then a function f(t) can be found such that 


1 2 
| [ro H" (u, ЖОЛ du < e, 
0 
where e is any positive quantity. 

Hence he deduces} that any continuous function of u which satisfies 
the boundary conditions, and which has continuous first and second 
derived functions, can be expanded as above. 

This proves the theorem. 


8. Case when W;,"(0) = 0. 


Analogous theorems can be proved for the function ]V;"(u) when 
W”) = 0 at u = 0. 


9. Solutions of equation (2). 
| d a, dy ‚1 _ 
Consider first dz [a +.) аа у = 0. 


* Loc. cit., VII, p. 24. 
t Loc. cit., XI (Corollary), p. 47. 
i Loc. cit., XV, p. 51. 
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On writing z = tan z, this becomes 
d? 
та +y = 0, 


of which solutions аге sinz and cos z. 
From these are found, by the methods of § 2, solutions of 


d 2 A Em 3 uio | 2 
dx [a+ ) da tirs ЕЧЕИ 
The detailed work is as follows :— 


The substitution 2 = tan 2 reduces the equation to 


а +y = — Ка? sec! z, y, 


of which a solution y(z) is given by the Volterra equation 


^ 


y(z) = sin z+ Ка? | sec! t 


0 


cos 2, sinz 


cost, sin t уд) dt. 


The solution of the integral equation is 
2, (ka)?' A, (2), 
0 


where A,(z) = sin 2, 


COS 2, Sin 2 


cost, sin £ A,(tdt. 


А satz) | sec! t 
0 


The integrations are easily effected and lead to 
4,(2) = (— 1)" sin z tan" 2/(27 +1)!. 


Therefore y(z) = (ka) ! cos z sin (ka tan 2). 


[Nov. 11, 


On dropping the factor (ka)^! and returning to the original variable т, it 


is clear that u, (z) = (1425) sin kaz 


is a solution of the equation. 
From the known solution can be derived a second solution 


по (2) = (1+ 27)" cos kaz. 
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By means of the functions w,(¢), v,((), Volterra equations are derived 
for the solution of (2). 


и (0), ua (Č) 
Since (1+6° d = 
dé uy($), F tg (€) 


and (©), us (€) = sin ka ((—?) А 
Iu (0, 01 ааа’ 


the equations are 


$ 

‚®у( = u + ka= | Gi (6, 0 vit) dt, (18) 
$ 

0,00) = % (4-7 | G'E t) «(D dt, (19) 


where С” ($, t) denotes 


m'—17 sinka((—0 


ЕЕ Fl J dF 1+” 


and a is independent of ¢. 


Now, if ю(с) = (14+ Ole). 
t а o 
w (£) = sin kat 7- | (255) бё, D w (D dt. (20) 
j 1+? т | — | ° dt — antl > 
But | (25) Сл, t) | dt = M | ге M соё €, 


where M is finite. 


? TEN aom . | 
Hence | (255 С" (C, t dt is absolutely convergent. 
$ 


G. C. Evans* has shown that under this condition the limit a in the 
integral equation (20) may be made infinite. 
Consequently a may be made infinite in (18) and similarly in (19). 


* Evans, '* Sopra l'equazione integrale di Volterra, ' Atti Lincei, 1911. 


SEH. 2. voL. 20. No. 1380. E 
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The functions v,($), va() are then solutions of (2) which approximate 
respectively to sin ka¢/¢€ and eos kaĝ/Ë as € tends to infinity. . 
From these is derived the solution | 


A ($) == v4 (O — w (Q, | 


which approximates to e^'^'5/C as € tends to infinity. , 

I hope, in a subsequent communication, to discuss the application of 
these solutions to some problems in connection with Sound and Electro- 
magnetic Waves. It may be noted that methods similar to those employed 
above can be employed to discuss the wave equation referred to elliptic 
cylindrical coordinates. | 
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ADDRESS BY THE RETIRING PRESIDENT:* SOME PROBLEMS 
IN WIRELESS TELEGRAPHY 


By Prof. Н. M. Macponaup. 


[Read November 14th, 1918.] 


THE aim of mathematical physics is the application of mathematics to 
the phenomena of physics to obtain an intelligible representation of these 
phenomena. Different types of problems can be recognised and of these 
the first is the selection of the particular problem which promises to 
admit of successful mathematical treatment, and at the same time to pre- 
gerve the most essential features of the phenomena to be represented. 
This involves the careful comparison of the available observations con- 
nected with the phenomena under consideration, with the view of ascer- 
taining the most outstanding resemblances between these observations, 
and thence deducing the most likely underlying physical source of the 
phenomena. The problem having been strictly defined on the physical 
side, the next step is to choose the geometrical setting ; and if the results 
obtained by the solution of the problem thus selected are in sufficient 
agreement with the observations, the primary problem can be regarded 
as solved. There then remain the other types of problems to be solved, 
viz. those obtained by varying the geometrical setting and those that re- 
sult from taking into account other physical causes. In illustrating the 
foregoing remarks the problems of electrostatics may be cited. The 
primary problem is that of the perfectly conducting sphere in an indefi- 
nitely extended vacuum. When the solution of this problem had been 
obtained, the next object of investigation was the effect on the result of 
altering the shape of the conducting body, and this led to the discussion 
of the case of the ellipsoid, the circular dise, a body with a sharp edge 
such as a spherical bowl, a ring shaped body such as an anchor ring, and 
so on. ‘There are further the problems which result from substituting 
for the perfectly conducting body an imperfectly conducting body or re- 


* The publication of this address, delivered at the Annual General Mecting of November 
14th, 1918, has been unavoidably delayed. 
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placing the vacuum outside the body by some dielectric medium either 
homogeneous or non-homogeneous. 

The form in which the solution of a mathematical physical problem is 
presented is of considerable importance, when it is remembered that com- 
parison has to be made with the results of observation ; and the ideal 
solution is one which gives a simple picture of the phenomena and at the 
same time admits of rapid reduction to numerical units. The problem of 
the point charge outside a perfectly conducting sphere affords a perfect 
example, the effect of the induced distribution in the sphere being equi- 
valent to that of a point charge placed at a definite point inside the 
sphere. | 

The particular problems which it is proposed to examine from the 
above point of view are those of wireless telegraphy, viz. the problems of 
the emission of electric radiation from a sending station, its reception at 
another station, and of its transmission from the one to the other. 

There are three distinct types of problems connected with the oscilla- 
tion of a vibrating system; the case of a vibrating system from which 
there is no loss of energy; the case of a vibrating system from which 
energy is being radiated freely ; and the case of a vibrating system through 
which the loss of energy by radiation is being made good at exactly the 
same rate as the energy is being radiated from the system, so that the 
radiation is steady. Examples of the three different types are the vibra- 
tion of a gas in the space bounded by a closed surface such as a sphere; 
the radiation from a nearly closed surface, such as a sphere with an 
aperture in the surface, of the energy of a disturbance set up in the air 
inside ; and the radiation from such a space when the energy inside is 
being maintained. The first problem has been completely solved in the 
case of the sphere; and the result is that any possible system of vibration 
in the space can be expressed in terms of certain normal types unlimited 
in number, any one of which can exist separately. The problem of free 
radiation from the space such as that inside a spherical bowl has not been 
solved, but it can be predicted that the solution will involve oscillations of 
different periods and different rates of decay, and further that tho oscilla- 
tions of a particular period cannot necessarily exist separately. 

If in the case of the spherical bowl the aperture is small, the periods 
of the different oscillations will differ but slightly from the periods of 
oscillations of the air in the closed sphere, and the rates of decay will be 
small; but it may be expected that, as the aperture is increased in size, 
the periods will differ more and more from those of the oscillations in the 
closed space, and at the same time the rates of decay will increase. 

The problem of a radiating system, when the loss of energy is being 
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replaced so that the radiation is steady, admits of being solved at leas: 
approximately in several cases, for example the case of the sphere with a 
circular aperture. The problem to be solved in such a case is that of 
finding the periods of the oscillation which are most easily maintained, 
i.e. the periods of resonance ; aud if the aperture is small the periods will 
differ but slightly from those of the free oscillations in the closed space, 
but as the aperture is increased the periods will differ appreciably both 
from those of the free oscillations in the closed spaces and those of the 
second problem when the energy is being freely radiated without being 
replaced. The difference between the periods in the three cases can be 
illustrated from the case of a simple vibrating system with one period 
2r/n when there is no decay of energy; if this system loses energy and 
the rate of decay is m, the period of the free oscillation is 2a/4/(n?— 4m’), 
and the period of the oscillation to which the system resonates is 
Qa//(n?—4m’*), from which it appears that when the rate of decay is 
appreciable the difference between the corresponding periods may be con- 
siderable. It should be observed that in the case of maintained oscilla- 
tions the oscillations of a particular period can be treated separately. It 
should not however be concluded that any radiating system can act effect- 
ively as a resonator; certain conditions have to be satisfied. Taking the 
case of the sphere with an aperture, it is clear that, if the energy of the 
oscillation is maintained by a source placed inside the sphere, it would be 
po-sible to replace the single aperture by a number of apertures in the 
surface, the total radiation outwards remaining the same; but, if the 
source maintaining the oscillations 18 outside the sphere, the effects of 
the different apertures will not generally reinforce each other, but will 
interfere, and resonance will not take place. A necessary condition there- 
fore for effective resonance is that the radiating system which is to be 
used as a resonator is such that the radiation given out by it is concen- 
trated. Further g radiating system which is to be effective as a source 
for the emission of radiation must be one for which the rate of decay is 
appreciable. 

These two conditions must be satistied by any electrical system which 
is to be efficient for the emission and detection of electrical radiation, and 
it is therefore necessary to consider the problem of radiation from a con- 
ducting body with these conditions in view. The problem of radiation 
from a perfectly conducting sphere has been completely solved, and taking 
the simplest case, viz. that in which the initial electrical distribution on 
the surface is specified by a spherical harmonic of the first order, it appears 
that in the immediate neighbourhood of the surface the transfer of energy 
outwards from the sphere takes place from the equator. This result ad- 
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mits of generalisation for the case of any perfectly conducting body; for 
the electrical force is everywhere normal to the surface of the body at the 
surface, and therefore the energy in the immediate neighbourhood of the 
surface can only flow along the surface at any place where the electric 
force is finite; hence the energy in the immediate neighbourhood of the 
surface can only leave the surface at places where the electric force 
vanishes. Applying this to the case of an ovary ellipsoid of revolution, 
the initial distribution being one which vanishes only at the equator, the 
radiation will always take place from the equator; and as the ellipsoid 
approaches to the form of a straight rod, terminated at both ends, the 
wave length of the oscillations approximates to double the length of the 
rod, while at the same time the rate of decay of the oscillations tends to 
zero. It therefore follows that & straight conducting rod for which the 
conditions presupposed in this solution, viz. that the surrounding medium 
can support the electric forces everywhere at the surface, are satisfied, 
cannot be effective for the emission or detection of oscillations. It should 
however be observed that as the ellipsoid approaches the form of a straight 
rod the amplitude of the electric force in the immediate neighbourhood of 
the ends increases, ultimately being indefinitely great; and when the 
surrounding medium is air it may be expected that, as in the correspond- 
ing case of a charged conductor with a sharp point or edge, electric dis- 
charge will take place from the ends. This was first observed by Sarasin 
and Birkeland, and an examination of their observations shows that radia- 
tion is taking place from the end of the wire. An exact solution of the 
problem of radiation from a freely radiating perfectly conducting straight 
rod would require & knowledge of the mechanism of the discharge at the 
ends which is not so far available; but if, as in the experiments above 
referred to, the energy radiated away is replaced so that the radiation is 
steady, the flow of energy outwards from the rod cannot differ essentially 
from the flow from a simple electric oscillator. The problem then admits 
of solution, and the result is that the wave length of the oscillation of 
longest period is two and a half times the length of the rod. The deter- 
mination of the wave length of the radiation from a straight rod has been 
the subject of experimental investigation by a number of different ob- 
servers, who have obtained results which range from double the length of 
the rod to two and a half times its length ; but an examination of the con- 
ditions, where these have been sufficiently detailed, would seem to show 
that these differences are to be accounted for by the fact that the arrange- 
ments are different and that different phenomena are being observed. 

In some of the experiments the arrangements are clearly such that the 
energy associated with the distribution which has been set up on the rod 
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by the external oscillation is practically being freely radiated away, and 
therefore the observed wave length is neither that which corresponds to 
steady radiation, when the energy is maintained, nor that which corre- 
sponds to the case of a rod where the surrounding medium is such that 
no radiation takes place from the ends. In other cases the arrangements 
аге such that radiation from the ends is prevented, as for example when 
the rod is immersed in some non-conducting oil. 

The wave length corresponding to the other possible periods are 
readily obtained; and it is important to observe that in these cases the 
distance between successive nodes along the rod is the wave length of the 
oscillations in question, a result which has been verified for wires by 
various observers. The solution of the problem for the case of an imper- 
fectly conducting rod can be obtained; and the result is that (if the 
specific resistance can be assumed to be approximately the same in the 
case of oscillation as that for metallic conductors in which there are steady 
currents) the relation between the wave lengths of the oscillation and the 
length of the rod only differs by very small quantities from the relation 
between the wave lengths and the length of the rod when the rod is per- 
fectly conducting. This assumes that the magnetic permeability of the 
material of the rod is the same as that of the surrounding medium or does 
not differ greatly from it. If the magnetic permeability of the material of 
the rod is of the same order as that of iron, the difference in the relation 
would be appreciable. These results are in agreement with observation ; 
in particular it has been observed that for copper wires the difference be- 
tween successive nodes along the wire is equal to the wave length of the 
oscillation, while the distance between successive nodes along an iron 
wire differs from the wave length by an amount which, though small, is 
appreciable. ; | 

It follows from the above that the difference between the observed 
wave lengths for the straight rod and double its length cannot be referred 
to imperfect conductivity for two reasons, viz. that the effect of imperfect 
conductivity is too small if it is of the same order as in the case of a 
steady current, and that the distance between successive nodes along the 
rod does not differ appreciably from the wave length of the oscillations. 
An idea of the magnitude of the rate of radiation from the rod, when it is 
radiating steadily, can be obtained by comparing it with a simple vibrating 
system ; in such a system the amplitude of tlie oscillations would diminish 
by approximately one-fourteenth for each oscillation when radiating freely, 
if the relation between the wave length when there is no radiation and 
when the radiation is steady were as 4 to 5. Hence it may be concluded 
that the radiation from the rod is not small; and as, further, this radia- 
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tion takes place from the ends, the rod can act effectively both for the 
emission of radiation aud for resonating to radiation from other sources. 
The simplest arrangement of a sending or receiving station consists 
essentially of a vertical antenna in which the radiation is emitted or 
eolleeted by the free end; and the presence of points or angles from 
which radiation can take place is an essential feature of the arrange- 
ments of all wireless telegraph stations. It has been observed that the 
effective distance of a station depends on the height of the antenna, both 
at the sending station and at the receiving station; and in particular for 
the case of umbrella stations that the height which is effective is the 
height of the extremities of the ribs of the umbrella above the conduct- 
ing surface, thus showing that the radiation 1s emitted and received at the 
extremities of the ribs. 

An important problem in this connection is the determination of the 
wave length of the oscillations which are most effective for transmitting 
signals. When it is remembered that each signal occupies a time which 
is very great compared with the period of an oscillation, it is clear that 
the production of a signal requires a train of waves containing very many 
oscillations, and, that being 80, the problem to be solved is approximately 
the problem of radiation from the sending station when the radiation is 
steady ; and, as has been seen, this problem admits of solution in certain 
cases. For example, in the case of the simple vertical antenna, the re- 
quired wave length 1s that belonging to a straight conducting rod radiating 
steadily, the length of the rod being double the height of the antenna, so 
that the fundamental wave length in this case is five times the height of 
the antenna. This result agrees with observation. The solution of the 
problem in more complicated arrangements has not so far been solved, 
but the same method with the necessary slight modifications would 
apply. 

Difficulties have arisen in connection with the measurements of the 
effect at a distance from the sending station. It has usually been assumed 
by observers that the observed disturbance is expressible in terms of the 
square of the amplitude of the oscillation. The reason for this assumption 
is not clear; but it may have been suggested by the expression for the 
intensity of sound or the expectation that it depended simply on the energy. 
The essential feature of any detecting arrangement would appear to be that 
the resistance in a portion of a circuit is not constant, but that the re- 
sistance diminishes when the electric force increases above a certain 
magnitude. Accurate information is not available to enable the problem 
of any particular arrangement being stated in accurate terms, so as to be 
submitted to analysis ; but it is comparatively easy to state a mathematical 
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problem which involves the essential fact that the resistance is not con- 
stant and which admits of solution. For example, assuming that the 
resistance is constant when the electric force is less than E,, while, when 
it is greater than Е,, the change in the conductivity is proportional to its 
excess over E, when the electric force is in one direction, with correspond- 
ing conditions when the electric force is in the other direction, the electric 
force for which the conductivity begins to vary in this case being E, а 
relation can be obtained between ihe resultant current in the detecting 
circuit and # the amplitude of the electric force in the incident waves. 
When E is less than E, and E, the resultant current is proportional to Æ, 
and when E is greater than E; and Е,, the expression for the resultant 
current tends to the form aE +bE?, ultimately tending to bE”. 

It follows that the relation between the amplitude of the oscillations 
and the current in the receiving telephone is in general not a simple rela- 
tion, although it may be expected that, as in the above formula when 
E is small, as it will be at a considerable distance, the current in the 
telephone cireuit is approximately proportionally to the amplitude of the 
electric force. This agrees with the result of observation. 

The remaining problems are those connected with the transmission of 
signals to a distance around the earth's surface. The primary problem in 
this connection is to select the simplest arrangement which possesses the 
essential features ; and when the portion of the earth's surface that inter- 
venes between the two stations is covered by the sea, the problem is at 
once simplified by assuming the surface to be perfectly condueting. 
Further when it is remembered that the electrie force is everywhere per- 
pendicular to a perfectly conducting surface, it is clear that the essential 
features of the problem are preserved if the source of the waves is taken 
to be a simple oscillator whose axis is perpendicular to the surface. This 
problem admits of solution, and it has been shown that the results ob- 
tained agree with the observed results at & considerable distance. The 
explanation provided by this theory, known as the diffraction theory, 
accounts for the most important features of the transmission of signals. 
Probably the reluctance to adopt it owes in some measure its origin to 
comparison with optical phenomena; but it should be observed that as 
the ratio of the wave length used in wireless telegraphy to the earth's 
radius is of the order 1075, the size of the corresponding sphere in the 
ease of light is indefinitely small, and the observed results in the case of 
optical phenomena do not provide a true analogy. The remaining pro- 
blems connected with the transmission of signals are first the effect of 
imperfect conduction and second the effect of the atmosphere. 

In the case of the transmission over the surface of the sea, the effect 
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of imperfect conduction is, as might have been expected, negligible, and 
not greater than the possible errors of observations at the distances in- 
volved. With regard to the effect of the atmosphere, there is not at 
present sufficient detailed observation to enable the problem to be sub- 
mitted to accurate mathematical analysis. The main question to be 
auswered would appear to be the effect of change of atmospheric condi- 
tions at sending stations or at the receiving stations, that is whether the 
intensity of the radiation from a station depends on the atmospheric con- 
ditions at that station. Further there is the question as to whether there 
is reflection of the waves from the upper atmosphere, and whether there 
may not be absorption under certain conditions. There are indications 
that under certain circumstances reflection does take place in the atmo- 
sphere, but until more information is available as to the conditions ob- 
taining in the atmosphere at different heights above the earth’s surface, 
an approximate estimute of the effect to be expected cannot be obtained. 
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1. In а recent paper* Col. В. L. Hippisley gives a theorem for a three- 
bar eurve which may be stated thus :—If P is any point.on the eurve, and 
if PD, PE, PF are the perpendiculars from P on to the sides BC, CA, 
A B of the triangle of foci, then D, E, F are at constant distances from a 
variable point T. He further proposes a linkage involving nine Peaucellier 
cells (and needing 69 moving links in all) in order to reproduce the sextic 
in a mechanical manner by use of the theorem. He finds that P’, the 
image of P in T, is another point on the sextie, and, on the basis of cer- 
tain equations, he credits the locus of T' with degree 24 (subject to a 
tentative reduction to 12). 

The first purpose of the following notes is to point out a simple but 
unregarded property of the triple-generation mechanism of Roberts which 
furnishes а raison d'être for the pedal theorem in question, and for the 
association of the points P, P' and T: to indicate what appear other 
ways, more natural and economical, in which the geometrical theorem 
may assume а mechanical aspect: and to show that the locus of T is 
nothing but a cubic. 

The further and more extensive purpose of the notes is to put into a 
concise and symmetrical form some of the cardinal results due to Cayley,! 
to bring the analysis of Darboux į into intimate relation with the sextic 
curve, and to add to the known theorems some noteworthy properties of 
the figure. So fundamental is the three-bar movement in the theory of 
mechanisms that any pains are well spent that mav tend to develop the 
significant features of the associated geometry; and the intention has 
here been to exclude all gratuitous additions and to set forth only such 
material as seems inevitably bound up with the simple mechanism itself. 
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* Proc. London Math. Soc., Ser. 2, Vol. 18 (1919), pp. 136-140. 
1 Proc. London Math. Soc., Бег. 1, Vol. 7 (1876), pp. 136-166 and 166-172. 
t Bulletin des Sciences Mathématiques, 1879, pp. 109-128. 
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2. The triple-generation mechanism consists (Fig. 1) of three directly 
similar triangular plates 4, В,С), 4,B,C,, A4B4C4, with the vertices A,, 


Á 


B B, б, C 


Ета. 1.—The triple-generation mechanism in its zero form (0, = 0, 6, = 0, Ө, = 0) 
showing notation. 


B, C3 united at P, together with three pairs of links completing the 
parallelograms A,PA,A, B,PB,B, C,PC,C. For all variations of the 
angles of the parallelograms the triangle ABC remains directly similar to 
each of the triangular plates ; and if ABC is itself kept fixed and invariable 
there arises the triple-generation of the locus of P (Fig. 2). The ratios 
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Fic. 2.—The triple-generation mechanism in a pair of corresponding positions 
(0, 6;, 6, and —6,, —6,, — 6). 
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of the sides of the plates to the corresponding sides of the triangle ABC 
are then constant quantities k,, k, Ка; and the corresponding angles of 
inclination are variable angles 0,, 6,, Ө. The angles are so related that 
the sum of the vectors (ki, 0), (ka, 02), (kw 03) is а vector (1, 0) of unit 
length with direction-angle zero. The quadrilateral linkworks ВВ, С, C, 
CC5 A5 A, AABB represent each the same vector summation, but with 
linear (scalar) multipliers BC, CA, AB respectively. 

It is apparent therefore that, to any position of the mechanism, there 
eorresponds another position for which. 0,0,0, have their signs all re- 
versed ; and that these pairs of positions give pairs of points P and P' on 
the three-bar sextic curve. The points P and P’ may be called “ corre- 
sponding points," and the line PP’ may be called a “ principal chord " of 
the sextic. If the two corresponding forms of the mechanism are shown 
in the one figure (Fig. 2) the three three-bar linkages BBiCiC, CC;A5 А 
апа 44: В: B are images of BB,C,C, CC,A,4, AA, BB in BC, CA, AB 
respectively. But the triangles Р'В! Сл, РВ, С, are directly and not re- 
versely equal: and hence Q, the image of P in B,C,, which is a point of 
the plate PR, C,, coincides with the image of P'in BC. (Fig. 8) Thus 
Р and Q, mutually images in В, С,, describe reversely equal sextics which 
are images in BC; and the points P, © “ correspond" as P and P' when 
either sextic is reflected to coincide with the other. Similarly, if Q' is 
the image of P’ in B,C; it is also the image of P in BC; so that BC per- 
pendicularly bisects PQ' at D and РО at D' (Fig. 89. If T is the middle 
point of the principal chord PP’ of the sextie, TD is parallel to and equal 
to half of P'Q', and so equal to PD,, which is constant. Similar results 
hold for СА and AB. Thus TD = PD, TE = PE, TF = PF, all 
constant lengths, and the image relationships take the form of the pedal 
theorem, that T' is at constant distances from the feet of the perpendiculars 
PD, PE, PF. The corresponding point P' gives rise to the same point 
T and the same constant lengths. In its simplest mechanical aspect the 
theorem involves simply the constancy of PQ, and the description by P 
and Q, images in B,C), of reversely equal sextics, images in BC. 


8. If the figure of the mechanism associated with P' and T’ (coinci- 
dent with T) receives a translational displacement such as to bring P’ to 
T and T' to P, then the two figures exhibit a number of simple relations. 
Notably the points Di Е, F3D'E'F', feet of the perpendiculars from Р’ on 
to the sides, are brought to the positions DEFD,E4F,; so that P'Di, 
P'E:, Р'Ез coincide with TD, TE, TF, conformably with the pedal 
theorem. Reciprocally the perpendiculars PD,, РЕ», PF} coincide with 
T'D', T'E', T'F': so that the feet of the perpendiculars of the triangular 
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plates of either figure lie on the sides of the focal triangle of the other 
figure. . zai 


Fi6, 3.—A three-bar mechanism in a pair of corresponding positions 
(1, Oa, 6; and —6,, —@, —6,). 
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4. Another mechanical aspect may be given to the geometry by 
supposing that an inextensible thread passes geodesically from P to Р' 
vid BC. If PQ and P'Q' cut BC in U (Fig. 8), then the thread lies along 
PU and UP’ and has constant length equal to PQ, that is 2PD,. If the 
two points PP’ are connected by three such threads PUP’, PVP’, PWP', 
all constant and geodesic and each visiting one side of the triangle ABC, 
then P and P' describe each the same three-bar curve, and on this curve 
P and P' are corresponding points. The theorem associates itself with 
those of Graves and Staude for confocal conics and quadrics, and others 
of this special geodesic type. It may be noticed that the effect of the 
threads is to cause P and P' to be the foci of three different conics, each 
with a given length for its major axis, and each touching one side of the 
triangle ABC. (Itis plain that the thread representation is limited to 
the case of ellipses and the summation of lengths; ћурегђојав and differ- 
ences precluding mechanical simplicity.) 


5. The locus of T may now be found. Let B,C, and Bi Ci, images in 
BC, have B, C, as their projection on BC, and let them meet BC in X. 
(Fig. 8.) Then with X, the centre of the circle PP'QQ', as centre of ro- 
tation, and 26, as angle of rotation, the triangle P’B,C; ean be brought 
` to coincide with PB,C,. The points T, B,, C, bisect the displacements 
P'P, B!B;, С; С, of the vertices; hence T'B,C, is similar to each triangle 
and therefore also to ABC. Hence TB, and TC, are parallel to AB and 
AC. With other like results included it follows that each line through T 
parallel to a side of the triangle 4 BC meets the other two sides in points 
which are the orthogonal projections of vertices (other than P) of the tri- 
angular plates: В,С, О, А; A5 B,, that is, are parallel to BC, CA, AB 
and meet in T. The ranges given by these six variable points are similar 
in pairs and such that a (2, 2)-correspondence holds for any two of the 
others, with the infinity element self-corresponding on each side. The 
concurrent sets of parallels В,С, C,A3, AaB, have the same property ; 
and so it follows that the locus of T is a cubic curve having its asymptotes 
parallel to the sides BC, CA, AB. 

Another property of the point T may be noticed. As D,T is parallel 
to (and half of) P'Q it is normal to BC. So lines perpendicular to BC, 
CA, AB through D,, Ez, F; (the moving feet of the perpendiculars PD, 
PE; PF, of the triangular plates) remain always concurrent, and meet 
in the point 7’. 


6. It may be noticed incidentally that the figure presented by the 
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points P and Р’, with Q, R, S the images of P' in BC, CA, AB, gives 
rise to & three-position theorem. Two rigid configurations, that is, are 
supposed to occupy in turn three different relative positions: the triangle 
ABC with the point P represents one plate, and the images of Р' and of 
this plate in BC, CA, AB represent the three positions of the other plate. 
So PQ, PR, PS are the distances apart of the selfsame points, one of each 
plate, on the three occasions. If these distances are given, then the 
points P, P' (as has been seen) are corresponding points of a three-bar 
sextic; and hence the points, one iu each plate, lie on reversely equal 
sexties, at points which “correspond” (but do not coincide) on reflection 
of the sexties into coincidence. 


7. Some properties of the mechanism are unnecessarily restricted by 
the supposition that ABC is a fixed triangle, and remain true with two 
degrees of internal freedom given to the mechanism in place of one. The 
pedal theorem is a case in point: for the lengths TD, TE, TF remain 
constant and equal to PD,, PE, PF, not merely for one sextic locus of Р 
with ABC fixed, but for all sizes of the triangle АВС as well. From this 
enlarged point of view a locus for T' does not arise. 


8. The notes now following, put in a moderately condensed form 
sufficient for their purpose, will give an analytical aecount of the geometry 
of the three-bar curve in terms of areal coordinates having the focal tri- 
angle as triangle of reference. 

It is convenient to use quantities A, и, » defined by equations 


а? = ac» 0 = vt, с = Аи, (1) 
во that сов À = A/bc, sin A = ó[be, 0 = Xuv, бїр = — Ми, (9) 


where 46 is the area of the triangle, and р is the squared radius of the 
polar circle. The squared distance between two points is then ZA (х —z')*, 
and the circular points at infinity have equation 


О = XA(m—n) = 0. (3) 


The angles 6,, 6;, Өз are reckoned in the sense of circulation of the points 
ABC. Being the directions of vectors of lengths kı, k,, k; with vector 
sum unity in direction zero, they satisfy the equations 


k, cos 6, + ka cos 6, + k; cos 0 = 1, (4) 
k, sin Ө, +, sin 0, 4- kasin Ө, = 0. (5) 


SER, 2 voL, 20, хо, 1381. F 
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With these may be associated other forms of equation derived from them 


ky + сов 04, + Ёз сов да = cos 6,, (6) 

ka sin 0, — Ё sin Өзү = sin 6,, (7) 

Ку cos 0,2 - k, Га сов 05, = 3 (14- A1 — 12 — kg), (8) 

and È k, ka cos Ө = } (1— EAD, (9) 
where Ox = 6,—6,, etc. 


The coordinates of P take the form 
£ = К, cos 0, — (uk, sin 05 —vkg sin 09/0, ete., (10) 
and, changing the signs of 6,, 0z, 0, for P', 
z' = К, cos 6, + (uk, sin 0, —v#; ain 09/6. (11) 
The point T midway between Р and Р' is therefore 
х = К, cos Ө, у = К, cos ĝa, 2 = k; соз Өз, (12) 
giving х+у+2 = 1 in virtue of (4); and, from (5), 
(k1— H yy + (4 —2) = 0 (13) 
is the equation of its locus.* In rationalized form the resulting quartic 
У (х2 А2) — 92 (/'—1)(2—%) = 0 (14) 
has the line infinity as а factor, and the remaining cubic locus has equation 
(—atytz2)(c—ytz2)(ety—z) — 224). Er + 45h їл? 
+ (hy at hs)(— kitkat ko (Аа АО а Ку) = 0. (15) 
The asymptotes are 
а= 340A, y= ROAD, 2 = 41489, (16) 


parallel to the sides of the focal triangle. 

The cubic (15) cuts the sides of the focal triangle at points correspond- 
ing to a value $7 (mod т) for any one of the three angles 6,, Ө,, 63; i.e. 
when one link of each three-bar linkage 1s perpendicular to the fixed base- 
link. | 


een a UP RIS ^ i i € ee 2 E = 


* This, and any later equation not homogeneous in х,у, 2, may be rendered Homogeneous 
by use of the unit factor z+ yz = t. | 
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9. Calculation of the length PP’ from (10)-(11) gives 


PP? = TP? = TP? = УМЕ віп? 0. (17) 

If О is orthocentre of ABC with coordinates (—p/A, —p/u, —p/v), 
OT? = EAk? cos? 0, 4- p. (18) 
бо OT?-- TP? = e+p а constant, | (19) 
where а = УАК. (20) 


It follows that a fixed circle having О as centre and с+р as squared 
radius, cuts the circle on PP’ as diameter at the ends of another dia- 
meter; or cuts orthogonally the circle centre T and radius «TP. The 
equation of this fixed circle may be written in the form 


А (х2— А) +a (02— А2) ty (2—2) = 0. € (21) 


10. The line PP’ has equation 
Ak, sin 0,. z-F uk, sin 03. y --vk4 sin 6,.2 = EAk? sin Ө, cos Ө. (29) 
The parallel through O is 
Ak, віп 0, . z Кик, sin 6,. y+vk, sin 05.2 = 0, (23) 


and the area of the triangle POP’ is EAk? вір 0, сов 6. The line TXYZ, 
say A, perpendicularly bisecting PP’ is 


(sin 63/4) «+ (sin 03,/ k;) y+(sin O,9/ks) 2 = 0, (24) 
passing through T (12) and meeting the line infinity at the point 
kı sin 0,. l+ kasin 05. m+; віп 04. n = 0. (25) 
Any point on this line A has coordinates of the form 
xz = К, (cos 0, +r sin 0), etc. (26) 


where r is arbitrary. If r= —cot0, the point X is obtained as 
(0, А, sin Ө,,/вір 0, — А, sin 05,/siu 0), and similarly for Y and Z. 

The squared distance of the point (26) from T is equal to AA; віп? 6); 
and hence (17), if 1? = — 1 the antipoints П, П' of P, P' are obtained, 
with coordinates 


E= ke”, п = hye’, ¢ = kze, (27) 


and | = ke, = Ке“, (me Us | (28) 
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The envelope equation of these two points is 


EKP БУК, Ка сов да. mn = 0. (29) 


The pairs of points P, P’ and П, Il’ and the circular points at infinity w, w 
are the pairs of vertices of a quadrilateral ; and П, II’ are imaginary when 
P, P' are real and conversely. The coordinates of either П or II’ satisfy 
the equations 


s+y+? = l) 
i (30) 
and ke + K2]y + 1] = 1) 
Hence the locus of the points II, II’ is the cubic curve 
Н = ryz— ki yz—kize— Клу = 0. (81) 


[6 passes through the vertices of the focal triangle and through the points 
at infinity on the sides. The asymptotes are 


a—-ki=0, у—1:=0, 2—1 = 0, (32) 


parallel to the sides of the focal triangle. 

The asymptotes (16) of the cubic (15) are midway between the 
asym ptotes (82) of the cubic H (81) and the opposite vertices of the tri- 
angle. 

This cubic Н is the Hessian of the cubic 


= aL. ty +2/k5—1 = 0, (83) 
aud is also the Jacobian of the бр» pairs of parallels 
1"—14 = 0, у—%=0, 27—%=0, (84) 


which are polar conics of the vertices of the focal triangle. 


11. It thus appears that the theory of the three-bar sextic is co- 
extensive with the metrical geometry of a unique cubic curve U, which 
may be called “the representative cubic ", from which the sextic curve is 
derivable. The cubic U determines pairs of corresponding points II, П’ 
on the Hessian of U, each point having as polar conic with regard to Ua 
line-pair through the other point; and P, P’, the antipoints of II, II’ in 
regard to the circular points at infinity, generate the sextic. Darboux* 
has used expressions and equations equivalent to (27) and (80), thus rest- 
ing the two reiations among the angles 6,, 6,, 0, upon ap auxiliary cubic 


* Loc. cit., pp. 109, 110. 
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curve. But here the cubic H appears in explicit and intimate relation 
with the sextic curve itself; and a cubic U, one of the three cubics having 
H as Hessian, stands as parent of all the curves and of the correspondence 
of the point-pairs. An arbitrary cubic curve involves nine parameters; 
and the three-bar sextic, as here specified, needs six parameters for the 
focal triangle and three for the values of Ку, ka, kg 

Alternatively, the polar conics of the cubic U form a net of conics 
which generate the figure without use of the cubic. If a line A cuts the 
conics in an involution of points, the double points of the involution are 
II, П’, and the antipoints P, Р' of П, II’ generate the sextic. In other 
terms, if A cuts the conics in an elliptic involution, then the circles having 
the chords of the conics on A as diameters have P, P' as common points. 
Any three conics serve to determine the net, and most simply the three 
pairs of parallels (84); and the corresponding circles have X, Y, Z as 
centres. As two parallel lines involve three parameters the determination 
of the system again depends on nine parameters. 


12. The -special types of conic of the net may now be examined in 
their relation to the sextic. 


The polar conic of the cubic U (88) for the point (20020 18 
iiU D+ 70 02—09 = о, (33) 
ki k? 


with (kj/ro, А2/уо, kł/2o) proportional to the coordinates of the centre. 
This conic becomes a line-pair when its Hessian is zero; and hence 
when alee lies on the cubic И (81), so that 


К ks] yo 3/20 = 1. (36) 


This equation and zot Yot 29 = 1 hold simultaneously (and exchangeably) 
for the point Tr, 4.2) on H and for the corresponding point 
ID’ (Ёл, Ку, k3/%) through which pass the line-pair polar of II. 
The line-pairs which are polars of the points at infinity on the sides 
of the focal triangle ABC are 
JR IR == 0, 2jhi—ax]h? = 0, 2202—0203 = 0. (37) 
These are pairs of sides of the quadrangle of points 
Pik Sake =z ke, (38) 


through which points pase the polar conics of all points on the line 
infinity. 
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The polar conics of A, B, C are the line-pairs (34). 


Each pair of these parallels has a side of the focal triangle midway 
between them. 


13. One conic of the net (85) is a circle. Jts equation is 


A (wr? — A2) + и (y? — 1) 3-v (G2 — А) = 0, (89) 
which has already appeared (21). It is concentric with the polar circle 
Ar? + up tr? = 0. (40) 


The conjugacy of П and TI’ makes the circle on ПП’ as diameter 
orthogonal to the net circle; and hence, for the antipoints, the circle on 
PP’ (any principal chord of the sextic) as diameter is cut at the ends 
of another diameter by the net circle centred at the orthocentre of the 
focal triangle. 

The net circle (39) cuts the tricircular sextie three times at each 
circular point at infinity, and hence in six finite points. For each of 
these six points the corresponding point must also he on the net circle ; 
hence the net circle cuts the sextic at the ends of three principal chords. 
The lines A corresponding to these three principal chords pass all through 
the orthocentre O. 


14. Among the net of conics (35) oceur a single infinity of parabolas. 
They are the polar conics of points on the conic 


kiyzthjzrthizy = 0, (41) 
which itself is tlie polar conie of the point 
K = МО т- Еп = 0, (42) 
with regard to the triangle zyz = 0. 
So any one of the parabolas is given by equation (85) subject to the 
a Блу Kilo БИ = 0. (43) 


Among the parabolas occur the parallels (34), polars of the vertices of the 
focal triangle. 
The envelope of the parabolas is 


У (e*§— Kk —92x (у:—13)(—Е2) = 0. (44) 


which (14) consists of the line infinity and the cubic locus of the middle 
point Т' of principal chords PP’. Each parabola touches the cubic at 
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three points. The parabola touching at Т (12) is 
У (х2 — Кї)/К, sin 0, = 0, (45) 
the tangent being Z(x cos 0, —k;)/sin Ө, = 0, (46) 
and the line A, with infinity point 
kı sin 6,. l+k sin 0z. m+ вір Og. n = 0 (47) 


on the parabola, is the diameter through T. 
The chord joining the other two contact-points is 


> (sin дај k x —4> sin O,,/h:,. 2 (sin ду Ку) = 0, (48) 
which cuts A (24) on the line 
> (sin 654/k,? z = 0, (49) 


at the point ту, say. The point æ has coordinates 
г = — Кү sin 04 sin 0,,/sin Ө, sin 6,, ete., (50) 


and lies on the cubic H, being the third point of the curve on the line 
ПП’. The corresponding point on the cubic has coordinates 


x = — gin Ө, sin @,/sin 6,, sin O,,, etc., (51) 


and is the point of intersection of tangents at II and II’. 
Further a unique parabola touches the sides of the focal triangle and 
the line A. Its equation is 


sin Ө, sin да mn+ sin 0, sin 04, nl+sin 0, sin Ө; іт = 0, (52) 


and it touches the line A at the same point a. 


Moreover, as two triangles whose sides touch a conic have their ver- 
tices on another conic, it follows that the parabola circumscribing ABC 
and having A as diameter passes through æ. Its equation is 


k? sin? 0, . уг + 13 sin? 04 . zz +k? sin? 0, . ту = 0, (58) 
and it has as tangent at æ the line (49). 
15. Among the net of conics (85) occur a single infinity of rectangular 
hyperbolas. The apolarity of (85) and the circular points О = 0 gives 
| (a2/K2) zy 4- (ЗАЗ) yo+ (ck?) % = 0, (54) 
so that the rectangular hyperbolas are polar conics of points on the line 


(a?/ k?) 24-00202) у + (2719) 2 = 0, (55) 
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and their centres lie on the circumeircle 
Vyzthze+exy = 0. (56) 
The hyperbolas pass through four common points 
Gr — Ala? = (у“"— 1) 02 = (22—20 ‹%, (57) 


forming a quadrangle of orthocentrie points, say 1,1, 1,1, with diagonal 
triangle №, №, Ма of which J, is the centre of the inscribed circle and 
I,II the centres of the escribed circles. 

Three of the rectangular hyperbolas degenerate into line-pairs and 
become the pairs of sides of the quadrangle such as №, Г, Г, апа №, Г, Г,, 
the angle-bisectors of the triangle №, №, №; at N. The conic (85) becomes 
two lines when (гугу) and the centre of the conic are both on the cubic 
H. Hence the line (55) cuts the cubic H in three points whose polars are 
the orthogonal line-pairs through the corresponding points Л, Na №. The 
points №, №, Л,, along with the centres of all the other rectangular hyper- 
bolas, lie on the focal circle (56). 


The point ki p, + рт Арап = 0 (58) 

at infinity on the line (55) has as its polar conic the special hyperbola 
Pit + es y^ + og = 0, (59) 
where ру = 02—01, ра = сї—а3, pa aíi—bÀi, (60) 
with the identities Zap, = 0, Zkip, = 0. (61) 


These quantities р, pa, py are named the “ moduli " of the mechanism by 
Cayley. With regard to this unique rectangular hyperbola of the net the 
focal triangle is self-polar as well as the triangle Л№, №. №. It may be 
called “the principal rectangular hyperbola” of the net. It passes 
through the centres 

д?/а? = y?/b? = gd (62) 


of the inscribed and escribed circles of the focal triangle (as well as 
through those of the triangle N,N,N;). It passes also through the 


four points 
ж [Ку = у ЈЕ) = zIN. (68) 


Its centre is the point J = l/p,+m/p,+n/p; = 0 (64) 


on the circumeircle. 
The polar eonies of the points in which (55) meets the sides of the 
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focal triangle are the three rectangular hyperbolas 

cy — 02 + py = 0, ete. (65) 
The first of these has A as centre, the angle-bisectors at A as asymp- 
totes, and circumscribes the parallelogram of line-pairs (84) 

y —ki-0, 27—%=0, 


and similarly for the other two. 


16. As П, П’ are conjugate with regard to every conic of the net, they 
are so with regard to all the rectangular hyperbolas of the net. So also 
are the circular points at infinity ; and hence the points P, P', the third 
pair of vertices of the imaginary quadrilateral, are also conjugate. Hence 
not only the pairs of points II, II' are isogonal conjugates with regard to 
the triangle №, Л, N; but P and P' are isogonal conjugates also. 

The isogonal conjugacy of two points with regard to the triangle 
N,N,N, corresponds to a transformation such that the points are con- 
jugate with regard to every conic of the pencil given by (35) and (54). 
Hence the correspondence is given by 


(zz' — К) Ја“ = (уу — К2) [02 = (22' — К2)/[с?. (66) 

Solving these equations and putting 
S = азуг + Lex + ty, (67) 
Н = oaxyz—liyz—k$zz— kiry, (68) 


the common value of the fractions (66) is H/S, and the coordinates of 1” 
are 


r'- 8118, y = SJS, 2 = SS, (69) 
where S, = @yzt+pry— p3? 
5, = bzr + pgz — pıt |. (70) 
Sa = Cryt+pit—poy | 


Identities occurring among these functions are 


. Si+ Sat Sg == S, 71) 
Pit Sı + pay S2 + pg 253 = 0, (72) 
b?zS,—c?yS, = P1S; (73) 


261—8 = eH, (74) 
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and these exhibit the equations (69) as equivalent to the reciprocal equa- 
чон т = 8118, y= SUS, z= 8/8". (75) 


The conics S, = 0, 5, = 0, 5,= 0 are the loci of points isogonal to 
points on the sides of the focal triangle. Each is a hyperbola cireum- 
scribing the triangle N, Na N; and having its asymptotes parallel to two of 
the sides of the focal triangle. 

Each conie S,, Sz, S; cuts the circle S in the points N,, Ns, М» and in 
one of the foci A, D, C. The cubic H cuts the circle S in all six of these 
points. 


17. The envelope equation of the isogonal pair of points is 


Ф = (rl +ym+zn)(S,l4+S,m+ Sgn) = 0. (76) 
The equation of the antipoints is 
0$ —0'Q = 0, (77) 


where Ө is the invariant of degrees 1 and 2 in the coefficients of Ф and О 
• , 
respectively; and reversely for Ө. Hence 


Ө = 65 and —40' = W = XA(rS—Syy; (78) 
and hence the antipoints of the point-pair Ф are ; 
4 SP+ WQ = 0. (79) 


If now the point (xyz) is P, so that (76) is the pair PP’, and (79) the pair 
IIII', it is only necessary to make the latter pair conjugate with regard to 
any conie of the net (other than the rectangular hyperbolas to whieh they 
are already conjugate) in order to get the equation of the locus of P and 
P'. Sufficiently and most simply the point-pair (79) may be made apolar 
to the line-pair z*.—47 = 0 (34). The apolar invariant for this line-pair 
and Ф is a?H ; and for the line-pair and Q it is а?. Hence the equation 
of the three-bar sextic is 

46 SH+W = 0. (80) 


If in this equation the suppressed line at infinity t = z-Fy--z is restored, 
the equation is 


48 +tSH+W = 0, (85 
where Н = гуг— Круг! — Кел — Кіту, (82) 
W = XA(xS—tS))*. | (83) 


Of the factors in the first term, ¢ is the line infinity, S is the circumcircle 
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of the foci, and H is the Jacobian cubic locus of point-pairs conjugate to 
the parallels (84). The equation W — 0 1s the locus of point-pairs which 
are isogonal conjugates of the triangle Л, NN; and have a distance be- 
tween them that is analytically zero. The points P, P' are collinear with 
one or other of the circular points w, w. If РР'о are collinear, the cubic 


locus of P and Р' 18 


y Sg —v+i0 | = 0, (84) 
2 Sg —и—10 | 
1.6. tô (28 — S) — u (yS — Sa) Ку (25 — 83) = 0. (35) 


It passes through both о and о’, and touches the line infinity at о; it is 
an imaginary circular parabolic cubic. The companion cubic (with reverse 
sign for 2) passes through w and в and touches £ at с“. The nine common 
points of the two cubics consist of the three points №, №, №, the four 
points 1,1,1,1, (self-isogonal points) and the circular points о, w. The 
product of the two cubics (85) is identically a? W. 

Further, each imaginary cubic is self-isogonal, so also is the cubic H, 
and £ and S are mutually isogonal. So the imaginary cubic touching t 
at w touches S at о’, and the other imaginary cubic touches ё at w and 5 
atw. The six points in which each imaginary cubic cuts the circle S ме 
the points N, N4N3 and the cireular points, one counted twice. | 

It is apparent now from the form of equation (81), since S and H and 
both imaginary cubics pass through N, NaN, that the sextic curve has 
double points at N, N4N,. Thus the orthogonal line-pairs of the net in- 
tersect at the nodes of the three-bar sextic, and the triangle N,N°N3, 
hitherto described inerely as the self-polar triangle of the pencil of rect- 
angular hyperbolas of the net, may now be called the nodal triangle of 
the three-bar sextic. Further, the sextic cuts the line infinity ¢ in the 
same points as do the cubic-pair W, and so each of the circular points is 
a triple point of the sextic. 

The equation of the sextic in the form (80) may be regarded as repre- 
senting the constancy of the length P’Q’ from P’ to the image of P in 
BC (§ 2), conjointly with the isogonality of the pair PP’ in regard to the 
nodal triangle N,N,N3. For if P is (xyz), then P’ is (S,/S, S/S, 53/5), 
and the image of P in BC is | 


Q'(—2z, y+2vx/a?, 24-2uz[a?). 
Then P'Q” = [W+ (46 јаз) 288, ]/ 52 ; (86) 
and putting for P'Q' the proper value 2óA,/a (5 2), the equation (86) re- 
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duces to (80). The application of Ptolemy’s theorem to the trapezium 
PP'QQ' (Fig. 8) leads to the same result, by a slightly different route. 


18. The sextic W (78) may be put into a fresh form by expansion, 
and use of the identity 


TALS, = otS+26H, (87) 
derivable from (71), (74). The sextic equation (81) then takes the form. 
53[У Ал — да 1] + 7х5? = 0. (88) 


In this equation, besides S? and 2’, the squares of the focal circle and the 
line infinity, there appear two fresh loei. The equation 


УЛ? — 202 = 0 (89) 


gives a circle concentric with the polar circle of the focal triangle (40) and 
the net circle (89). The squared radius of the net circle is the mean- 
square of the radii of the other two; so that a circle drawn with any point 
on the net circle as centre to cut the polar circle orthogonally is cut at 
the ends of a diameter by the circle (89), or conversely. Or, as equi- 
valent, the powers of any point on the net circle with regard to the other 
two circles are equal and opposite. 


The equation LAS? = 0 (90) 


is the quartic curve generated by points isogonal, with regard to the nodal 

triangle, to points of the polar circle (40) of the focal triangle. It is a 

circular quartic curve and has a node at each vertex of the nodal triangle ; 

it cuts the circumcircle twice at each node and once at each circular point. 
The equation (88) may be written in the form 


ZA (x? — К) + ZA (51/5"— ki) = 0, (91) 


with the immediate meaning that the powers of isogonal points P and P' 
(66, 69) with regard to the net circle (39) are equal and opposite. This 
is equivalent to the equation 


OP! ОР" = 2(¢+p), (92) 


which has appeared in the form (19), and to the other geometrical inter- 
pretation there given. The three-bar sextic in the form (88) or (91) thus 
appears as the locus of a pair of points that are isogonal with regard to a 
given triangle, and that have equal and opposite powers with regard to a 
given circle. (The parameters involved are nine.) 
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19. Conics (written as envelopes) apolar to the net of comics (85) form 
a web of conics associated with the three-bar curve. If 


(4, B, С, Е, G, HX lmn} = 0 (93) 


is a conic of the web, it is only necessary that it should be apolar to any 
three conics of the net, and most simply to the parallels (84). Hence 


A = B/k; = CJk? = X(A+2F), (9-4) 


and the web conics are given by (93), (94). The point-pairs of the web 
are the points II, II’ conjugate with respect to all conics of the net. The 
envelope of the lines IIII' is the Jacobian of the web conics, and is 


Lkil(n—D)(l—m)+lmn = 0, (95) 


this being identical with the Cayleyan of the cubic U (88), the representative 
cubie of the net. The web conics, correlatively, are derivable as polar 
conics of a class-cubic. Its Hessian is (95) the envelope of the lines A. 
It may be calculated as being lineally related to its first and second 
Hessians, or as productive of the polar conics (98, 94); but most funda- 
mentally from the correlative cubic U, directly, as the eliminant of z, y, z 
from the ten equations 


00 . 00 _ m 
2 == О, etc., ja = О, ete., and (xl+ym+zn) = 0, (96) 


as being linear in the ten cubic products z?, туг, yz’, 122, ete. It may be 
put in the form 


(8K, К,К, — (ZK?] ХК, (+ т-+ 7) +LK, (—l4+m+n)f = 0, (97) 
where 1/K, = 1+h—-kj—-Kj, ete. 


The Cayleyan and Hessian of (97) are respectively the Hessian and 
Cayleyan of U (33). 


20. Among the conics of the web occur four circles. The orthogonal 
line-pairs of the net are conjugate with regard to each circle; the centres 
of the circles are the orthocentrie points 7,1, 7,7,. Each circle, associated 
with any conic of the net, has an infinity of circumscribed triangles self- 
polar with regard to the net conic. Association specially with the net 
circle having centre O shows the squared radius of the web circle having 
centre I, to be 4(01?—p—c); where p+o is the squared radius of the 
net circle; and similarly for the web circles having centres 1,,1,,14 Three 
arbitrary circles (nine parameters) might be taken as web circles definitive 
of the whole figure. 
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21. Among tlie conics of the web are a sheaf of parabolas, given by 
equations Fmn+Gnl+ Hin = 0, . (98) 
F+G+H=0, (99) 


consistently with (94). These are the parabolas inscribed in the focal 
triangle. The focus 


(а ЈЕ) 1+(6 Ја) m+(c?/H) = 0 (100) 

lies on the circumcircle. Specially the parabola 
pi mnt 0p, nl + c? py lm = 0 (101) 
has focus J = 1/pytm/patn/p3 = 0, (102) 


coincident with the centre of the principal rectangular hyperbola (64). 
This is the parabola, examined by Cayley, which is inscribed, as will 
presently be seen (106), in the nodal triangle as well as in the focal tri- 
angle. 

Among the parabolas are to be included the point-pairs 


l(m—n) = 0, m(n—D-0, n(l—m) = 0, (103) 


each consisting of a vertex, A, B or C, and the point at, infinity on the 
opposite side. The sides of the focal triangle and the line at infinity form 
a quadrilateral whose pairs of vertices are corresponding points of the 
cubic Н. 

Each pair of these points are isogonal conjugates with regard to the 
nodal triangle. All points at infinity have isogonal conjugates on the 
eireumeircle; but for the focal triangle the points at infinity on the sides 
have the opposite vertices themselves as isogonal conjugates. These 
three conditions are equivalent to a single one, namely, the known pro- 
perty, for the six points on the circle, that the sum of the central vectorial 
angles for the foci is the same (mod 27) as that of the nodes. 


22. The general equation of all conics inscribed in the nodal triangle 
(whose sides and vertices individually have irrational equations) may be 
obtained by taking any two of the rectangular hyperbolas of the net, 
written as envelopes, together with the equation of an arbitrary point, and 
forming their Jacobian. Among conics so obtained are three of the form 


| V, = (т—") — (p/e) О = 0, | | (105 
and three of the form | 


а = рата + (ру— py + a3) mn— py 12 + (p, p,/ 572) = 0. (108) 
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The first (104) is a parabola having А as focus and axis parallel to BC. 
The equations of the three parabolas have a zero sum, and they belong 
to the sheaf of parabolas inscribed in the nodal triangle. One parabola of 


the sheaf is E (k2/a?) Lm —n) = 0, (106) 


which is identical with (101). Hence this parabola, which may be called 
“the principal parabola” of the web, is inscribed in the nodal triangle as 
well as in the focal triangle. This parabola and the cireumeirele of the 
focal triangle are polar reciprocals with regard to the rectangular hyper- 
bola (59) of the net. As the nodal triangle and the focal triangle are both 
self-polar with regard to the hyperbola the results are consistent and 
equivalent. 
The conic (105) has a pair of foci on BC given by the equation 


pan + (p — p34- à?) mn — pan? = 0, (107) 
or by в = 0, pjf!--(p;—pa4- aJ) yz— p? = 0, (108) 
which i$ the Jacobian of 
wtp (y+z)? = 0 and wy?—ps(y+2) = 0. (109) 
Hence the foci of the conic are the limiting points of the circles 
(— рз) = Px? 2urz +z? +p: = 0, (110) 
(+ р = 0? игу + dy" —ра = 0, (111) 


with B and C as centres and squared radii —p, and +рз. There аге two 
of these circles associated with each vertex. The ends of the links 44,, 
А Аз describe two circles, say (19, (43), with centre А and radii b; с; 
and the circles (+ ,,) and (—p,) with centre À are such that the circle 
(A,) is the orthoptic locus of (43) and (+ pj, and (Ау) is the orthoptie locus 
of (А, and (—p,). The three pairs of circles (+ pj, (—5)), etc., may be 
called the “ modular circles”. The two modular circles, with centres B 
and C, whose limiting points are the foci of the conic Жү, have a symmetric 
(and not a skew) relation to B and C. They have as orthoptic circles, 
when associated with the circles described by By, and C, the circles 
described by B, and C, (Fig. 2). 

The limiting points, being foci of a conic inscribed in the nodal tri- 
angle, are also isogonal conjugates with respect to the nodal triangle; and 
the conie S, (70) cuts BC in the same points (108). 


28. If the equations (105) are added after multiplication by pi, 2» pi, 
ene none Lato? mn+ py pal. E py(m—n) = 0 (112) 
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appears as one of those inscribed in the nodal triangle. In this equation 
Zpapal = 0 (113) 
is the point J on the circle S, focus of the principal parabola (101), (102). 
The point 2p (m—n) = 0 (114) 
is the point at infinity Г on the line 
Pitt pay T- pg? = 0, (115) 


and this is the polar of J with regard to the focal triangle (regarded as a 
cubic). It passes through the symmedian point I' of the focal triangle 


а + b?m сп = 0, (116) 
as до the triangular polars of all points on the circle 5. On the line is 
also the po K = Ktm kên = 0. (117) 

"The conie У a*p?mn = 0 * (118) 


is inscribed in tlie focal triangle and touches the line (115) at the 
symmedian point Г. And this conic and the conie (112) inscribed in 
the nodal triangle have the same tangents from J and J. Consequently, 
regarding K as an arbitrary point determined by the ratios (only) of the 
parameters 4,4,k3, the line КГ joining it to the symmedian point of the 
focal triangle has triangular pole J on the circumeirele S. A unique 
conie may be inscribed in ABC to touch КГ at Г; and then a conic is 
found to touch seven lines, namely, КГ and the tangent parallel thereto, 
the two tangents from J, and the three sides of the nodal triangle. 

The point J also lies on the conic (41), the polar conie of K with re- 
gard to the triangle. 


24. If triradial coordinates are used for P, say AP =u, ВР = v, 
Ор тшеп cos BPC = (v? 4-w? —a?)|2vw, (119) 
and as three such angles have the sum 27 the identical relation among 
the coordinates may be written 

Eu (13 + — a)? —II (v3 + w?— a?) — uv? = 0, (120) 
where È and II are sum- and product-symbols. 

Similarly (Fig. 2) 

cos (4 —6,+6,) = (u*—52— с2)[20, cq, (121) 
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and as three such angles have sum 7 the triradial equation of the sextic 18 
Da? (uà — 02— c2) + (и2— 02— c2 — 4а? b5 22 = 0. (199) 


It should be noticed that this equation connecting PA, PD, PC holds 
good not only for the single infinity of configurations with ABC fixed, but 
for the complete double infinity arising when the triangle ABC varies in 
8126. 


The focal circle is given by the equation 
О = autbv+cu = 0, (123) 


expressing Ptolemy’s theorem algebraically. The chords w= AP, 
а = DC, ete., have their signs determined by attributing a cyclic sense 
to the circle and placing an arbitrary barrier point on the curve; the sign 
of the chord being taken to agree with that of the arc that does not pass 
the barrier point. 


The identity (120) when used conjointly with (123) may be replaced by 
avw+bwu+cuv+abe = 0, | (194) 


representing the zero sum of the areas of the triangles of the quadrangle 
ABCP. 


The points in which the sextic cuts the circle (128) may be got by 
putting (122) into the identically equivalent form 
(коо + У b,c, u)?+Qz (2au — Q) EHk ka) = 0, (125) 
so that for each of the nodes of the sextic | 
uvw t+ bicu tcea v d- agb, = 0. (126) 


The same equation is also directly obtainable from the equations (67), (68). 
For when P is on the circle S, 


т = — vwļbe, y = — ијса, 2 = — uvlab. (127) 
With these relations between и, v, w and c, y, 2, 
r+y+z=1 transforms into (124), 
S = a’yzt+Vzr+cry = 0 transforms into (123), 
and Н = хуг — Куг —– Кос Кусуу = 0 transforms into (126), 


with the additional factor uvw giving the foci. Each of the conics 
Sy Sg, Sg (70) converts into the same nodal equation (126) with the addi- 
tional factors и, 7, 10 respectively. 


SER. 2. voL. 20. wo. 1382. G 
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25. The nodal equation may be put into trigonometric form, 
sin($ — a) sin($ — 8) sin($ — y) + 2 k? sin(y — a) sin (а — 8) sin($—a) = 0, 
(128) 


where chords from an arbitrary point of the circle to А, D, C and any one 
node have directions a, 8, y, ф. As a cubic in tan ¢ it is of the form 


(tan $ —tan а) (бап $—tan 8) (ёдо 9 —tan у) + (tan? $ 4 1)(L tan $4- M) = 0, 
(129) 


so that ФФ + фз = a+B+y (mod 7), (130) 


the well-kuown relation ($ 21) connecting the positions of the vertices of 
the focal and nodal triangles. 

Further relations may be derived analytically from (128), but may be 
attached more immediately to the geometry of the parabolas. If any 
parabola is inscribed in the triangle of reference, with focus at (ryz) on 
the circumcircle of diameter D, its parameter (quarter latus-rectum) is 
equal to (6/D)(—xyz)?; and if u, v, w are the radial coordinates of the 
focus, then (127) the parameter is wvw/D*.* Тһе principal parabola 
(101) is inscribed in both the focal and nodal triangles; and hence for its 


кн JA.JB. JC = JN,.JN,.JNs. (181) 


The parabola Y^, (104) is inscribed in the nodal triangle, and has A for 
focus, and axis parallel to BC. Its parameter equals 6p,/Dbc, and hence 
three equations of the form 


AN,.AN,. AN; = api. (182) 


[Equations (181) and (132) are given by Cayley, but not (126) nor (128). ] 
If the equations (182) are written 


AN,.AN,. AN, = + BC. Pis XC., (183) 


then they all hold algebraically for the upper signs if the barrier point is 
taken on any one of three alternate ares of the six into which the circle 
is divided by the foci and nodes; and if the barrier point is placed on one 
of the other three ares the lower signs are to be taken. The signs are 
collectively and not individually ambiguous. 

As alternative to the parabolas, any conic through the inscribed and 
escribed centres of triangle ABC is a rectangular hyperbola with centre 


qe — 


* Cf. S. Roberts, Quarterly Journal of Mathematics, Vol. 15 (1878), pp. 52-55. 
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(xyz) on the circumcircle, and the square of its semi-axis is o(—.yz)', 
which is equal to wvw/D. The principal rectangular hyperbola (59) 
passes through these points, and hence gives the result (181) Апа 
similarly the net hyperbola (65) with centre 4 has a squared semi-axis 
equal to «p,/ D, and hence gives equation (182). 


26. ТЕ the concyclie foci and nodes are given, with the condition (180) 
observed, there remains one parameter undetermined for the three-bar 
curve. The values of the moduli ру, р», рз are determined (183), but the 
values of Ат, K3, k3 have one degree of indeterminacy. Each may be increased 
by any multiple of а“, 0°, and с“, respectively. This adds to (126) a 
multiple of (123) only; and adds to (128) a multiple of the zero 
У вір (8 — у) ѕіп(ф—а). For the same change the point К (117), repre- 
senting the ratios of А, 42, А2, moves along the fixed line ГІ (115), which 
is determined by the ratios of pi, pa, рз. 

If the foci А, B, C are given and only the ratios of pı, P» рз, with the 
condition Ха?р; = 0 (seven parameters), the principal parabola (101) is 
determined and the nodal triangle is any one of the single infinity which. 
like the focal triangle, are inscribed in the circle and circumscribed to 
the principal parabola; and with each of these nodal triangles the point 
К may be taken arbitrarily on the fixed line TZ. 


27. Four vectors with a zero sum have a certain simple property in 
regard to the ranges got by projecting any one of the three closed quadri- 
laterals on to any line. If the projection 1s made by lines parallel to one 
of the sides, four different triads of points are thus got; and it may be 
shown that there exists a range of four points which, by threes, are similar 
to the four three-point ranges. If the vectors are (ki, 0), (ka 42), (s, 6), 
(Ка, 0), with the conditions 


УК, сов Ө, = 0 and ХЛ, вір Ө, = 0, (184) 


the segments of the three-point ranges represent the terms of the equa- 

none ie sind dd sud. LE din Oa = 0; ee (135) 

and a range of four points R, Ra Rs, R, may be taken on a line so that 
R,R, = Е.К, ап O4, RR = kk, віп O,, ete. (136) 


The range R, А, А, R, may be called a “similitude range" of the vectors. 

Jf the vectors are placed to form a pencil, the range has the same cross- 

ratio as the pencil, and may be obtained from a transversal of the pencil 

uniquely determinable in direction. Such a transversal, cutting the pencil 
a 2 
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in & similitude range, may be called a “ principal transversal" of the 
pencil. If O is tne vertex of the pencil, the four vectors are then pro- 
portional to OR, — R,R,. R, R}. RiR, etc. 

As the triple-generation mechanism depends intrinsically on the zero 
sum of four vectors it is natural that the above property should appear in 
the figure. A bare indication may suffice :— 


(i) The lines joining P to X, Y, Z and to the infinity point on A form 
а pencil giving the angles 0,, 0,, Өз, O for the vectors (1) Ө,), (4292), (4393), 
(—1, 0) of the mechanism. 


(i) Parallel lines through A, B, C and T, all with the direction of 
the line A, are cut by any line in a similitude range. 


(ш) The principal transversals of the pencil (i), cutting the pencil in 
similitude ranges, are parallel to Ро; where æ is the point already dis- 
tinguished by various properties (49), (52), (53). 


(iv) The points of the similitude range (ii) on PP’, joined to the corre- 
sponding points of the similitude range on A, give tangents to а rect- 
angular hyperbola with æ as centre and A as one asymptote. 
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ON THE USE OF A PROPERTY OF JACOBIANS TO DETERMINE 
THE CHARACTER OF ANY SOLUTION OF AN ORDINARY 
DIFFERENTIAL EQUATION OF THE FIRST ORDER OR OF 
A LINEAR PARTIAL DIFFERENTIAL EQUATION OF THE 


FIRST ORDER 


By Prof. M. J. M. Hit. 


[Received and Read November 14th, 1918.] 


Introduction. 


1. In two recent papers* I have employed the two simplest cases of 
the property of Jacobians discussed in this paper to determine the character 
of the solutions of an ordinary differential equation of the first order, and 
of a linear partial differential equation of the first order, with one depen- 
dent and two independent variables. 

The property here proved is as follows :— 

Let there be n+1 dependent variables iw, и, ..., Un, и and n-+1 in- 
dependent variables 21, xg, ..., Zn, 2; and let J be the Jacobian 


Du, но, .. p Un №). 
ТО ар dau) 


then, if J vanish when z is such а function of £i, 2), ..., En ав to make u 
vanish, it can be proved that a function of the remaining dependent 
variables 11, tg, ..., Un exists which will vanish when w vanishes. 

In applying this property to determine the character of an integral 
u = 0 of a differential equation it is supposed that u, = a, ug = Ga, ..., 
Un = а (where ај, а», ..., а, are arbitrary constants) are n independent 
ordinary integrals of the equation, and that шу, Ug, ..., Un are taken in such 
a form that none of them are infinite when u = 0. 


* ' On the Classification of the Integrals of Linear Partial Differential Equations of the 
First Order," Proc. London Math. Soc., Ser. 2, Vol. 16 (1917), p. 219; ‘*On the Singular 
Solutions of Ordinary Differential Equations of the First Order with Transcendental Co- 
efficients,’ Proc. London Math. Soc., Ser. 2, Vol. 17 (1918), p. 149. 
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There are then three cases :— 


(i) If J vanish identically, then u is a function of lis и» ..., Un, and 
и = 0 18 an ordinary integral. 


(п) If J vanish when и vanishes, then some function of wy, 1, ..., Un 
exists, вау Ø (t, Ua, ..., Un), such that the equation 


ф (ц, ita, .. +9 Un) = 0 


is satisfied when z is such a function of z,, ro, ..., Zn Ав to make и vanish. 
In this case although u is not a function of wu, us, ..., Un, the integral 
uw = 0 is included in the integral 


(Uy, И» ..., Un) = 0, 


and is to be regarded as a particular integral. 


(ш) If J does not vanish when и vanishes, then no function of the 
form (ui, Ug, ..., Un) exists such that 


p (Uis Uas ..., Un) = 0 


includes the integral «= 0. 

In this case the integral и = 0 is regarded in this paper as a Singular 
Integral, although it does not satisfy the definition which Darboux gives 
of a singular integral in his memoir “ Sur les solutions singulieres des 
équations aux dérivées partielles du premier ordre " (Mémoires présentés 
par divers savants « l'Académie des Sciences de l'Institut de France, 
Tome 27, Deuxième Série, No. 2, 1883). No partial differential equation 
of the first order, which is linear, can satisfy Darboux's definition. My 
reasons for regarding the solutions discussed in this paper under this third 
heading as singular are (1) that they possess the envelope property, and 
(11) that they are not in general obtainable from the ordinary integrals by 
giving special values to the arbitrary constants involved in the ordinary 
integrals. 


2. To prove the above-mentioned property of the Jacobian observe that 


T= D (ty, ..., Un, и) 
"D, ee, Tns T) 
is а function of 7), ..., Ln, 2. 
Now let z be determined as a function of x, ..., ха which makes u 
vanish, and suppose that when this value of x is inserted in и), ..., Un, 


they become #1, ..., и, respectively. 
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Let c denote partial differentiation with regard to 2, ..., £a; whilst D 
denotes partial differentiation with regard to Zi, ..., Фа T. 
, Then it will be proved that 


Duy, ..., Из, 1) _ 009, ..., Un) Du 


— 


Dow Dat) о (ју ska) De 


ди Du, , Du, oz | 
(RES r Sood a = . 1 
or CODE 5. о. for all integral values of r and s between 


and 7 inclusive, and since 


Since 


Du , Du Ox 


0 — —— 
Dr. рх ог, 


for all integral values of s between 1 and л inclusive, we see that if we take 


Du, Du, Du, 


De, "7" De Dr 


J —|Du, Du, Du, , 
De,’ "UU" Dr, -De 
Du Du Du 


De, ©? Dz,’ Dr 


and multiply the constituents in the last column by 02/0, and add to the 
eorresponding constituents in the s-th column, aud if we do this for all 
values of s from 1 to » inclusive, then J takes the form 


ди, ou, Du, | 
a ... д dam 
OT] à і Oz, Dz 
_ ae. _ 00, tasg Un) Du 
OÙ, Cun Duy О (rj, ...) Ln) ° Dr j 
OL; | E TAL Dez 
| Du 
| Оо, ns, De | 


8. Since by the hypothesis the equation и = 0 determines z as а 
function of z,, ..., 2%, it follows that Du/Dz does not vanish identically. 
Hence, if J vanishes when и vanishes, 


О (0), ..., Un) __ 
© (ly, о Zn) — 0, 
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when z is such a function of 7,,...,x4 as to make u vanish. But 
Uy, ..., Un do not contain г. 

OU, ..., Un) 
Obie sa Ча 
Hence some relation of the form 


Ф (у, ..., Un) = 0 


Hence vanishes identically. 


exists. 

Take now the function ¢ (иу, ..., ил), and suppose that x is taken to be 
such a function of z,, ..., 2, as to make и vanish; then ¢ (wu, ..., ил) be- 
comes ф (161, ..., Un) = 0. Hence the integral u = 0 is included in the 


equation ф (иу, ..., Un) = 0, 


but « is not itself of the form Ф(, ..., И). Consequently u = 0 is not 
an ordinary integral of the differential equation, but it is a particular 
integral. 


4. If J do not vanish when «x is such a function of 2, ..., x, as to 
make ш vanish, it follows that 


: О (11, КЕЯ Un) 
O^. sd) 
does not then vanish. 


Hence no relation of the form 
Plus ..., Un) = 0 
exists, and therefore no equation of the form 
Ф (иу, ..., Un) = 0 


exists which would be satisfied if x were chosen such a function of 
Ly, ..., CQ аз to make и vanish. The integral и = 0 is not therefore in- 


cluded in the form ф (и, ..., Uy) = 0. 


It is not therefore an ordinary integral. It will be regarded in this 
paper as а s?ngular integral. 
The following examples will illustrate the theory. 


Example I. 


5. Consider the differential equation 


(x + br) (12 +а) — 27 (2 -ахр)(к + bz) + 22; (2 +ах)) (= +) = 0, 


where а, 6 are fixed constants. 
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Its complete primitive is 
(z4-az,) exp [—zx?/(x+bx,)*] = const. 
Also x+azr, = 0 is an integral of the equation. Taking 
и = ran, 


u, = (x+ax,) exp[—x?/(x+dr,)], 
it follows that 


J = — 927, (z Hax)? (c+ г)? exp [—27/(r+b2z,)"). 


Hence J = 0 when и = 0. 
In this ease u = 0 is a particular case of the primitive 24 = const., 
viz.: it is obtained by taking the arbitrary constant to vanish. 
In this case the quantity x, (obtained by choosing a relation between 
г and x, which will make « vanish) is identically zero. 
The relation corresponding to 
ф (tlis И» ..., Un) = 0 


is now ш = 0, and this is satisfied when и = 0. 


Example П. 


6. Consider the differential equation 
| д. д 
aa} -1) + (22— 22,24) (52 —1) + 4 (2 — г)(2—=2,)—1» = 0. 


The ordinary integrals are 
M = 2, + (2—2,/— r) = a, 
Ua = 11 + rlr — r — t = ay. 
Another integral із u = z—r,—r,- 0, 


D, Ua, и) 


= D(z, To, L) 


= D(a — £) (£ — z1 — do). 

Hence J vanishes when u vanishes. 

Now w is not itself expressible as a function of м, and u, But, by 
$ 8, some function of u, and и, exists which when equated to zero includes 
и = 0. 


А _ „у 
In this case ==, Uy = x 


Therefore Ua— из = 0. 
2 1 
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The relation in question is therefore 
иа— и? = 0. 
This gives lat — 21 — 2) [ro — Dr —24(x—2,—2,)*] = 0. 


The first factor, giving 2; = 0, does not lead to a relation determining x 
ав a function of zr, and z». 


The next factor gives L—Z,—xX, = 0, 
ње, и = 0. 
Another solution is given by the remaining factor, which gives 
(e—2,—2,)! = 1— (rr. 
Putting и = (т—хху—х,)%— 14 (22, | 2), 
it follows that J = — гуш) 73 [ (© — z1 — 2.) -1—(22,/2,) |, 


and so J vanishes if u vanishes. | 
Hence in accordance with $ 3, и = 0 is a particular integral. 


Example III. 


7. Consider the differential equation 
er "C (= = ) - 
D + {1+(2—2,—2,)?} ол; 2, 0. 
In this case take мр = xr—2zr, = а,, 
Ug = z,—2(r—z—2z,?-— а, 


u = L—Ti—Xa = 0. 
And now J = 1. 
No function of шу and u exists from which the relation u = 0 can be 
derived. 


ди» 


Ч ndi, а p eee -à 
In this case = l-4d-(r—r,—23*, 


The parts of these differential coefficients, which are infinite on the 
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^ ^ ^ 

; ош си Cu 

locus z—2,—z, = 0, ie. и = 0, are proportional to =—, х— and ~. 
OX,’ 023 Cx 


t.e. to —1, — 1, 1. 

Hence the surfaces и, =a, touch the surface u = 0 where they 
meet it. 

In the Jacobian the constituents in one row are proportional to the 
constituents of another row at points on the envelope, yet the Jacobian 
does not vanish. 


8. It will now be proved that, if 4, == a, represents a family of surfaces 
| 3 а : Du, Du, Du... . 
which satisfy the differential equation, then Dit De. De are infinite 


where the surfaces meet the envelope of the family. 
Take the surfaces in the form 


f (y, Las 2, ау) = 0. 
If this be equivalent to u, = a, then vu, is determined by the equation 


F(Ly La, Ts Un) = 0; 


of Ff Du _ 
therefore ts +; (ODE 0, 


Off Ош... 


óc, би Dr, — 


of of Du, — 0 
Or би, Dz HE : 


) 


where ô denotes partial differentiation with regard to тү, т, х and и). 
| | Moi follows that Ёш Du Du 
Since at a point on the envelope 2 0, it follows tha Dr, Dr, Dr 


are in general all infinite at points where the surfaces и, = a, meet the 
envelope. 


9. The transformation of the Jacobian given in $ 2 is a particular case 
of the following :— 
Let there be 7+ & independent variables 


Li» PI Lis 71 ...) Uk; 
and 7+ dependent variables 


ity КЕЈ ui Vis 9 Ux. 
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Choose 2, ..., ух such functions of 7,, ..., x; ав to make v, ..., v, all 
vanish, and suppose that when these values of у, ..., у; have been sub- 
stituted in %4, ..., ш; they become %,, ..., 1; respectively, then, if D denote 
partial differentiation with regard to x,,...,7i, 01, ..., Yk, and if О denote 
partial differentiation with regard to 1, ..., xj, it may be shown that 


J= Ditty, ..., Uis vy.) _ OC, ..., и) D(o, ..., 0) 
D(r,..£í ур. Ya)  OQp..,zi) (у... Yd’ 


from which the conclusion may be drawn that, if J vanish when у, Yo, ..., Yr 
are such functions of 27, £3, ..., x; as to make 0}, Vas ..., t all vanish, then 
some function of шу, us, ..., 10; exists which will vanish when у), ys, ..., V; 
are replaced by the above-mentioned functions of 2), Zas ..., Li. 
Dt, ..., Vx) 
D(y,, — yx) 
then the equations v, = 0, v, = 0, ..., v, = 0 would not determine 
Jy Yor +, jx 88 functions of 2), Ta, ..., Li 

The demonstration is similar to that given in $ 2, so that it is not 
worth while to set it out. 


The determinant does not vanish identically, for if it did, 
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ON PLANE CURVES OF DEGREE n WITH A MULTIPLE POINT 
OF ORDER n—1 AND A CONIC OF 2n-POINT CONTACT 


By Hanorp Hirrow. 


1. We have considered elsewhere the properties of a plane algebraic 
curve of degree n (an n-ic) with tangents of n-point contact (Messenger of 
Mathematics, 1990). The ease of an n-ic with а conic or conics of 2n- 
point contact at once suggests itself. It will be found immediately that 
an n-ic meeting y = x? in 2n-points coinciding with the origin (which is 
not a double point) has an equation of the form (y— z?) «4.» = y", where 
Un-2 = О is some (n—2)-ic. Then, by a change of axes, we have the re- 
sult that an »-ie meeting the conic и, = 0 2n times at the point of con- 
tact of its tangent т = 0 has the equation 


Изи = 1. 


2. In this paper we confine ourselves to the case of an n-ic with a 
multiple point B of order n—1 [an (n—1)-ple point] meeting a conie X 
2n times at C. | 

Let the polar of B with respect to 2 meet the tangent at C in 4, and 
meet BC in О. Let BC meet 2 again at D. 

There are two cases to consider. In $$ 8-8 we discuss the case in 
which B is outside У, and іп $ 9 the case in which B is inside È. 


8. Let B be outside 2. 

We shall find the following notation useful later on. 

Let U, V be points on BC conjugate with respect to E, and such that 
the cross-ratio UB. Срј Ор. CB of the range (UBCD) is 2/(n4- 1), and 
therefore the cross-ratio of (VBCD) is 2n/(n4+1). Let AO meet È in 
E, F, and let AV meet the tangents BE, BF from B to È in I, J. Let 
W, X be the points on BC such that the cross-ratio of (WBCD) is 
8n/(2n+1)*, and the cross-ratio of (XBCD) is 4n/(2n+1). Let (BO, XY) 
be a harmonic range. 

It is possible to project 2 into the circle 240° = y, A being the 
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point (2 , 0), B being (0, 2), and C the origin; while the axes of refer- 
ence CA, CB are perpendicular. 

Then E, F become (+ 3, 2); I,J become [+ 3, (n— 1/24]; D becomes 
(0, 1); О becomes (0, 2; V becomes [0, (n—1)/2n] ; U becomes 
[0, —3(n —1)]; W becomes [0, — (2n — 1)*/81]; X becomes [0, (2n — 1)/4п]; 
and Y becomes [0, (2n 4- 1)/12]. 
— By $1 the n-ie becomes 


+ y^ — y) unco = у"; 


and since В is ап (n—1)-ple point, the coeflieients of y?, y”, ..., y^ are 
zero in this equation. From this fact the coefficients in un- may be 
calculated, and the equation of the л-1е is found to he 


y(1—"7*C, zi? + Cort...) = PL" С a + Cort —...). (i) 


The equation may also be written 
г ы; 
1 E. (11) 


n— 1 convergents of the continued fraction being taken. 
For an indirect but less laborious method of obtaining this result, 
see § 12. 


From (ii) we get, when 42° > 1, 
xr = $ sec p, у = à sin (2—1)ф совес пф sec ф, (111) 
and, when 42° 1, 
xz = tisech®, y = $ sinh (— 1) ф cosech пф sech 9. (iv) 


If ф = 0, these points coincide with J or J. 

Many geometrical properties of the n-ic follow from the fact that (11) is 
symmetrical about 2 = 0. Other properties are given below. 

The tangents at В are all real, being given by ф = sz/n, 


s = 1,2, ..., (n— 1) 
in (11) when л 18 odd, and by 
s= 1, 2,°..., 1(n—2), 3 (049), ..., (n—1) 


when x is even, while in the latter case AB is also a tangent at B. 

When n is odd, AU touches the n-ic at A. 

Every line meets the curve in n or (n— 2) real points. 

The curve (i) consists of a single circuit with n—1 branches when n 
is even, and » branches when л is odd. 
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The values of ¢ giving the intersections of the curve with AC, AD, 
AO are at once obtained; and the same is true for the intersections with 
the conics (y = z? and y = 2x’) through B having four-point contact 
with 2 at C, and through B, E, F, C touching AC at C. For instance, 
the intersections with AD are given by ф = sz/(n+1), s = 1, 2, ..., n. 


4. The condition that the tangent to the n-ie at the point of § 8 (iii) 
passes through (0, c) is 
(ап + 2c — 1) sin ф = sin 2n¢ cos ф + (2c — 1) cos 2n вір ф. (i) 
Eliminating ¢ and пф from this and $ 8 (1), we get 
2 (n4+2c—1)z?+2ny? = (2n—1)y-rc. (ii) 
Hence the points of contact of the 2 (пл — 1) tangents to the n-ie from a 
point on BC lie on a conic through E, F, I, J. 
In particular, the tangents to the n-ic at its intersections with EF and 


IJ (other than J, J) all pass through U. Similarly the tangents to the 
n-ic at its intersections with XJ, XJ (other than (7, J) all pass through ЈУ. 


5. The 8 (n—2) inflexions of $ 8 (iii) are given by 
4n? cot no sin? ф = n sin 29-- sin 2nd. (i) 
Of these ^ —2 are real. If n is odd, one of these real inflexions is 

at A. | 

Eliminating ¢ and пф from (i) and 8 8 (ii), we get 
z(1—2y) = n{2n(1—2y)—1} (z?-- y? — y). (il) 
Hence all the inflexions of the 2-ic lie on the 8-ic (ii) which touches 
the n-ic at C, J, J. This 3-ic touches the conic È at С, D, and cuts it at 
Е, К. It touches AX at X and passes through the intersections of AY 


with BI, BJ. 
If Az+uy +1 = 0 is the tangent to the n-ic at the point of § 3 (iii) 


À E и = 1 
2(sinQnd—nsin2d) 4singsin*nd (2n—1)sin ф—ви (2: —1)ф' 


dii) 
Eliminating ¢ and пф from (i) and (ii), we have 
№ ((2n—1)? u— 8n} = 16n(u+1){(n—1)}u—2}. (iv) 


Hence all the inflexional tangents touch the curve (iv) of class 3 and 
degree 6. It touches АС, AD, AU at C, D, О. It also touches the given 
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пас at I, J. It passes through E and F, the tangents at these points 
being +t+4nr+2y+2n—1=0. It touches BI and BJ where 
y = (8n4-1)/16n. The line BC is а cuspidal tangent at the cusp W. 


6. If the point of $3 (iii) lies on y = (p—1)/2p, tan np = p tan ¢. 
Eliminating ¢ and лф from this and § 5 (iii), we get 


№ 1(1—р(р—п—птри—здр | = (п—1и—9)!1—риаи—з2р!". (i) 


We conclude that, in general :— 

The tangents to the n-ic at its intersections with a line through А all 
touch a curve of class 8 and degree 4, having the line as bitangent. The 
curve touches BI, DJ and touches AU at U. 

The following special cases may be noted :— 

If the lineis AV (p = n) or AO (p = œ), the curve degenerates into 
three pointe, as is evident from $ 4. 

If the line is AC (p = 1) or AD (p =— 1), the tangents touch a 
conic. 

If the line is AU (np = 1), the tangents touch a cuspidal cubic with 
cusp at U. 


7. We may show similarly that, in general, the tangents to the n-ic at 
its intersections with a conic touching AB and AC at B and C (other 
than the tangents at B and C) all touch a curve of class 4. 

But if the conie goes through 7 and J, the tangents (other than the 
tangents at B, C, I, J) all touch a conic touching ABand AC at B and C. 

Another similar result is :— 

The tangents to the n-ic at the points given by tan пф = c, c being 
any given constant, all touch a curve of class 4. The curve degenerates 
if c — 0 or @. 

Or, again :— 

The tangents to the n-ic at its intersections with a line through О all 
touch a curve of class 6. 


8. If z', y', z, y are connected by the birational relations 
#' ==, у'=1—:2/у, 
then § 8 (iii) gives 


r'- 1 весф, y = 3 віп (n—2)¢ cosec (n—1)¢ sec ф. 
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Hence (z', y") traces out the same curve ав (x, y) but with n—1 in- 
stead of п. This enables us to derive properties of the «-ic we аге con- 
sidering from properties of the corresponding (n — 1)-ic. 

For instance, we proved іп $ 4 that the tangents to the (л — 1)-1с at 
its intersections with y — 14, у = (n—2)/(2n—2) all pass through 
(0,1—1»). We deduce that :— 

If conies are drawn through B touching the n-ie at C, and at an in- 
tersection of the n-ic with either of the conics which touch the пас at C 
and pass through B, E, F or D, I, J, then they all osculate at C. 


9. Now suppose B lies inside the conic X. 

As in $8 we may project È into z?—y? = y, and we find that the 
equation of the n-ic is that given in $ 8 (1) or (ii) with all the minus signs 
replaced by plus. 

If » 1s odd, the curve is the locus of 


x = À cosech #, y= d$sinh(n—1)49 sech nó cosech ф. 


~ 


If n is even, the curve 1s the locus of 
x = leosech $, y = à cosh (n —1) ф cosech пф cosech ф. 


If n is odd, the curve consists of the isolated (n—1)-ple point B and a 
single branch having three real collinear inflexions, one of which is A. 
Every line (not through B) meets the branch in one or three real points. 
^ If n is even, the curve consists of a single inflexionless branch touch- 
ing 4B at D. Every line meets the curve in two real points or none. 

If a line through 4 meets the пе in real points P and О, and meets 
BC in H, (PQ, AH) isa harmonie range. 

If we project 2 into a circle and B into its centre, the equation of the 
n-ic becomes in polar coordinates 


(—1)" tan?" 10 = (a—r)/(a +). 


The n-ic has 2n-point contact with the circle r = a. 


10. As in $1, we may show that an n-ic touching the conie #3 = 0 
n times at each intersection with the line и, = 0 has an equation of the 
form Uzun- = 11. 

Suppose the »-ie has ап (1—1)-ple point B, and has п-ропњ contact 
with the conie Z at two points H, K. Let the polar of D with respect to 
> meet HA at A, and let (AC, НК) be a harmonie range. Then pro- 

SER. 2. voL. 20. No. 1383. H 


98 Накогр HILTON 


jecting AB to infinity and taking B on the axis of у, the equation of 2 
can be put in the form 


(à — y) + (у —%) = 0. (i) 
Taking the upper sign, the equation of the n-ic becomes 
+ y^ —y — k) ugg = у". 


Choosing the coefficients of и, з so that no terms involvingz у“, y?, ..., у" 
occur in this equation, we find for the equation of the curve 


y f. = (x? — k) fa-2, | (11) 
where (supposing °C, = 1 for all values of q) 
Ра = гроф RP ea 1420,0, ADS mr (iii) 


Vr, e == T6 "CL —*7?0, 20; zi+r-{c, ui Or 04—780, "304+ аа (iv) 


This ів the standard curve into which may be projected any n-ic with 
an (n— 1)-ple point B having n-point contact with a conic È (not enclosing 
B) at two points (see also § 12). cé 

Taking k = 0, we have the curve of $$ 3-8. 

The equation (ii) may also be written 


_ С—Е r’™—k г—Е 


dec cq ЕЦ «e doses (0) 
n—1 convergents of the continued fraction being taken. 
Any point on the curve is 
c= (k+ вес? p), y= 4sin(n—1)¢ cosec пф sec ф, 
if t> k+}; ` 
л = (k+ł sech” Ф), y=  isinh(n—1)4$cosech пф sech ф, 
if k+ł >r >k; 
x = (Ё— 1 совееһ? ф)%, y = — ł cosh (п — 1) фсоѕес ng cosech ф for n even, 


y = — $ sinh (п —1)ф sech пф cosech ¢ for n odd, 
if k> x’. | 
An alternative is to put 

2 = 4(1+4h)'cos ф, &c. 


Results similar to those of $$ 3 to 7, but less simple, may be obtained 
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for the curve (ii). For instance, the conic of $4 (ii) is replaced by the 
quartic 


(a+ 20 —1) 2? —(Qe— 1) k! (40? — 4k — 1) -+ (44 +1) (23 — (ду — 1) 
+ пх? (2y—1) = 0. 
If k = — 1, the n-ic is of the type discussed elsewhere (Messenger of 
Mathematics, 1920), having an (n—1)-ple point and two tangents of 
n-point contact. 
The transformation of $ 8 is to be replaced by 


, 


z =r, y = 1—(:2— А) [у. 


11. If B is inside the conic È, we take the lower sign in $ 10 (1), and 


prove similarly that the equation of the n-ic is 


аА tk tk : 
Jaen cu ај ae c i 


to n—1 convergents. This is the same as 
y fn-1 = (224 А) fa—2, 


the minus signs in $ 10 (iv), being replaced by plus. 
If we project È into the circle > = a and B into its centre, the equa- 
tion of the curve in polar coordinates becomes 


a—r _ LE EAM 
a+r — o 0+(1+4%)/ ' 


Since B lies outside 2, 1+4k > 0. 
More generally, the »-ic with an (n—1)-ple point at the pole meeting 
у =a at its intersections with r co8(0—a;) = kya (t = 1, 2, ..., n) is 


q—r __ (22 Бак) 
a+r cos (0—aj) + ki/* 


12. Another method of obtaining the equations of § 3 (i) and (ii), 
§ 10 (ii) and (v), § 11 (i), is the following. 

First, we notice that the number of conditions which the curves dis- 
cussed have to satisfy is just enough to determine them uniquely, so we 
need only verify that the eurves given by these equations have the pro- 
perties stated. 

This follows from the result that, if f aud ф are polynomials in x, 

• H 2 
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nY = fqu-1 meets the curve y(¢+y) =f only where у = 0; fqn-1/q» 
being the n-th convergent of the continued fraction 


E ab gt 


$9494. 
во that q, = Ф" "Сф" f 4-77?0, фи £2 p 730, 975 еЗ... 
In fact, since Qu = $9n-1 +->, 
Qn — fln- = dui (y (6 y) —f i — y (qu-iy —fqn-2) ; 


from which the result follows at once by induction. 

Taking $ = 1 and f = z^'-Fk, we get the result of $11 (i), and 
similarly in the other cases. 

The reader will find the ease ф = 1, f = x of interest. 
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RELATION BETWEEN APOLARITY AND THE PIPPIAN-QUIPPIAN 
SYZYGETIC PENCIL 


By WiLLIAM P. Мпме and D. G. TAYLOR. 
With a Note on Apolarity by Н. W. Елснмокр. 
[Received April 12th, 1920. — Read April 23rd, 1920.] 


Cayzey in his “ Third Memoir on Quanties " [Philosophical Transac- 
tions of the Royal Society of London, Vol. 146 (1856), pp. 627-647] ob- 
tained two contravariants of the cubic curve, which he denoted by 


P= k(P+n3+n3+ (1—43) тә, 

Q = (1—1049)(B- m3 + n°) —647(5 + AR?) ти, 
for the case of the canonical equation 

U == Ру +24 kryz = 0, 

and which he called respectively the *' Pippian " and the “ Quippian.” In 
a subsequent paper entitled ' Memoir on Curves of the Third Order” 
[ Philosophical Transactions of the Royal Society of London, Vol. 147 
(1857), pp. 415-446], Cayley investigated the geometrical interpretation 


of the concomitants he had obtained, and makes the following statement 
which we quote verbatim :— 


“ I have not succeeded in obtaining any good geometrical definition of 
the Quippian and the following is only given for want of something better. 
The curve 


T.PU | P6H(aU -68HU)| 
—P(6HU)!T(aU4-68HU).P(«U--68HU)| = 0, 


which is derived in what may be taken to be a known manner from the 
cubic, is in general a curve of the sixth class. But if the syzygetic cubic 
aU --68HU = 0 be properly selected, viz. if this curve be such that its 
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Hessian breaks up into three lines, then both the Pippian of the cubic 
aU+68HU = 0, and the Pippian of its Hessian will break up into the 
same three points, which will be a portion of the curve of the sixth elass, 
and discarding these three points the curve will sink down to one of the 
third class, and will in fact be the Quippian of the cubic.” 


Subsequent writers have to a large extent discarded the term 
“ Pippian " and use the name “ Cayleyan ” instead. Salmon and Elliott 
define P and Q as the first evectants of the invariants S and T of the 
eubie, but neither of them give convenient geometrical definitions. 
Clebsch defines the Quippian as the envelope of lines whose polar-conics 
with respect to the Cayleyan are apolar to their polo-conics with respect 
to the original cubic (the polo-conic of a line being defined as the locus 
of points whose polar-conies with respect to the original cubic touch that 
line). 

We have not been able to find, however, in previous papers dealing 
with the cubic curve any geometrical definition of the Pippian-Quippian 
pencil of class-cubics, which derives this system simply and concisely, 
member by member, from the fundamental syzygetic pencil of cubics 
through the intersections of a given cubic and its Hessian. This de- 
sideratum is furnished, however, by the extension of the results of our 
joint-paper on “ The Significance of Apolar Triangles in Elliptic Function 
Theory " (Proc. London Math. Soc., Ser. 2, Vol. 18, pp. 876—884) to the 
case when the apolar triangle becomes a collinear triad of points. 

In the above paper we showed that if LAIN be a triangle inscribed in 
& cubic curve, one, and only one, member of the pencil of curves through 
the points of inflexion is apolar to LMN ; and that if L, M, N be pro- 
jected through any point T of the cubic curve on to the curve again, so 
that the points L’, M', N' are obtained, the triangle L'M'N' remains 


apolar to the same member of the syzygetie pencil. We proceed to con- 
sider this property when the triad of points L, M, N are collinear. 
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Let L, M, N be three points nearly collinear on a cubic curve U, and 
let U' be that member of the flex-pencil to which the triad L, M, N is 
apolar. Let the line LM meet the curve in Z. Then it is a known pro- 
perty that the bipolar (or mixed polar) line of L, M with respect to U’ 
passes through Z. This bipolar line also passes through N since the 
triad L, M, N is apolar to U'. Hence proceeding to the limit when N 
moves up to coincidence with Z, we see that the bipolar line of L, M with 
respect to U’ is the tangent at N with respect to U. Similarly it may be 
shown that the bipolar line of M, N with respect to U' touches U at L, 
and that the bipolar line of L, N with respect to О" touches U at M. 

If now we take as lines of reference the line LMN, and the tangents 
to the polo-conic of LMN with respect to U at the points where this conic 
meets LAN, the equation to the cubic U reduces to the form 


U = ar’ 4 bytet 802 rtc yH kryz = 0. 


The equation to the cubic U' passing through the points of inflexion 
of U, and such that the bipolar-line of any two of the points L, M, N with 
respect to U’ touches U at the third, is easily found to be 


О = AU+H = 0, 


where H is the Hessian whose equation is given in expanded form by 
Salmon in his Higher Plane Curves, and 


107? — A bc 
Ne 181 


If we compute the equation to the Cayleyan or Pippian (е. the first 
evectant of the Invariant S) we see that the coefficient of л? is abk, using 
l, m, n as tangential coordinates. 

Also the coefficient of n° in the case of the Quippian (i.e. the first 
evectant of the Invariant 7) is 


2ab(abc—10k°) = — 86abkx. 


Hence plainly the contravariant curve ЗбАР+ 0 = 0 touches the 
line LMN. 


We have therefore the following general result :— 


If L, M, N be three collinear points on a cubic curve U constituting 
a triad apolar to AU+H = 0, a member of the flez-pencil of U, the line 
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LMN envelops the member 36A1P+Q=0 of the Pippian- Quippian 
syzygetic pencil of class-cubics. 


The following particular cases of the above general theorem are of 
great importance :— 


If L, M, N be three collinear points on a cubic curve constituting a 
triad apolar to the curve itself, the line LMN envelops the Cayleyan 
(Pippian). 


This result had already been obtained from an entirely different stand- 
point in the Proc. London Math. Soc., Ser. 2, Vol. 9, pp. 235-248. 


If L, M, N be three collinear points on а cubic curve constituting а 
triad apolar to the Hessian, the line LMN envelops the Quippian. 


The foregoing results are also easily obtained by means of Elliptic 
Functions, and thus serve to throw additional light on the significance of 
Apolarity in Elliptie Funetion theory. 


Let Us, = 128 (a) (8) go e Ye' (8) 2'(у)— д» S£ (a) TT 995, 
Н аву = X£(u)P'(B)9'()—9, Xg(B) e (y) — 393: Sp (a) —4y2. 


If a, 8, у be collinear both the above expressions vanish identically, 
and hence the condition for apolarity with respect to AU+H = 0, has to 
be satisfied by either ада, 8, у or a, 84-68, у or a, 8, y+éy, from 
which we deduce at once by addition the required condition in а sym- 
metrical form, viz. 


x (pa ee S CREE) = 


It is thereafter easy to show that this expression is equal to 86AP+Q, 
where P and Q are the tangential forms for the Pippian and Quippian re- 
spectively in Weierstrassian canonical form. The required result follows 
at once. 

We also obtain the following property :— 


If A, B, C be any three points on a cubic curve, and if these three 
points be projected through a point of the curve on to the curve again so 
that a collinear triad is obtained, the lines of the nine collinear triads 
thus found all touch the same member of the Pippian-Quippian pencil. 


For all the nine lines eut the original cubie U in triads of points 
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apolar to the same member AU+H to which ABC is apolar, and hence 
touch 86AP +Q. 


A Note on Apolarity by H. W. Елснмокр. 


[Received September 25th, 1920.) 


An Apolar Triad of points (Р, Q, R) on a cubic curve (С) is a set of 
three points apolar with respect to one of the pencil of cubics based upon 
C and its Hessian. The relation which connects the coordinates of three 


such points 

(1) is symmetrical ; 

(2) is linear in the coordinates of each point, so that when two (P, Q) 
of the three points are given, E is constrained to lie on a definite straight 
line ; 

(8) is such that the line passes through the point N of C collinear 
with P and Q. Thus, if P and Q are given, there are two positions of R 
on С (N being now excluded). 


Recently, Prof. Milne and Dr. D. G. Taylor have shown that when the 
coordinates of points on C are expressed by elliptic functions of a para- 
meter, the relation between the parameters of P, Q, R depends only on 
the differences of the parameters. I wish to point out that this is a 
necessary consequence of the facts (1), (2), (3), stated above. 

Let u, v, w be the parameters of P, Q, R. Let PQ cut C in N (para- 
meter —u—v), and let МЕ cut C in E! (parameter u+v— w). Then, as 
stated above, P, Q, R' form another apolar triad, their parameters being 


u, v, and ic', where 
a. i w' = utv—w. (1) 


By the same reasoning v, 10' and v+ 10' — и, i.e. 
u+z, v+z, w+z, where z = v—w, (2) 


also form an Apolar Triad. 
The process can be repeated, and it follows that if «u, о, w form an 
Apolar Triad, so also do the points w+z, v+z, w+z, where z has any of 


the values r(v—w)+s(u—w), 
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r,s being integers positive or negative. Except when both »—w and 
u—w are in a rational ratio to a period, z has an infinite number of 
values. Since two of u, v, w can be chosen arbitrarily, the condition of 
apolarity must be satisfied generally, and therefore universally, by all 
values of 2. 

By including the result (1), we can assert that if the points и, v, w 
form an Apolar Triad, so also do the points 

ztu, 240, z+, 

and Z—W, 2—0, 2—10 


whatever be the value of z. 
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RELATION BETWEEN APOLARITY AND A CERTAIN PORISM 
OF THE CUBIC CURVE 


By Prof. W. P. Мике. 


[Received June 1st, 1920.— Read June 10th, 1920.] 


l. Introduction. 


In two papers in Liouville's Journal—*'' Mémoire sur les courbes du 
troisième ordre" (tome ix, 1844) and ''Nouvelles remarques sur les 
courbes du troisième ordre" (tome x, 1845)—Cayley developed at con- 
siderable length the properties of ‘corresponding points" on a cubic 
curve, the definition of “ corresponding points" being that the tangents 
thereat should meet on the curve. 

Since then much attention has been given to the study of “ corre- 
sponding points on the Hessian,” regarded as conjugate points with 
respect to all the polar conics of a cubic curve. This problem has 
in later years been generalised to include the case of conics apolar to 
all the polar conics of a cubic curve. The object of the present com- 
munication is to study in greater detail generalisations of the properties 
of “ corresponding points on the Hessian,” regarded as degenerate conics 
apolar to the net of polar conics of a given cubic. It will be found that 
in the case of many fundamental properties, conics subjected to the con- 
dition of being apolar to the polar-conic net cannot be regarded as 
direct generalisations of “corresponding points on the Hessian,” but 
must in essence be regarded as satisfying two further conditions (see 
§ 7 below). 

Incidentally, the paper throws a good deal of light on the properties of 
the pencil of cubic curves through the nine points of intersection of the 
sides of two triangles. Caporali discusses the general properties and co- 
variant loci of any pencil of cubic curves in a communication, “ Teoremi 
sui fasci di curve del terzo ordine," reprinted on p. 52 of his Memorie di 
Geometria, while Salmon deals with the particular case of the pencil 
defined by two triangles (as explained above) in his treatise on Higher 
Plane Curves. He devotes considerable attention to the “critical 
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centres," i.e. the nodes of the rational members of the pencil. Не does 
not discuss, however, the case where both triangles are cireumscribed to 
the same conie. This problem is investigated in the present communi- 
eation, and was suggested by the attempt to extend aud generalise the 
results obtained in my paper on '' Determinantal Systems of Co-Apolar 
Triads on a Cubie Curve" (Proc. London Math. Soc., Ser. 2, Vol. 18, 
pp. 274-279). It is inevitable to consult also in this connexion the papers 
on the porismatie character of polygrams circumscribed to a conic and 
inscribed in other curves by Darboux (‘ Sur une classe remarquable de 
courbes et de surfaces algébriques") and by Clifford (“ Оп the Transfor- 
mation of Elliptic Functions," Proc. London Math. Soc., Vol. 7). 
There is also an important paper “ On Polygons Circumscribed about a 
Conic and Inscribed in a Cubic” (Proc. London Math. Soc., Ser. 2, 
Vol. 17, pp. 158-171), by R. A. Roberts, who develops the subject from 
the algebraic standpoint and obtains several of the results obtained by the 
methods of synthetic geometry in the present paper. In particular, a 
complete generalisation is obtained of a theorem due to Dr. William L. 
Marr (Proc. Edin. Math. Soc., Vol. 37, p. 72), viz. that if a conie touches 
the line of flexes of a nodal cubic and also the three inflexional tan- 
gents, corresponding pairs of triangles can be circumscribed to the conic, 
the nine intersections of whose sides lie on the cubic. 

The two chief results obtained in the present paper are, however, the 
following :— 


The conditions that a conic must satisfy in order that corresponding 
pairs of triangles may be found circumscribed to the conic and having the 
nine intersections of their sides lying on a given cubic, can be expressed 
simply in terms of apolar properties of the cubic curve. 


»P 


If two straight lines cut a cubic curve and if the points of intersection 
be joined, two and tico, by straight lines cutting the cubic again, it is 
well known that these further points of intersection lie three by three on 
six straight lines. The condition that these six straight lines shall touch 
a conic can be expressed very simply in terms of apolar properties of the 
cubic curve. 


It will be found that the configuration of the two triangles mentioned 
above, and with which we shall have principally to deal, is a particular 
case, possessing very special and fundamental properties, of the configur- 
ation discussed by Dr. W. Franz Meyer (dpolaritit und Rationale 
Curven, p. 222, S 26), consisting of the complete hexagon circumscribed 
to a conic and having the fifteen triangles formed by the intersections of 
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its sides, taken three by three, so that no two lie on the same side of the 
hexagon, apolar to a cubic curve. 


2. Preliminary Definitions and Properties. 
We shall frequently use the following definition :— 


If a conic-envelope be apolar to every member of the net of polar-conics 
of a given cubic, the conic-envelope is said to be apolar to the given силе. 


The subjoined results were established in the present volume of the 
Proc. London Math. Soc., pp. 101-104, and will often be required : 


(1) If a straight line cut a cubic curve S in three points L, M, N, such 
that the bipolar (or mired polar) line of M, N with respect to a member 
U of the pencil of cubics through the flexes of Sztouches S at L, this pro- 
perty às symmetrical with respect to L, M, N. 


(2) The triad L, M, N is said to bea collinear triad apolar to U. and 
possesses all the properties of a non-collinear triad apolar to U (Proc. 
London Math. Soc., Ser. 2, Vol. 18, pp. 375-384). 


(8) If U be the curve S itself, the line DMN envelopes the Dippian 
(Cayleyan). 


If U be the Hessian of S, the line LMN envelopes the Quippian (a 
contravariant of the third degree of the cubic curve, discovered by Cayley 
und so designated; see Salmon’s Higher Plane Curves or Elliott's 
Invariants). 

If U be any given member of the syzygetic flex-pencil, the line LMN 
envelopes a corresponding member Y of the Pippian-Quippian pencil of 
class-cubics. i 

Consider now Fig. 1 on page 110. 


Let 480 and DEF be two triangles, the nine intersections of whose 
sides are typified by the points P, Q, R, as shown above. We shall refer 
to the above nine intersections as a “ Determinantal System of points ” 
(see Proc. London Math. Soc., Ser. 2, Vol. 18, pp. 274-279), and we shall 
denote them by the determinantal form 


Р, Py BD 


or more briefly by | POR |. 


110 W. P. MILNE [June 10, 


We shall mainly be concerned with the properties of the triads of 
points denoted by the six terms of the expansion of the above determi- 
nantal form, and inasmuch as the triads defined by the positive terms of 
the expansion differ in properties from the triads defined by the negative, 
we shall refer to them as “ positive and negative ” triads respectively. 


Fro. 1. 


We proceed to establish the following theorem :— 


If S, and S, denote the sides of the triangles ABC and DEF, and if 
Ni SiH Àa Sa be any member of the pencil of cubics through the nine points 
| PQR| of the intersections of their sides, the three “ positive triads” are 
each apolar to the same member U of the pencil of cubics through the 
flexes of №8, +Х, 5; and similarly the “ negative triads” are each apolar 
to another member U' of the syzygetic pencil. 


Consider Fig. 2 below, and let the cubic A,S,+A,S, = S, and let U 
be that cubic through its points of inflexion which is apolar to the triad 
PQR. |jThen the triad obtained by projecting PQR; through the 
point P4 on to the cubic S again remains apolar to U (Proc. London Math. 
Soc., Ser. 2, Vol. 18, pp. 875-884). Thus P,LR, is apolar to U where the 
line PR meets the curve again in L, and hence the bipolar line of Pg, Ra 
with respect to U passes through L. Let the line Раб, meet the cubic 
again in M. Then we know that the bipolar line of Ра, A, passes through 
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M, and hence is LM. Consider now the four points P,, P4, Ка, Ку. One 
conic through them consists of the two lines PaRa PRs, and cuts the 
cubic again in the two points Q4, Өз. The chord 0,0; intersects the curve 
in the third point Q,. Hence the conie consisting of the two lines P, Ry, 
Р.Е, cuts the cubic again in a chord which passes through Q,. Thus 
LM, the bipolar line of P}, R, with respect to U, passes through Qj. 
Hence Р» ©, К, is а triad apolar to U, and similarly with regard to P,Q,R,. 
In precisely the same way it can be proved that P,Q, Ry, P3Q2R1 Р, 0,2 
are each apolar to another cubic U' of the syzygetic pencil of S. 

We note that if S, and 5, each consist of three concurrent lines whose 
points of concurrency are H and K respectively, then all the triads of 
| PQR | are apolar to every cubic \,S,+A,S,, and the degenerate class- 
сопіс H, K is apolar to every cubic of the pencil A, S,+A,S, (Proc. London 
Math. Soc., Ser. 2, Vol. 9. We proceed to generalise this theorem. 


9. Fundamental Theorem. 


If, as before, A,S414- A984 = S be а member of the pencil of cubics 
through the nine points of intersection of the sides of the triangles 
Sı = ABC and 8, = DEF, and if both the“ positive" and “ negative " 
triads of the system of points | РОВ | be apolar to the same member U 
of the syzygetic pencil of S, this property is poristic in that every member 
of the pencil Mı Sı +ù Sa possesses the same property, and the necessary 
and sufficient condition is that the six sides of the triangles ABC and 
DEF shall all touch the same conic. . 

We shall give two proofs, one by the methods of analytical geometry, 
and one by the use of elliptic functions. 

The locus of the points of inflexion of the cubics of the pencil 
A18, + Ха 8 is easily found to be the sextic curve 


Sı Ua + S, 0, = A, 8, So 


where A, is the invariant whose vanishing denotes that the sides of S, and 
S, shall touch the same conic, and where U,, U, are the equianharmonie 
cubics having the triangles S,, S4 as base triangles, and cutting the sides 
of S, and S, in triads apolar to P,P4P4 9:92.93 Е, бб, РО, 
PQ Rə, Ра Оз Ез. This sextic may be considered as being generated by 
corresponding members of the cubic-pencils 


,8,+А,8, = 0, 
Ao U,—A, U, = Хо Ag Ss. 
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Hence the general equation to the pencil of cubics through the flexes of 
А Si + a So = 0 is 


(Ag Ua— Uy — Ag Ay Sa) -F p (A, 8; +, Sq) = 0, 
t.e. | (Ag Uz —A, UD + pa, 5,+ М (o — Ay) Sa = 0. (1) 


Since U,, U, can be expressed as the sum of the cubes of the sides of Sj, 
S, respectively, and since the six triads of points of | РОА | can each be 
regarded as a degenerate class-cubic inscribed in 5, and S, we see that 
the lineo-linear invariants of P,Q, Rs «е., and U,, U: vanish identically. 
Furthermore, the condition that P,Q,R, shall be apolar to S,, S5, being 
the vanishing of the discriminants A,, A, respectively, we see from (1) 
that the conditions that the “ positive" and “negative triads " shall be 
each apolar to the cubic (1) are respectively 


p A, +Aq(p— Ag) А = 0, 
pd, A,—Az(p — Ay) Ay = 0, 
from which we deduce at once that p = 0 and A, = 0. 
The fundamental proposition is thus established; but we can deduce it 


in another way, by means of elliptic functions, for which I am indebted 
to Mr. C. W. Gilham. 


L Q, M 


Fig. 2. 


Let us use the above figure described in § 2. 

The necessary and sufficient condition that the six lines P, Py Ry Ёз, 
P, Ry Ра ћу, P,Qy, Q4Q; shall all touch the same conic is that the three 
pairs of lines Q, 23, О, Pa; Qi: Fe, Q,P,; О, Ру, ©, ©з shall form an invo- 
lution. This condition is satisfied if LM be the bipolar line of P}, Ка and 
Ра, R with respect to the same member U of the Hessian pencil of S. 


P d 
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For, in the Weierstrassian notation, x = #(и), y =Р (и), if Р, = a, 
R; = а, Р, = В, В, = В’, the condition that the lines 


Q, [Rs Py: P, Qo: Py, Be] 
shall be corresponding pairs in an involution is 
c (a-1- 28) с (B -- 2a") o(a’ +28") 2 (8' + 2a) 
= c (2a+ 8) c (28 --a') o (2a' 4-8') с(28' +а). (2) 


Again, the condition that P,Q, Аз and Р, 0, К, shall be each apolar to 
the same member U of the Hessian-pencil of S is (see Proc. London 
Math. Soc., Ser. 2, Vol. 18, p. 378) 


£(a' 4- 84-8" e'(«4- 8-- 8") 3- P(u4- 8 4- 8") e' (а +8+ 8") 
£'(a' 4-84- 8) J- e' (a-- 8 4- 8") 


_ Plata'+8")P(ata + Ера Ба + B) e («о +8) (3) 
(а-а 4- 8) +9 (a - a' 4- 8) 
It is easy to show that the conditions (2) and (8) are equivalent, which 
establishes the required result. 
We therefore see that the sides of the two triangles 8, and S, must 
all touch the same conic X, and that the И is poristic. 
We next proceed to show that the conic X is apolar to the cubic 


U = Ay ОА, U,. 


Since the degenerate class-conics P5, E; and Р, Rz are euch apolar to 
the polar-conie of ©, with respect to U, therefore the conie X which be- 
longs to the pencil (Pa Rẹ) +u (Pg, Е) = 0 must also be apolar to the 
polar conic of Ој. Similarly 2 is apolar to the polar-conics of P, and Ёз, 
and must therefore be apolar to the cubic U. We therefore have the 
following result :— 


If S be a cubic through the nine points of intersection | РОВ | of the 
sides of the triangles ABC and DEF, ard if U be a member of its 
Hessian-pencil such that the triads defined by the terms in the expansion 
of the determinantal form | PQR | are each apolar to U, the sides of the 
tqiangles ABC and DEF must all touch the same сопіс У, and € will be 
a conic apolar to the cubic U. The property is poristic inasmuch as if 
one cubic S of the pencil exist so that all the six triads of |PQR| are 
apolar to a member U of its Hessian-pencil, then all the members S 


SER. 2. voL. 20. мо. 1384. I 
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possess the property that each has a corresponding cubic U belonging to 
its Hessian-pencil to which all the triads of |PQR| are apolar. In 
general, if two triangles АВС and DEF be given arbitrarily no cubic S 
of the pencil defined by their points of intersection possesses this property. 
The necessary and sufficient condition for the porism to exist is that the 
sides of the two given triangles shall all touch the same conic. 


4. Theorem on Two Chords of a Cubic Curve. 


It is an elementary property of the cubic curve that if the points of 
intersection of two lines x and y with the curve be joined in pairs so as 
to cut the curve again in three points, these three points lie on & straight 
line, and that if this be done in every possible way, six straight lines in 
all are obtained. We proceed to find the condition that these six lines 
shall touch a conic. 

Let the lines x and y cut the cubic S in the points L, M, N and L’, 
M", № respectively. Let the third point of intersection of the chord LL’ 
be denoted by (LL')anud so on. We thus obtain the following deter- 
minantal configuration of points :— 


(21), (ММ), (МА), 
(MN), | (NL), (LM), 
(NM), (LN’), (МТ). 


The rows represent one set of three lines and the columns the other set 
of three lines, 

Since the above six lines touch a conic, the six triads of the deter- 
minantal system of points are each apolar to the same member U of the 
Hessian-pencil. Hence the three points (LZ’), (NU’), (ML!) constitute а 
triad apolar to U. But if these three points be projected through Г’ on 
to the. cubic S again, the three points L, M, N also constitute a collinear 
triad apolar to U by $2. Similarly, the three points L', M', N' form a 
collinear triad apolar to U. Hence the two lines z and y on which these 
triads lie must each touch the same member of the Pippian-Quippian 
pencil of elass-eubies. We therefore have the following result. 


If x and y be two lines cutting the cubic curve S in points which, 
joined two and two, cut the curve S again in nine points lying three by 
threc on six lines that touch a conic, the necessary and sufficient condition 
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is that x and y shall each touch the same member of the Pippian- 
Quippian pencil of class-cubics. 


This is a direct extension of the results obtained in my paper on 
*" Determinantal Systems of Co-Apolar Triads on a Cubic Curve” (Proc. 
London Math. Soc., Ser. 2, Vol. 18). 

We proceed to investigate further properties of the conic 2. 


5. The Intersections of S and X. 


Let l, l, 1, and ә, т,, тз be the sides of two triangles touching the 
conic È and having their nine points of intersection on the cubic S, and 
let U be that cubic through the points of inflexion of S to which X is 
apolar. Then it is known that the above configuration is poristic. In 
fact, if we take any arbitrary tangent li of the conic У, and from the 
points of intersection of 4 with S draw the tangents mu, mi, m3 to È, the 
remaining six points of intersection of mi, m}, ту with S will lie on two 
other tangents l, l3 of the conic Z. We thus see that S and X are so 
related that an infinite number of corresponding pairs of triangles can be 
found touching > and having the nine points of intersection of their sides 
lying on the cubic S. The property is a porism inasmuch as if one pair 
of such triangles can be found, an infinite number exist. The six triads 
of any of the determinantal systems of points thus defined possess the 
property of being apolar to a fired member U of the Hessian-pencil of S, 
namely, that member U to which È is apolar. 

Consider now the tangent to 2 at one of the points of intersection of 
the conie with S. If we express S in the form 


Li lglg km, mmg = 0, 


(Q, R,) 
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it is easy to see that the tangents drawn from the remaining two poiuts of 
intersection of this line with S touch X at two further points of intersec- 
tion of S with X. We thus see that S cuts E in two triads of points, each 
possessing the property that the tangents to 2 at the points of each 
triad of intersection form two triangles whose vertices lie on the given 
cubic S. 

Let, for example, P, be one of the points of intersection of S and 2, 
in which case the two tangents from P, to X become coincident. Let us 
suppose that Q, coincides with Р, and R, with P} it being known that 
P,P P; and P,Q, В, are the two tangents from P, to 2. Then the tan- 
gent from Р, to È, other than P, PaP} is PQR, and the tangent from 
Q, to È other than Р, 0,210, is 0,009. Hence we see that the tangent 
from the point of coincidence of P, and О, to X touches at Q, and meets 
the cubic again at Rọ Similarly with R,, Р. The cubic curve therefore 
passes through the vertices of the above triangle (©з, R3), (Ris Рз), (Pg, Ov 
and also through the three points where the sides are touched by 2. But 
it is known from the theory of conics that the straight lines joining the 
vertices of a triangle to the points of contact of the opposite sides with 
an inscribed conic are concurrent. Also it is known from the theory of 
cubic curves that if a cubic circumscribe a triangle and cut the opposite 
sides in three points which, joined respectively to the opposite vertices, are 
concurrent, then the tangents at the vertices of the triangle to the cubic 
are concurrent. Hence the tangents to S at the points (Qs, Ку, (Rip Ps), 
(Ра, Qj) are concurrent. We therefore have the following results :— 


If any of the three tangents from an arbitrary point O to a cubic 
curve S be taken, and their three points of contact (Qs, R, (В, Ps), 
(Pa, Qj) Joined so as to cut the curve again in the three points Pi, Qs, Б, 
the triangles (QR), (R,P3), (P4Q), and (Р, ДК) are each apolar 
to the same member U of the syzygetic pencil of cubics through the 
flexes of S. Also, if X, У, Z be the tangential points of (Оз, Ro), 
(Ву, Рз), (Pa QD with respect to S, the lines XP,, YQ, ZR are the 
polar-lines of (Qs, Ry), (Ry, P9, (Po, Q) respectively with respect to U. 
The conic È which touches the sides of the triangle (Оз, R), (Ку, Ру, 
(Pa О) at Py, Q} Ra 25 also apolar to U and cuts S in three further 
points PiQ: R}, which form another triad apolar to U and possess the 
property that the tangents at Pi Qs R$ to E form a triangle inscribed in S, 
the tangents at whose vertices are concurrent. · 


Also, let any three tangents from an arbitrary point O to S be taken, 
and their three points of contact joined so as to cut the curve again їп 
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the three points Ру, Qa, Ry. Let the conic E be drawn touching at these 
points the sides of the triangle whose vertices are the points of contact. 
У possesses the property that corresponding pairs of triangles can be 
found circumscribed to X, and such that their nine points of intersec- 
tion lie on the cubic S. These nine points form a determinantal system 


whose six triads are each apolar to that cubic U, of the Hessian-pencil of 
S, to which У, is apolar. 


The main result of the above enunciation can easily be verified as 
follows. Let > be taken in the form 2 = й, y = 1, = 2t, and let us 
consider the triangle formed by the tangents to У at the points whose 
parameters are given by ¢?+1=0. The general equation to any cubic S 
through the vertices of the triangle formed by the tangents, and also 
through their points of contact with È, is 


S = 2ar°+20y + (a+b) 2 —6px?*y + 84132 + 8py*z — бау“х + Врг 2 
4-3923y — 8 (a+b) zyz = 0. 
The point [09, 1, (0+ 9ф)] will lie on this cubic S if 
(P+1)(ag?+8q¢'+ Зрф- 0) + (9? -- 1)(a 4- 890* +3p9+b) = 0, 


showing that a singly-infinite system of corresponding pairs of triangles 
circumscribing 2 can be found whose nine points of intersection lie on 
the cubic S. 

It will thus be seen that 2 is a direct generalisation of the degenerate 
conic formed by H, K, where H and K are corresponding points on the 
Hessian. The conic-locus which is the reciprocal of the conic envelope 
H, K is the line HK taken twice over. In this case we start from a 
point О on the Hessian, the points of contact (Qs, R), (Ay, Ps), (Pe, Qı) of 
three of the tangents from which are collinear and lie on the line HK. 
It is plain from Fig. 8 and the nature of the construction that in this case 
P, coincides with (Оз, Ку, Q with (R,, P), and R4 with (Py, Q). Also 
in this case the three further points of intersection Р! 0, №; of Ње conic- 
locus X = (НК) and the cubic S become coincident with P,, Qa Rs re- 
spectively. 


6. The Common Tangénts of S and 2. 


Suppose next that in Fig. 1 the line P,Q,H, is one of the common 
tangents of S and 2; let P, coincide with Q, in the limit and hence be 
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the point of contact of the line P,Q,R, with S. Then plainly the two 
lines P, P, P4 and О, Q» О» coincide, aud the lines P,Q, Ris Pa Qo Ro, Pg Qg Rs 
become the tangents to S at the points (P,, QD, (Pz, Qa), (Pg, Q4) respec- 
tively. Also FR, А, Ба becomes the “ satellite" of the line (Pi, Q1), (Pa, Qo), 
(Рә, Qs) according to the usual definition. The bipolar line of P,, Qa with 
respect to U passes through R;, and hence in this particular case, when 
the line P,Q,, i.e. P, P, cuts S in the third point P}, is the line P} Rg, т.е. 
the tangent at Р; to S. Hence the collinear triad of points P, P,P; must 
be regarded as being apolar to U, and the line Р, P,P; must touch the 
corresponding member № of the Pippian-Quippian pencil. The following 
result is now evident : — 


If any line l be taken cutting the cubic S in the three points P, P,P} 
and if l be its “ satellite-line," then the сопіс È which touches the five 
lines l, l' and the three tangents to S at P, PaP} possesses the property of 
being apolar to a certain member U of the syzygetic pencil of cubics 
through the flexes of S. The bipolar lines of P3P3, Р.Р}, P,P, with re- 
spect to U are respectively the tangents to S at P,P, Ps. Also, corre- 
sponding pairs of triangles can be found circumscribed to X, such that 
their nine points |PQR| of intersection lie on S, and possessing the pro- 
perty that the six triads of points corresponding to the erpansion of the 
determinantal form | PQR | are each apolar to U. 


Furthermore, when the two lines Р, Р, Ра, and Q,Q,Q4 become co- 
incident, their points of contact with the conic = become coincident, and 
hence the line must be regarded as touching 2 at one of the points of the 
Jacobian-tetrad of the involution of triads defined by the points of contact 
of the triangles circumscribed to È and having their nine points of inter- 
section lying on 8. Now the cubic S and the conic 2 have twelve tan- 
gents in common, and it is plain from the above that these common 
tangents have their points of contact with S lying three by three on four 
lines which touch the conic = at the Jacobian-points of the given involu- 
tion of circumscribing triangles. Furthermore, these four Jacobian- 
tangents each cut S in collinear triads of points apolar to U, and hence 
the four Jacobian-tangents each touch the same member З of the 
Pippian-Quippian pencil. 

It will be once again evident that 2 is a direct generalisation of the 
conic formed by H, K, two corfesponding points on the Hessian. For 
the common tangents to the conic H, K and the cubic S are the six tan-. 
gents drawn from Н and A to S, whose points of contact he three by 
three on four lines passing through A and H respectively, and all these 
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four lines are known to touch the same member of the syzygetic pencil of 
class-eubies, viz. the Cayleyan (Pippian). 

If we combine the results obtaiued in the present artiele with those 
of $ 5, we obtain the following properties :— 


If a triangle be inscribed to S such that the tangents to S at its ver- 
tices are concurrent, and if the conic X be described touching the sides of 
this triangle at their third points of intersection with S, the points of 
contact with S of the twelve common tangents of S and X lie three by 
three on four lines, each touching X and the same member ¥ of the 
Pippian-Quippian pencil. 


7. Conditions for the Porism. 


We have already obtained in several forms the necessary and sufficient 
conditions that the conie Ў must satisfy in order that corresponding pairs 
of triangles can be found, circumscribed to Ў and having the nine points 
of intersection of their sides lying on the cubic S. The following are tlie 
two most important forms which these conditions assume :— 


(I) A triangle is taken with its vertices on the cubic S, and such that 
the tangents to S at the vertices are concurrent. X touches the sides of 
this triangle at the points where they cut the cubic again. 


(П) lis any line and /' is its satellite with respect to the cubic S. È 
touches 1, /' and the tangents to S at its points of intersection with Z. 


We proceed now to express these conditions in terms of apolarity. 

If È satisfies the conditions (II), we have seen that X is apolar to that 
member U of the Hessian-pencil to which the three points of intersection 
of l and S constitute a collinear apolar triad. Conversely : 


The necessary and sufficient conditions that a сопіс X must satisfy in 
order that corresponding pairs of triangles can be found circumscribing > 
and having their nine points of intersection on a cubic S are: (1) that X 
shall be apolar to a member U of the Hessian-pencil of S ; (2) that 2 shall 


touch a line Land tts satellite Г, where l cuts S in а collinear triad of 
points apolar to U. 


We wish to show that these conditions are independent and therefore 
uniquely define a conic Z. Consider the pencil of class-conics apolar to 
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U and touching 2. Let Fig. 4 represent the four lines touched by all the 
members of the pencil. Then X, X'; Y, Y'; Z, Z' are the three de- 


X 


generate members of the pencil, and hence the points X, X', Y, У, Z, Z' 
lie on the Hessian of U. Now the satellite /' of l is not identical with 
any of the four lines of Fig. 4; for, if possible, let it be identical with 
Y'Z' and hence pass through X. But we have seen that X lies on the 
Hessian of 0, which is a curve of the form S+pH = 0, H being the 
Hessian of S. Hence, on the above supposition, 2 must intersect its 
satellite 2’ in a point lying оп the curve S+pH. But Cayley has proved 
in “А Memoir on Curves of the Third Order ” (Philosophical Transactions 
of the Royal Society of London, Vol. 147 (1857), pp. 415-446) that if a 
line / intersects its satellite-line /' on the curve S+ pH, l must envelop 
the curve F+pP? = 0, where F is the tangential equation to S and Р ів 
the tangential equation to the Cayleyan (Pippian) But l satisfies no 
condition except that of intersecting S in a collinear triad of points apolar 
to U, and hence touching a definite member № of the Pippian-Quippian 
pencil. /'is therefore not identical in general with any one of the four 
lines of Fig. 4, and hence a unique conic È can be found apolar to U and 
touching the lines 7 and /'. Consider next the conic Y' touching l, /' 
and the tangents to S at its points of intersection with 4. It has already 
been proved that 2’ is apolar to U as well as touching l and /'. Hence 
the conics È and 2’ are identical. But by (II) of this article, 2’ possesses 
the property that pairs of triangles ean be circumscribed to 2’ whose points 
of intersection lie on S. Hence È being identical with >’ satisfies the 
necessary and sufficient conditions for the porism. 

The following is an immediate corollary to (II) above, and is an ex- 
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tension of a particular case established by Dr. W. L. Marr in connection 
with the nodal cubic (Proc. Edin. Math. Soc., Vol. 97, Session 1918-19, 
p. 72) : 


All the members of the pencil of class-conics touching the line joining 
three collinear points of inflexion on a cubic curve, and the tangents at 
these points of inflexion, possess the property that corresponding pairs of 
triangles can be found circumscribing the conic and having their nine 
points of intersection lying on the cubic, since in this case the line and its 
satellite are coincident. 


Many particular theorems as to the nature of the intersections of a 
eubic and a conic touching a line of flexes, and the corresponding in- 
flexional tangents, follow at once from the general properties investigated 
in this paper. 


8. Critical Centres of the Pencil AS, +A, S, = 0. 


Salmon in his Higher Plane Curves has discussed the “ critical 
centres" (i.e. the nodal points) of the pencil of cubics through the nine 
points of intersection of the sides of two triangles, and Cayley has studied 
exhaustively the case when two of the sides of one triangle become coin- 
cident in a paper in Vol. 11 (1864) of the Transactions of the Cambridge 
Philosophical Society. The foregoing theory leads naturally to the case 
when the sides of the two triangles touch the same conic X. Let the 
Jacobian-tetrad of the involution of triads defined by the points of contact 
of the sides of the triangles S; and 5, with 2 be denoted by Jj, Ja, Jgs dy 
and let 7), Ja; ја Ja ре the respective tangents to 2 at these points. Let 
Jj, denote the point of intersection of 7, and ју, and so on. Consider the 
cubic S = А, S,+A,S_ which pass through the point Ју. Then, by $6, 
the line 7, meets S in three points, the tangents from which to È intersect 
S in two coincident points at each of the intersections of 7, with S. Hence 
ја meets S in two coincident points at Ју. Similarly, j} meets S in two 
coincident points at Jy. Hence Jj, is a node of the curve S. We there- 
fore have the following result :— 


If two triangles are circumscribed to a conic, the nodal cubics through 
the nine points of intersection of the sides of these triangles have their 
nodes at the meeting-points of the tangents to the conic at the Jacobian- 
tetrad of points relative to the involution of triads defined by the two 
triads of points at which the sides of the two triangles touch the conic. 
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In other words, if two triangles are circumscribed to the same сопіс, their 
“critical centres" lie three by three on four lines that touch the conic. 


Note I.—The nodal tangents at Ју harmonically separate ју and ја. 


Хот II.—Let У, X' be respectively the conics inscribed, circumscribed 
to the above two triangles, and let Ey be the conic to which they are each 
self-conjugate. Let the lines Jy, ја, Jas ја reciprocate with respect to Z 
into Ji, 25, Ја, J4 respectively. Then the common polar-lines, with respect 
to the given triangles, of the “critical centres” Jiz, Jas, Jig, Ја Ју» Jos 
are respectively the lines Јаја, Ју, Ј, Ја, J1J5, Л.Л, Jia. 
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AN EXAMPLE OF A THOROUGHLY DIVERGENT ORTHOGONAL 
DEVELOPMENT 


By Н. BrEINBaUS. 
Communicated by G. H. Harpy. 


[Received August 12th, 1920. —Read November 11th, 1920.) 


No instance of a thoroughly divergent orthogonal development has yet 
been given. A simple example will be constructed in this note. In other 
words, an orthogonal, normalised and complete sequence of functions 
{¢.()}, integrable (L), together with their squares, in (а, b), will be 
defined, and a suitable integrable function f(x) found, whose Fourier-like 
development 


со ђ 
а) > ца) | дода 


is divergent for every value of x in (a, 6). 


I. The sequence |$,(x). Put for the sake of simplicity a = 0, 
b=1. Let 
i Vile) =1 (0<2<1. 
To define (ж) we choose, among all curves passing through the points 
(0, 2) and (3, 2) of the (x, y) plane, situated above the line y = 4, and 


symmetrical about the line z = 4, a curve y = y,(x) fulfilling the con- 
dition 


4 
(2) | yitdt = à. 


This choice is possible ; in fact, when tho curve y = v/4(x) approaches the 
rectilinear form shown in the figure, the limit of the integral (2) is 


$ 
|, (а = 3; 
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while when it approaches the straight line y = 2 the limit in question is 


A 
| di = 2; 
0 


I 
! 
| 
і SEO Sea ORES ИЛЕГЕН 
i 
| 


ml- 


y = pa (2) 


so there must be an intermediate shape for which we have exactly the 
equation (2). 
Let us define у, (2) for + < x <1 by 


(3) Wala) = — Yalt — à) (О < а $). 
The equations 


1 1 1 
a |убш=а, | vioat=1, (оуд о 


are immediate consequences of (1), (2), (3) and the symmetry of (x) 
about the line z = +. It can be also immediately seen that the maximum 
values of | V4, (2) |, | (2) | in (0, 1) are respectively 1 and 2, the minimum 
values of both functions being 3. 
We can repeat the same constructions in the case of Y,(x). We divide 

(0, 1) into 2"^! equal parts; and draw a curve y = Y,(x) above the line 
y = 3, passing through the points (0, n), (27-2, n), giving the value 
2-0-V to the integral — 

MEZ TA 

0 
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and symmetrical about the line z = 27". We define y(x) in the in- 
tervals (2-@-), 2.2-@-Y, (2.2-@-), 8.2-@-), ,.. by 


emerge) (ere) 


1 2 8 
Ми = — Уа (= ==) (= <= a) 
and so forth. 
The functions thus defined have the following properties 


(5) | ба = 1, 
0 
1 
(6) | Wil) adt — 0 GE, 
0 
(7) Max |Ул(2)| = n, 
0<х<1 
(8) Min |v,(z)| = à. 
0<х1<1 


As to (7), we have to emphasize that the essential maximum value of 
| Yn (x) | is n, i.e. that, for every e > 0, | (2) | > п—е in a set of points 
z of positive measure. Thus (7) involves, by a well known theorem of 
Lebesgue,* the existence of an integrable function f(z) with the property 


1 
(9) lim sup | FO Ya) dt = + ©. 


The sequence |W,(x)} being normalised and orthogonal, according to (5) 
and (6), а complete (or closed) sequence |$4(xr)) can be found including all 
functions (2). 

It obviously follows from (9) that 


(10) lim sup f(t) &;(0dt = + с, 


and, as we have $i, (2) = Walz), 


* H. Lebesgue, Annales de Toulouse, Ser. З, Vol. 1 (1909), pp. 25-117: quoted (with. 
out proof) by Mr. Burton Camp in *' Lebesgue Integrals containing a Parameter, with Appli- 
cations," Transactions of the American Mathematical Society, Vol. 15, pp. 87-106. The 
theorem applied here is slightly different, and was proved by Mr. S. Banach [cf. 
Н. Steinhaus, '' Additive und stetige Funktionaloperationen," Mathematische Zeitschrift, 
Bd. 5, Heft 3/4 (1919), p. 219, Hilfssatz 4]. 
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for suitable indices 41, ij, ..., ns ..., we shall have, by (8), 

(11) I9, (1 > 4 

for all » and all z in (0, 1). But (10) and (11) imply 

(12) lim sup ф:(2) [rte gi(t)dt = + o 


for every z in (0, 1), which shows immediately the divergence of (1) 
throughout the interval (0, 1). The argument can be applied to give an 
effective construction of the function f(é). 
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I. Introduction. 


1. The asymptotic expansions of the solutions of linear differential 
equations for large values of a parameter have been discussed by various 
writers.* The general theory of such asymptotic forms has been 
practically completed by Schlesinger and Birkhoff (loc. cit.) for real 
values of the independent variable and complex values of the parameter, 
when the equation or system of equations is homogeneous. Except, how- 
ever, for one very special caset the solutions of non-homogeneous linear 
differential equations have not been considered. In general therefore tbe 
behaviour of the complementary function is known, but the particular 
integral has not been studied. 

In some recent investigations on the motion of a spinning projectile, 
we have had occasion to make use of this asymptotic theory in forming 
approximate solutions of the system of differential equations which governs 
the motion. It was necessary to extend the theory to cover the case of 
the particular integral which in such an investigation is of not less im- 
portance than the complementary function. 

Our primary object in this paper is therefore to complete this theory 
by extending it to include asymptotic expansions of particular integrals in 
the general case. This is done in Part III, and could be effected by re- 
сата пр as known Schlesinger’s or Birkhoffs results for the complementary 
function. It appears. however, that the whole problem of determining 


* (1) J. Horn, Math. Ann., Vol. 52 (1899), p. 271; (2) J. Horn, Math. Ann., Vol. 52 
(1899), p. 340; (3) L. Schlesinger, Math. Ann., Vol. 63 (1907), p. 277 ; (4) G. D. Birkhoff, 
Trans. Amer. Math. Soc., Vol. 9 (1908), p. 219. 

t J. Horn, loc. cit. (2), p. 352. 

+ “The aerodynamics of a spinning shell," Phil. Trans., A, Vol. 221 (1920), p. 295. 
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asymptotic forms for any solutions of linear equations really falls into 
two distinct parts. The first part is the determination of the dominant 
terms only in any one convenient fundamental set of solutions forming the 
complementary function. The second part is the use of this set of func- 
tions to establish the asymptotic expansions of any proposed solution of 
the system of equations, whether homogeneous or not. The methods of 
Schlesinger and Birkhoff do not seem to preserve this important distinc- 
tion. Since we cin also make slight extensions of these results, including 
the removal of the restriction to real values of the independent variable, 
we have ventured to include a discussion of the first part of the problem, 
before proceeding to obtain particular integrals. This forms Part II of 
the paper. 


2. We note in passing two further points. One is the connection be- 
tween the equations discussed here and equations with nearly constant 
coefficients. It is not difficult to see that, by suitable choice of the para- 
meter, equations of the latter type can be put in a form to which the re- 
sults of this paper are applicable. The asymptotic expansions, or at any 
rate their leading terms, may then form valuable approximate solutions of 
the equations with nearly constant coefficients. This has proved to be 
the case with the equations of motion of a spinning shell mentioned 
above. 

The value of these expressions as approximate solutions will depend of 
course on the accuracy of the upper limit which can be assigned to the 
error term. This introduces our second point. The proper determina- 
tion of the error term appears to be difficult," but the need for its deter- 
mination should be borne in mind at each step so that no unnecessary 
loss of accuracy oecurs. For this reason it appears to be best to make 
explicit use of the adjoint system of equations. 


8. A summary of known results.—Schlesinger (loc. cit.) has considered 
the system of differential equations 


т. 


(1) у= Tay (= 1, 9, ..., 0), 
1 


A= 


where the coefficients ам are functions of x and и expressible in series in 


* See, for example, E. Cotton, (1) Acta Math., Vol. 31 (1908), p.107; (2) Comptes Rendus, 
Vol. 146 (1908), p. 274; Vol. 150 (1910), p. 511. 
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the form 


(2) | Dep (+ м +®у +). 


These series (2) are convergent when |u| > R anda < 2 «b. The 
coefficients „а are functions of 2 only and possess continuous differential 
coefficients of all orders when z is in (a, b). He shows that the asymptotic 
form of the solutions is controlled by the determinantal equation 


0013 0029 — olg ... 002 
| 
ofin МЕТ 023н ... o n — © | 


This equation of the n-th degree in æ has n roots which аге in general 
continuous functions of z, and essentially distinct when z is in (а, 0). 

In such & case he shows that the equations (1) can be linearly trans- 
formed into the system 


(4) 21 == поје + Em CS 1, да), 
As. 


where the coefficients by; are functions of z and и of the form (2), except 


that 
ai = 0 (À, 2 = 1, 2, 6.09 п), 


so that рм = O(), 


ав | u | =» а ; the coefficients о; are the x distinct* functions of z which 
are the roots of equation (8). He shows, moreover, that » distinct solu- 
tions of the equations (4), and so of the equations (1), forming & funda- 
mental set, can be expressed in the asymptotic form y,;, where 


(5) Yri =e het (omp E Fe мој 


* Те. it is never true that w; = wj (i Æ Ј). 

t Owing to the large number of suffixes required, it is desirable to use a consistent nota- 
tion. In any such expression the first suffix (usually r or s) specifies the particular solution 
out of the set of n, and the second (3 or j) specifies the particular function of the n functions 
that form one solution. Thus у,; is always one of the values of 2,. 
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provided | и | > © in such a way that am (и) is constant, and* 


(6) R (uo) > R ww) > ... > B (ив). 
The coefficients q«,; are functions of z alone which are easily determined 
according to given rules. - 

Birkhoff (loc. cit.) works with the differential equation 


d'z d'-!z В 
(7) di Huan- 2-91 Teeda"agz = 0, 


where the a’s are functions of z and џи of the form (2) but bounded as 
[м | > о. Не obtains solutions of the form (5), and establishes their 
asymptotic character under wider conditions than Schlesinger. He works, 
in fact, with a region S of the u-plane, which is specified as the most 
general region of the plane such that the furctions w; are distinct, the 
expansions (2) converge, and the following relations are satisfied, namely 


(8) R (uw) > R (uw) > ...  Е (дол) 


for all values of 2 in (a, b) and all values of и in S.t Equations (1) or (4) 
are however somewhat more general than (7). 


4. Results of the present paper.—It is necessary for applications to 
work with the wider conditions (8), for only these include the case in 
which ох is а pure imaginary and и is real, which case is of the greatest 
practical importance. It is also more convenient in practice to discuss 
the equations in Schlesinger’s form. We shall consider only the general 
case in which the functions w; are distinct, and shall therefore suppose 
that the system has already heen reduced to the form (4), or rather to the 
form 


(9) z; = uwii + > buzat fie? (= 1, 2,..., n), 
A-1 

where 

(10) fim fit B be 


The series for f; are convergent when и is in S and x in (a, D). The co- 
efficients pfi Q and ,b;; are functions of x only, possessing differential 


——— 


* Б (x) denotes the real part of x; am (x) the amplitude of 2. 
{ It may be necessary to assume that a limited number of other inequalities of the form 
| u| > Ri are satisfied in S. 
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coefficients of all orders in (a, b). Though we suppose in general that the 
independent variable z is real, we impose no further conditions of reality 
on any functions or coefficients. 

In order to solve the first part of the problem in the most satisfactory 
way it is convenient (when necessary) to push the reduction one stage 
further and present the system of equations in the form 


(11) vi == (uwi + bi) vi+ 2. У смо) (i= 1, 2, ..., n), 


where the bi are functions of z only, and 
| См = ОД) (A, è= 1, 2, ..., n), 


when |u|->œ in S and x is in (a, b). It is an easy extension of 
Schlesinger’s work to show that the necessary linear transformation of 
the equations (1) can be carried out to put them into the form (11), pro- 
vided that w; Æ о; (i= ]), in (a, 6) and |u| 2 R,. The transformation 
can be carried still further if desired. It is important to observe, how- 
ever, that this transformation is only required in the first part of the 
problem, for the construction of a special set of solutions. 

The asymptotic expansions of solutions in general can be formed with 
or without previous transformation as may be desired. 

In Part II, therefore, we construct a particular set of solutions of the 
equations (11), and the corresponding set of solutions of the equations 
adjoint to (11), namely* 


(12) pesci ires + Sear (= 1,2 ..., м). 
А=1 


We call all these solutions the standard approximating set. We conclude 
this part by showing how this standard set may be used to establish the 
asymptotic character of any set of solutions of equations (1), (4) or (9), 
whether obtained by Schlesinger’s, Birkhoff's, or any other method of 
formation, and point out slight extensions of their results. 

In Part III we obtain partieular integrals of the equations (9) in the 
cases in which О’ Æ о; for any value of г or any x in (a, 0), and Q’ = о; 
respectively. These cases correspond to the cases of forced oscillations of 
a vibrating system without and with resonance respectively. 


* See, e.g. Goursat, Cours d'.1nalyse, Vol. 2, p. 481, 


that a complete set of solutions of the equations (11) has been determined 


in some manner, and consists of the »? functions 
giis 
the meaning of the suffixes is defined in a footnote to § 3. We construct 


the determinant 
А ='|д1 да jm + 9м |; 


gia 9 Jg ee Jne | 


Jin Jon зп eee Qna 
then we know that . 


(18) А = A (ај exp ||| È (no+ ba + 2) ax | 


where Д(а) is independent of x. Let AG,; be the co-factor of gu in A. 
Then a particular integral of the equations 


(14) v; = (по + bi) vit " > смо ЊЕ; (i= 1, 2,..., n), 
A=1 


may be expressed in the form 


(15) V; = E IZ | BGyde-+gu | EjGsdz.. gu | HjGude | 


Tri | EG. dz. 


n 
or . Vi = > 
j= 


Any number of the integrals | may be replaced when required by the. 


a 


corresponding integrals | . The s? functions Ста form a set of solutions 
b 


of the adjoint system of equations (12) whose initial values are determined 
by those of the functions g,,;. 

If now we can determine suitable sets of functions g, and Сы, with | 
the proper dominant terms, we shall be able to use the solution (15) to 
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II. The standard approximating set of solutions. 
5. Particular integrals and the adjoint equations.—We may suppose 


establish the asymptotie character of any solution of the equations (4) 
and (9). We proceed to show in the following sections that we can 


1920.] APPROXIMATE SOLUTIONS OF LINEAR DIFFERENTIAL EQUATIONS, 188 


specify a standard set of solutions да and G,; such that 


(16) да = LL e 
(17) ба = АЕ Га 
(18) | у | << та, 
(19) [Tal < Ма 


where та and Ма are continuous functions of z independent of и; a 
definite upper limit can thus be assigned to та and M,; when и is in S 
and z in (a, b). These functions then will serve as the standard approxi- 
mating set, and their construction constitutes the first part of the problem 
as distinguished in § 1. 


6. The standard set: of solutions g,;—The functions yi; form one 
solution of the equations | 


а = 14+ = = cu 
KM л=1 
(20) E 
Çi = [и (e; — о) + bii] GT m = Сл; Ça (5 = 2, 8, ..., 7), 


obtained from (11) by an obvious transformation. The solution of (20) 
with the initial conditions ё = 1, &= 0 (i = 2, 8, ..., n), at 2 =a, 
which may be constructed by Picard’s method,* has the properties re- 
quired and will be taken to be yı; For the equations (20) may be rewritten 
in the form 


1 


d И п 2 
350816) = AS Cal SAs 


d ai 8; n | 
di (a; B; 6) == ra ~ См OA @ = 2, 8, ..., n), 
where a; = e" к 
B __ Pas Fr, dr 
= 


* The method of successive approximation. See, e.g., Goursat, loc. cit., p. 365. 
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The solution of these equations which we require is determined as the 
- limits, ав p — ©, of the sequence of functions (С), where 


(С = 1, 
(i), = 0 (= 9, 8, ..., л); 


(21) | В(С)раа == 1+ — І z| В; (3 dà n) dz, 


а BE) +1 = = | aif (2 См Es) dz (:=2,8,...,7); 
Ш Ja A=1 


The limits required are known to exist, and to be unique. Moreover, by 
и Riu(m—e)] 20 (i= 8,8,..., п), 


and therefore |а; | is an res function of 2 Therefore 


B; (X 0) (i= 9,8, ..., 1; 


(22) Bi Gres! < Н 31i 


On referring to equation (11), we see that when и is in S and г in (а, b), 
there exist inequalities of the form 


(08) _ | Gic] < см, 


where см are continuous functions of x independent of и. We can there- 
fore form a series of dominant functions (Z;), by the sequence of equations 


(Zo = 1, 
(Z) = 0 (i= 9, 8, ..., т); 


\& а = IT L | (2 ci) de, 


Bil Zion = prf (È cic Za) de 6723; 


From the form of these equations, these sequences converge to limit 
functions which are less than functions mı; depending on x, but indepen- 
dent of u, when и is in S; from the inequalities (22), (23) it follows that 


| уц| << Mu, 
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as we require. For the purpose of the actual determination of reasonable 
values of mu, it is important to notice* that the limit functions to which 
(24); converge ав p — © are precisely the solution of the equations 


d 1з, an. 
(24) ds (18,220 = Ip 2 см2, (2 = 1, 2, ..., n), 


with the initial conditions Z, = 1, 4 = 0 ( = 2, 9, ..., n), ab z — a. 
We cannot in general obtain the second and succeeding integrals in 
just this manner, for in general B {u(w,—w,)! <0, and the arguments 
fail. But the difficulty is turned by replacing the range of integration 
(a, x) by (b, x), where it becomes necessary.t Consider the s-th solution 


e |, care for which the functions y, form a solution of the equations 


d _ 8, $ 
i; (8,6) = u > Cas Су» 


d П ы , 
77. (а: 8:6) = S Хх Crud, (GÆS), 


= А * (w,— ) d 
where В; has the same meaning as before, and a; now denotes’ e” Ja ome) : 


- We ean attempt to construct a solution of the required form, with the 
terminal conditions 


Уз: (6) = 0 (< S), 
(25) ys (а) = 1, 
Ysi (a) = 0 (2 > 5), 
by Picard’s sequence of operations 
(É) = 1, 
(Jo =O (6755); 
b n 
а‹(СӘһ+1 E " |, aii (2 KON dz (i< 5), 
qual 5 
б у = 14 |, B. ( X cut) da, 
a.i ep = " |, a; Bi (2 Фф) ах ((2958); 


* See Cotton, loc. cit. (1). 
This is essentially Birkhoff's device, loc. cit. 
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Now |a;| or exp | Е («| (v, — wi) dz) | is an increasing function of r as 


before when 2 > s, and а decreasing function of z when i< s. These 
constructional equations therefore provide the inequalities 


: 1 od e | 
| Bi(É)p4a | x Tel | (2 См | ($), |) ах (t<s), 


1 x n М | 
|8 (6), 4 1 | < EE | ( > См | Él) dx (; > 5). 
| pe | А=1 


a 


The ordinary arguments must be slightly modified to establish the 
existence of limit functions for the sequences (¢;),.. As before we construct 
sequences of dominant functions (2), by the equations 


(Z) = 1, 
(Zo =0 @ Æ 5); 


В 1 b n : | | 
| 8; | (Zi)p+1 = Ти] | (= Cri Cas) dx (; < 5), 


Le (сат Sd 
| u | a 1 


A= 


r 


1 „ЖЗ | 
|8 (Z)p+1 = Tel | (X QUAM de (22° 5); 


It is clear that 1(),| << (Z),, and it ean be shown that limit functions 
of the sequences (Z;), exist as p — ©, provided | и | is sufficiently large.* 
We may suppose that the necessary condition is satisfied when и is in S. 


* If we write (Ui)p.1 = (Z)p.1— (Z),, and suppose су; < M, a constant, then 


AL b n * 
ГАО) | (= (0),) dr 621,2, ..., m) 
| | a V\asl 


А Mos nN(b—a)\°! 
from which, by induction, z(U),,| < (=) ; 
i=l 
whore N is the maximum value of МЛ8;|. The convergence of the sequences follows at 
once. The sequences only converge for sufficiently large values of и because two different 
upper limits a and b occur in the defining integrals instead of the usual one. This is of course 
equivalent to the fact that the analogous integral equations are of Fredholm's, not Volterra's 


type. 
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The set of limit functions forms a solution of the system of equations 


d es. l-. Ws ; 
|i 18120 — o À ds ( « 5), 
(26) d 1 = 
| аллә = PAGE (; > s), 


with the terminal conditions (25), which can be shown by the arguments 
of the next section to be the unique solution with these terminal condi- 
tions. Equation (26) provides the most satisfactory method of determining 
upper limits for the limit functions of (Z:),. 

It is easily shown that these upper limits та can be chosen so as to 
be independent of u. Finally, the existence of these limit functions of 
(Z), implies the existence of the iimit functions уш, of (@),, which are а 
solution of the required equations with the terminal eonditions (25), and 
satisfy the inequalities (18). 

The n solutions g,; of equations (11) constructed in this manner with 
the help of (17) form the required standard set. 


7. The independence and uniqueness of the functions g,.—These п 
solutions g, are independent, for their discriminant A has the value unity 
at x = 0, and therefore never vanishes. We have, in fact,* 

(27) А (а) = 1 gala) gala) ... gu(a) =l. 
O 1 gæla) .. gu(a) 
0 0 1 …  дпз(а) | 


| 


o o0 O .. 1 


It is necessary for the next argument to show that the s-th solution 
gx Which satisfies the terminal conditions (25) is unique—this fact does 
not follow at once from standard theorems. We have only to show that 
there is no solution of equation (11) other than zero, satisfying the 
terminal conditions poe T 


(а) = 0 Ss). 
Since A Æ 0, any solution can be put in the form 


Vi = A gutaAggat...FAngn (; == 1, 2, 53 ТВ): 


* Owing to the form of (17), g,, (а) = yri (а) for all values of r and i. 
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where the A’s are constants. The terminal conditions give first of all 
01 (6) = Ајд (D + А;04 (D) +... Алда (5) = 0. 


But gn(b)=0 when 7:> 1; also, since Д(6) 5 0, g,,(b) #0. Therefore 
A, =0, and similarly the other conditions (/ « s) give in order 


А, = А, =... = 4,4 = 0. 


For the remaining »—s+1 equations we start at the other end, and by 
similar arguments show that the remaining constants 


А А = 424, = 0. 


The solution д is therefore unique. 


8. The standard set of. solutions G,;—The functions С, when multi- 
plied by A, are the co-factors of g,; in the determinant A itself. The 
terminal values of these functions can now be specified. On referring to 
(27) we see that 


ii = 1, 
(a р (а) 


Gula) = 0 (r2). 

If further we substitute x = b in A, we find that, since 
9300) =0 (r2 2), 

(29) Gub) —0 (<i). 


The functions G,; therefore satisfy the adjoint differential equations (12) 
and the terminal conditions (28) and (29). They are necessarily unique. 
But the terminal conditions (28) and (29) are precisely the terminal con- 
ditions (25) of the functions gm with a and 0 interchanged when r + i, 
and the adjoint equations (12) are precisely analogous to (11) with the 
signs of all the functions w; changed. It follows that the precise method 
of solution, by which the functions gu and their dominant functions m, 
were obtained, may be applied at once to the equations (12) to obtain the 
functions G,; and their dominant functions M,; It is only necessary to 


X 


x + 
replace | ру | , or vice versa, wherever it occurs in the equations of 
a b : 


formation, except in the principal term containing 1 where | stands 
unaltered. ‘ 


9. The error term in an approximate solution or asymptotic expansion. 
—Suppose now that by any means whatever we construct an approximate 
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solution or asymptotic expansion of a solution of (in the first instance) the 
equations (11) or (14) of the form 


(80) | U—=q (= 1,92, ..., n). 


If we make the substitution v, = 4; с, the functions С; must be a solu- 
tion of equations of the form 


(80) & = поља È È обе" (i= 12,242. 


of which a particular solution is given by the formula (15), with е“ inserted 
‘In each integrand. If we select in a suitable manner the range of integra- 
tion* (а, х) or (b, x) for each term we can obtain in every case, from 
(16)-(19) inequalities of the form 


(31) FAR { 2 ты | | Ej Мада | ehem, 


The inequalities (31) give an upper limit as required for | ¢;| which repre- 
gents the error in the approximate solution. More precisely the reasoning 
shows that there is a solution of the original equations represented by the 
approximation (80) with an error for which an upper limit is assigned 
by (81). 

Now consider the problem of determining approximate solutions or 
asymptotic expansions for systems of equations in more general untrans- 
formed forms such as (1), (4), or (9); for definiteness consider the non- 
homogeneous form of (1), or 


(89) y= E axpatfie (= 1, 9, ..., т). 
A=1 


It may be convenient to start by transforming this equation to the 
form (14), and then to construct asymptotic expansions, in which case the 
preceding arguments apply unaltered. In general, however, it may be 
more convenient to construct the asymptotic expansions for the original 
or for some otherwise modified form of (82). If then we denote a definite 
number of terms of the expansions by q; as before, and a solution of (82) 


* The range of integration must be (a, x) if 
R{u(n'-»,)} > 0, 


and (x, b) in the contrary case. Ve then reapply the arguments of $6 and obtain the relation 
(31). It is necessary to assume, if N° is not one of the w., that R{u (3°—w.)} does not change 
sign when д is in S and x in (a, b). 
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by gi-- €; we shall in general find that ¢; satisfies equations of the form 
(33) C= z ап О ЊЕ, 


where Е; is a function of 2 and u satisfying the relation 
E; = 4) | pm ent | e 


In order to establish the asymptotic nature of the solutions obtained, it is 
then only necessary to suppose that these -equations are transformed 
and the preceding arguments applied. It is to be remembered that 
Schlesinger’s transformation of the equations (1) or (82) to the forms (4) 
or (9) does not involve и at all. Consequently the order of the error 
terms in и is unaltered in the transformed equations. Further, it is 
easily verified that the extra transformation step from (4) or (9) to (11) or 
(80), though depending on и, cannot increase the order of the error 
terms. 

From the point of view of theory this method is unexceptionable, and 
the standard set of solutions which we have constructed for the trans- 
formed equations enables the asymptotic nature of any such expansion to 
be established at once. From the practical point of view, there is the 
disadvantage that the transformation of the ¢-equations must still be 
actually carried out. This or some equivalent labour seems however to 
be unavoidable by any method. 

The asymptotic nature of all the expansions obtained by Horn, 
Sehlesinger, and Birkhoff, may be at once established by the arguments 
suggested, whatever the precise form of construction. 


10. Extensions.—The foregoing discussion provides as it stands & 
slight extension of previous results, but the extension of Birkhoff's resulta 
which is from equation (7) to equations (1) is really only trivial. The 
form of the foregoing discussion enables us however to extend the results 
in certain eases to complex values of the independent variable. 

We suppose, in the first place, that all the functions of z that occur in 
the equations are holomorphic within and on the boundary of a region X 
of the z-plane, and that a is & point on the boundary of X. We suppose 
further that the roots of the diseriminant (8) are all distinct within and 
on the boundary of X, so that the functions w; are holomorphic in this 


£ 


region. It follows that | ve,dr taken along any path у in X from а to 2 


is one-valued and a holomorphic function of z in X. The arguments of 
$ 5 hold unaltered. The fundamental point in the argument is the deriva- 
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tion of the inequality (22) from the equations of formation (21). All the 
integrals concerned are independent of the path y in X. We must be 
able to find one particular path у from a to «x inside X along which we 
can apply the arguments of § 6. It is essential for the argument that on y 


R ( 


2 È 
" (о—«)4 | >R n оо) ав) = 2 8, ..., n), 


where £ is any point on y between а and z. We require therefore along у 


which is equivalent to 
dr d ' 
R (uo, =) >R (uo. У (1 = 2, 8, ..., л) 


on the curve y, where ¢ is a parameter defining y which increases steadily 
as the representative point goes from a to x. If these conditions hold we 
ean construct the solution yi; with the required properties. For the con- 
struction of the remaining solutions of the set we require the point b on 
the boundary of X and corresponding inequalities along curves from 6 to 
rin X. It is not difficult to see that the complete conditions required to 
replace (8) may be stated as follows. 


For the construction of the standard approximating set of solutions of 
equations (11) in a region X of the z-plane when и ts in S, it may be 
assumed that there exist points a and b on the boundary of X such that 
through any point x of X a curve y can be drawn from a to b inside X, 
and that at every point of у 


(34) R (ие, =) >R C =) >... >Е (nwn =), 


where t is a parameter defining y. 

It is of course assumed in addition that the coeficients are all holo- 
morphic and the wsall distinct in X, and that the series for the coefficients 
all converge when x is in X and и in 8. 

Under these conditions the argument proceeds unaltered to the end 
of $ 8; to obtain the inequalities (81) for a solution of the equations (80)', 
we have only to suppose further that is holomorphic in X, and that 


R (uv =) must fit into some permanent position in the scheme (84) for 


all values of x in X and и in S, that is to say, for all the curves у we 
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must have | 
э Bou ft) зво) > Bfearn ti) 


for one and the same value of r. Under conditions (84) and (85) the 
whole argument extends to complex values of z. We may state these 
results in the following 


THEOREM [— 77 the conditions (84) and (85) are satisfied when x is in 
X and y in S, the asymptotic expansions of the solutions of equations (1) 
or (9), as established for real x can be established for all values of x in X. 


III. The asymptotic forms of particular integrals of the equations (9). 


11. Forced oscillations without resonance.—We propose to determine 
a particular integral of the system of equations 


E = uen 2 bu atfe, 
(36) | 


21 == uwizi + 2 bi zy (è = 2, 8, ++) n), 
A=1 


confining ourselves to real values of z; the function f has the form 
specified in (10), and may be put in the form 


(87) = +++, 


where |Е| СЕ, . 


and E із a function of x independent of u when и is in S and 2 in (а, b). 
The function 2 also depends only on z. Since integrals of the equations 
are additive, we may, for simplicity of exposition, consider only the case in 
which the “ disturbing function " f; is zero in all the equations except one, 
which may with loss of generality be taken as above to be the first equa- 
tion. We attempt to find a particular integral of the form 


(88) 2 e? (gut ada) (2 = 1; 2;-:.:,h); 


where the coefficients are functions of x independent of и. If we substi- 
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tute formally for 2; from equations (88) in equations (86), we obtain 


wi GPS Fu o — o) (e 1 I s) 


5 (; ыч HUS DA +...) (Guat ua uS +...) 


n" +4 ME (i = 1,8, ..., n), 


the terms [ ] occurring only when % = 1. If we equate powers of u in 
each equation, we obtain in succession if ()'—«, never vanishes for any t 
or any 2 in (a, b), 


r оп = 0 (1 = 1, 2, ..., п); 
(Q' — wy) t4 = fo А 
ii = 0 (; = 2, 8, nay п); 
(0'— о) зщ = — i+ by, (tn) + 


(89) (92! — о) зи; = Ori (10) (2 = 2, 8, ...,n); 


meie Pie IS 


(Q' — оу) зщ = gt + roa Oar t) + 261, (14) + fa, 


| n 
| (Q — wj) sui == Zaut 2 bailata) tabil) (022,8, ..., п); 
| = 
Le 


and so on. The law of formation of the successive coefficients by this 
method is sufficiently obvious; it is clear that each coefficient is con- 
tinuous and determined uniquely in terms of the preceding ones: the first 
effective coefticient үшү is fixed by the value of fo- 

If we construct in this way the first p+1 terms of the solution, we 
can write 


(40) ac еа (ESET + RG 1, By ә). 


The coellicients зи; are known functions of х determined by the laws of 
formation (39). If we form the equations of type (83) satisfied by 6; it 
follows from the method of formation of the coefficients in (40) that the 
error terms E; satisfy inequalities of the form 


H(z) еВ (60) 
(41) |Е | < a 


144 R. H. FowrEn and C. N. H. Lock [Dec. 9, 


where Н (x) is independent of и when u is in S and z in (a, 0). It follows 
at once by the arguments of § 9 that there exists a particular integral of. 
the equations (36) of the form (40), where the error terms €; are such that 
с = O {|u| eRC9| a8], |— с, provided that no one of B {u (Q' —– ох! 

ever changes sign in the region considered. We have therefore proved 
the following 


THEOREM II.—If u is in S and x in (а,Ь), Q'—w;, == 0, and 
Riu(Q'—w;)} never changes sign for any value of i or x, there exists 
a particular integral of the equations (86) whose asymptotic expansion 
as | џи | — in S takes the form 


(42) 2: == gu t Cotes +.. e T0 (ual! (à = 1, 2, ..., n), 


where the coefficients ущ are determined successively by the laws of 
formation (39). 


12. Forced oscillations with resonance.—In this case the function О’ 
is permanently equal to one of the в. The solutions take slightly different 
forms according as to whether the ()' of the disturbing function exciting 
resonance agrees with the w; of the equation in which it occurs or with 
the w; of some other equation. These two cases may be referred to as 
direct resonance and cross resonance respectively. 

As a typical case of direct resonance we may consider the equations 


| 21 = MW, 21 + = ба atfe L w i^ 
(48) | 


| = uejz;d4 È biz, (t = 2, 8, ..., n). 
A=1 
We assume a solution of the usual form 
(44) a= и pa E TUS +...) (i = 1, 2, ..., n). 


Substitute formally for z; in (48) and remove the exponential factor. We 
obtain 


, "m n b b | 
oit ES +... m E Goat ph +...) (vat ER +...) 


thot 2+ а + 
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, 
1; 
5 +... 


и 


, 
1 u u 
u (w — ө) (o+ y tUi +...) +ou + iP +? 


— 5 abai abai 1% ОМА . 
2 (but i Tu +...) (a+ Fa +...) (à = 2, 8, ..., n), 


in which we equate coefficients of powers of u. We obtain the laws of 
formation 


(45) pm = 2, 8, a n); 


oti — by) Gta) = fo, 


which latter integrates and gives 
guy m he | he! mme dy ; 
(45)! (w — e) 10: = 101; (001) (; = 2, 8, ...) n), 


n 
, 
11 — uu) = fi bedi Qu) + > бм (itta), 
A= 
which latter integrates and gives зт in the same form as qt ; 


| (оро) qu; = — jui dbi би) + È 164 (1) (¢ = 2, 8, ..., N), 
(45)" A=1 


git — 16 (5) = fa són (о!) + 2 gba (t) + a Oar (20), 


which integrates as before, and so on. At each stage the necessary co- 
efficient of the form jw, is determined as the solution of a simple differential 
equation of the form y’—,b,,y = Y, where У is a known function of x. 
To make the law precise we may specify (as above) that at each stage we 
take that solution which vanishes* for x = a. The remaining coefficients 
of the form pu; (>> 1) are determined by simple linear (algebraic) equa- 
tions as in the former case without resonance. 
As a typical case of cross resonance we may consider the equations 


zi = доза + 2 biz, (t == 2), 
A=1 


(46) 
m f. «1 dr 


25 == нада + 2 bas 24 + fe 


— — — + meme — — à - = - Д AC mum —— —- —— eee — — —— m 


* Or, has any other assigned value. 
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In this case the laws of formation of the coeffieients take the form 
о0о = 0 (= 1, 2, ..., п); 
w — Wy) 2 = fo 
(47) 1 2) 1*3 fo 
| 1: = 0 (== 8, 4, ..., п), 
ati — ibn) = 10 (quj), 


leading to 


[ и == d. -— 1031 (149) ot 
(w — wa) ua = fus х | aa (у а), 
(47)' т, 
(өр — ох) aus == E bu) (à = 8, 4, ..., п), 
A=1, 2 


n 
oui — 104, QU) = > Ом Gu) + 2 одма Qu), 
A=2 A=1,2 


which integrates as before, and so on. In both cases, if we apply the 
arguments of § 9, we see that there is actually a particular integral of the 
equations (43) or (46) of the form (44), and so obtain the following 


Тнковем IIT.—Zf u is in S and x in (a, b) there exists a particular 
integral of the equations (48) or (46) whose asymptotic expansion as 
|u|— © in S takes the form 


(48) 2, = ot lame (ou Жакат +.. ка, OE Ta 

(= 1, 9, i, 
where the coefficients yu; are determined successively by the laws of forma- 
tion (45) or (47) respectively. 


It is of interest to observe the difference between the solutions in the 
eases in which there is and is not resonance. When there is no re- 
sonance the principal term is 


— 1 fo pa 
21 = m Von"? 


all other terms being О(| #17). When there is (direct) resonance, the 
principal term is 


2, = E: — rae у dz dz, 
а 
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all other terms being О(| и |7). Ff we consider the case in which и is а. 
pure imaginary and all the functions of r are real, we see that in the 
former case z, remains bounded by the value of fj/((' — о) irrespective of 
the length of the interval (а, x); while, in the latter case, this 18 not 
necessarily so, for if убу, = 0, and fj is constant for example, then 2) in- 
creases with x like f,(x—a).* 

Under conditions (84) and (85), we can extend the domain of validity 
of the asymptotic expansions of our particular integrals to the region X 
in the complex z-plane. 


-—— mn —— ——— о ——————————— = ~~ = ~ а ~ m utem —— —— 


* Compare the behaviour of the particular integrals of the equation у” -3y = 4 cos pt 
when p is not and is equal to n. 
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TIDAL OSCILLATIONS IN GULFS AND RECTANGULAR BASINS 
By G. I. Тахров. 


{Received June 2nd, 1920.—Read June 10th, 1920.] 


INTRODUCTION AND SUMMARY OF RESULTS. 


In some recent work* on the dissipation of energy in the tides of the 
Irish Sea, use was made of the observed fact that the tidal streams in the 
South Channel of the Irish Sea move backwards and forwards in a straight 
line. The rotation of the earth causes the rise and fall of the tide to be 
four times as great on the Holyhead side of the Channel as it is on the 
Irish side, but apparently it does not give rise to any appreciable elliptic 
motion of the water particles as one might have expected. 

In the work referred to above, it is shown that the tidal observations 
taken on both sides of the Channel and the observations of tidal streams 
taken at various points across it, are explicable if they are due to two 
tidal waves of the “ Kelvin" type moving in opposite directions, up and 
down the Channel. 

The Kelvin type of tidal wave 1s one which can be propagated in a 
rotating channel, or in a channel on the surface of the earth, if the dimen- 
sions of the system are such that it does not cover more than a small 
range of latitude. The motion of the particles of water is confined to one 
dimension, that of the length of the channel, the deflecting force, due to 
the rotation being counterbalanced by a horizontal pressure gradient 
which is due to the fact that the amplitude is greater on one side of the 
channel than on the other. In the case of a channel in the Northern 
Hemisphere this “ deflecting force " necessitates a pressure gradient acting 
from right to left at the crest of the wave where the water particles are 
moving forward along the channel in the same direction as the wave. 
This pressure gradient is provided by an increase in the amplitude of the 
wave on the right-hand side of the channel. 

In the case of the southern entrance of the Irish Sea observations 


є “ Tidal Friction in the Irish Sea,” Phil. Trans., (A), Vol. 220, p. 1. 
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point to the’ existence of two Kelvin waves, one inward and the other out- 
ward bound. It appears, therefore, that the Irish Sea acts as a kind of 
reflector which reflects back Kelvin waves of the sawe type as those enter- 
ing, On the other hand, the reflection is evidently not of the ordinary 
type. The entering wave is greater on the shore which lies on the right 
of an observer facing inwards, while the outgoing wave is greater to his 
left. As Poincaré has pointed out* the Kelvin wave cannot be regularly 
reflected because, when two such waves, moving in opposite directions, are 
superposed, it is impossible to find any line across the channel such that 
there is no motion across it. It is impossible, therefore, to place a solid 
boundary across any part of the channel without affecting the motion. 

From the theoretical point of view, considerable interest attaches to 
finding the mechanism by means of which the reflection of Kelvin waves 
can be brought about. From the practical standpoint the question is also 
important because the tides at the open ends of a large majority of gulfs, 
deep bays and partially enclosed seas appear to be similar in character to 
those at the entrance to the Irish Sea. 

The outstanding feature of the Kelvin type of wave is the absence of 
any motion across the channel. In the case of a very narrow channel, 
the particles of water are constrained to move parallel to its walls. The 
Kelvin type of wave is, therefore, to be anticipated in this case. On the 
other hand, however wide the channel may be, it is possible for it to con- 
tain two Kelvin waves moving in opposite directions; and the question. 
naturally arises whether a Kelvin wave is always reflected as a Kelvin 
wave, even when the channel is quite wide. In other words, will the 
parallel coasts of a deep gulf like the North Sea, for instance, force the 
tidal current to move parallel to the two parallel coasts at some distance 
from the closed end? If so, how far from the end does the effect of the 
end stretch? If not, what type of tide may be expected ? 

In the work which follows, these questions are investigated. The re- 
flection of tidal waves at the rectangular end of a channel is expressed 
mathematically by means of an infinite series of complex terms. 

The physical meaning of the expression ia not at once obvious, but 
one result springs immediately from the form of the result, namely, that 
in a given channel, rotating at a given speed, a Kelvin wave is reflected 
completely at the closed end, provided its period is greater than a certain 
quantity. Kelvin waves of period less than this, however, cannot be re- 
tlected. 

In the case of the principal semi-diurnal tidal waves on the earth, the 


* Le,ons de Mécantque Celeste, t. 3 (Théorie des Marées), p. 124. 
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period and angular velocity are given. The result stated above is there- 
fore equivalent to the statement that in channels of given depth and closed 
at one end, a semi-diurnal Kelvin type of wave can be reflected provided the 
channel is narrower than a certain width, but that if it is wider than this 
critical width, perfect reflection cannot take place. 

As explained above, the physical significance of the result is obscured 
in a cloud of symbols. A particular case has therefore been worked out 
numerically. 

The case chosen is that of a channel situated in latitude 58 whose 
width is 250 nautical miles and depth 40 fathoms. This corresponds, 
roughly, to the case of the North Sea, which is in fact nearly rectangular, 
though the water is shallower than 40 fathoms at the Southern end. 

The results are exhibited by means of the two diagrams shown in 
Figs. 1 and 2. The first diagram (Fig. 1) represents the height of the 
tidal wave by meane of cotidal lines which are drawn through the points 
where it is high water at any specified time. These lines are drawn for 
every hour (or rather for every 4'5 part of a period), the successive times 
of high water being marked by figures round the edge of the diagram. 

The amounts of rise and fall of tide in different parts of the basin are 
shown in Fig. 1 by means of dotted lines. 

In the second diagram (Fig. 2) a series of ellipses with varying axes 
and orientations are drawn. The radius vectors of these represent the 
magnitude and direction of the velocity of the tidal stream at different 
states of the tide. They also represent, on a different scale of course, the 
actual paths of the particles of water. 

An inspection of these two diagrams at once reveals the nature and 
mechanism of the reflection. 

In the lower part of the basin ut a distance greater than about 250 
miles from the closed end, the cotidal lines and the motion of the particles 
correspond very nearly to two equal Kelvin waves moving up and down 
the channel. The tidal streams are very nearly parallel to the sides of 
the channel and the cotidal lines move in along the right hand shore 
(i.e. the left-hand side of the figure). The tidal wave then sweeps round 
the end wall of the basin at & rate rather greater than the velocity of the 
Kelvin wave, and moves back along the opposite shore to that along which 
it approached the end. In turning at right angles in order to cross the 
end of the channel, the wave produces a bigger rise and fall of tide at 
the two corners thau anywhere else in the field. On the scale chosen the 
range of tide at the corners is represented by the number 1:95, whereas 
the greatest range in the distant parts of the channel, far from the in- 
fluence of the end, is represented by 1°61. 
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Fic. 1.—Cotidal lines in basin where a Kelvin wave is being reflected. —Full lines are cotidal 
lines. Figures outside the edge of the basin show time of high water on corresponding 
cotidalline. Dotted lines are lines of equal tidal range. Figures inside basin show 
amount of tidal range. Small circles with central dot show [positions at which tidal 
motion was calculated. Curved arrow shows direction of rotation of system. 
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In order to show up more conspicuously the nature of the motion, the 
cotidal lines have been drawn in Fig. 1 with heavy lines in the region 
where the rise and fall is, on the scale chosen, greater than 1, that is to 
say in the parts where the range of tide is greater than half the maximum 
range at the corners. The way in which the strongly marked parts of 
the cotidal lines move down the left side of the diagram, cross the end 
and move up the right side, is conspicuous. 

In the distant parts of the channel the tidal streams are parallel to 
the shores at all states of the tide. At distances from the end less than 
a distance about equal to the width, however, the particles of water move 
in ellipses, except, of course, close in shore, where they continue to move 
parallel to the shore. The direction in which the particles move round 
all the larger ellipses is the same as that of the rotation of the earth; but 
at some distance from the closed end the phase of the up-and-down- 
channel component of velocity changes, while that of the cross-channel 
component does not, so the direction of rotation of the particles in the 
ellipses must be reversed. The reversed elliptic paths are, however, small 
compared with the direct ones. 

The maximum tidal currents occur at certain points close to the 
parallel shores, the greatest being at a distance from the end about equal 
to half the breadth of the channel; but the cross-channel current at the 
mid-point of the end is very nearly as great as this maximum. 

The currents near the central part of the basin are considerably smaller 
than those close to the shore. At a distance of 80 miles from the end 
(equal to about one-third of the breadth of the channel), the cross-channel 
current has died down to considerably less than half its value at the end, 
and the paths of particles are nearly circular. Near the South end of the 
North Sea where the depths are all less than 40 fathoms the tidal streams 
might be expected to die down to half value in a much smaller distance 
than 80 miles, which is one-third the breadth of the North Sea. 

Perhaps the most remarkable feature of the motion is the magnitude 
of the cross-channel currents a short distance from the closed end. 


Case of Comparatively Narrow Channel. 


These investigations were begun partly in order to find out why there 
is no appreciable elliptic motion in the waters of the South Channel to the 
Irish Sea, though the rotation of the earth produces such a large effect on 
the rise and fall of tide there. In order to elucidate this point the case of 
reflection of tidal waves in a narrow channel is worked out. 
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A formula is obtained for the maximum cross-channel current, and it 
is shown that in the case of the Irish Sea this could not be more than 
half a knot at the most. It is pointed out, moreover, that this occurs orly 
at the end of the channel where the up-and-down-channel currents vanish. 
At the point where the up-and-down-channel current is a maximum, the 
cross-channel current is extremely small, being only a fraction equal to 
5 X 107? of the main current. It appears, therefore, that the phenomena 
which occur at the entrance to the Irish Sea are what tidal theory would 
lead us to expect. 


Tidal Oscillations in a Rectangular Basin. 


The method developed for dealing with the reflection of tidal waves at 
the end of a closed channel can be applied to solve the problem of the tidal 
oscillations in a rectangular basin of uniform depth. This problem is of 
much less interest from the hydrographic point of view than the problem 
which has been solved, but it derives a certain interest from the fact that 
so few cases of tidal motion in limited basins have been solved. The only 
cases which appear to have been solved so far, are those of the circular” 
and nearly circulart basins, and the infinite channel. 

Lord Rayleigh$ has solved the case of tidal motion in a rectangular 
basin when the period of rotation is large compared with the period of 
oscillation. This limitation introduces considerable simplification into the 
analysis, but unfortunately it also reduces its usefulness. In the first 
plaee fundamental changes in the types of oscillation which are possible 
are obscured. In the second place the periods of the tides with which we 
have to deal in nature are of the same order as the period of rotation of 
the earth. Lord Rayleigh’s conclusions cannot, therefore, be applied to 
tides in the sea, though, as he remarks, they might apply to the tides ina 
comparatively small enclosed sheet of water, especially if 16 were situated 
near, but not on, the equator. 

In 1909 Lord Rayleigh again returned to the subject and published a 
method of approximating to the small change in period which results from 
a small rotation of the system. He found that the period is increased by 
the rotation, a result opposite to that applicable to a circular basin, but 
in agreement with the conclusions reached in the present paper. 
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* Lamb, Hydrodynamics, 4th ed., p. 311. 

+ Proudman, Proc. London Math. Soc., Ser. 2, Vol. 12 (1913), p. 453. 

t Poincaré, Leçons de Mécaniqne Céleste, t. 8 (Théorie des Marées), p.125 ; and Proudman, 
l.c. p. 419. 

§ Phil. Mag., Ser. 6, Vol. 5 (1903), p. 297. 

| Proc. Roy. Soc.. (A), Vol. 82 (1909), pp. 448-464. 
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The physical reason suggested by the present analysis for this increase 
in period is that the oscillations consist of tidal waves which move round 
the basin. Ifthe system were not rotating & wave travelling from one 
end of the basin to the other would be reflected from the end directly it 
got there. In the case of a rotating basin the period is increased because 
the tidal wave has to cross the end of the channel before it can be reflected 
back along the opposite side. 

It is shown that two types of oscillation exist, one in which the eleva- 
tion of the surface is symmetrical about the centre, and one in which it is 
anti-symmetrical, that is it is of the same magnitude but opposite in sign, 
at diametrically opposite points. These probably consist of systems in 
which odd and even numbers of tidal waves follow one another round the 
basin. 

Reasons are given for believing that the number of possible periods is 
very much smaller than in the case of a non-rotating rectangular basin, 
that they form in fact a singly infinite series, while those of the non- 
rotating basin form a doubly infinite series. The physical reason for this 
difference appears to be connected with the way in which tidal waves are 
reflected by being deflected along the rectangular end of the basin. The 
same tidal waves therefore flow along the sides and the ends of the basin, 
so that the lengths of the waves travelling parallel to the sides must be 
closely related with the lengths of the waves travelling parallel to the 
ends. 

In the case of a non-rotating system the wave lengths of the oscilla- 
tions parallel to the sides and the ends are quite independent of one 
another. 


Numerical Verification. 


The method is subjected to a numerical test by calculating the slowest 
period of oscillation in the case of a basin whose length is twice its breadth, 
when the period of rotation of the system is equal to the slowest period of 
free oscillation of the basin in the absence of rotation. 

It is found that in this case the slowest period is increased by the 
rotation in the ratio 1: 1°14. 

In order to test the conclusion reached in the course of the work, that 
all possible solutions can be obtained from a consideration of a pair of 
Kelvin waves moving parallel to one of the sides of the basin, the slowest 
period was calculated by two methods: (1) the original pair of Kelvin 
waves were taken as being parallel to the long sides, and (2) parallel to the 
short sides of the basin. 
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The period obtained by these two methods was exactly the same. It 
appears therefore that the two methods are equally available for repre- 
senting the same set of oscillations. 

A comparison is made between the oscillations of a rectangular basin 
and those of a circular basin. 


REFLECTION OF ТірАІ, WAVES FROM THE CLOSED Enn or a ROTATING 
CHANNEL WHICH IS INFINITE IN ONE DIRECTION. 


Before entering on the details of the solution it is useful, for reference 
purposes, to give a list of the symbols which will be used. 


z: the axis of x is the line mid-way between the sides of the channel. 


y: the axis of y is perpendicular to the axis of z, and parallel to the 
end of the channel. 


u and v: components of velocity parallel to x and y respectively. 
€: height of the tide above the mean level. 


n, angular velocity of rotation: in the case of a channel on the 
earth's surface this may be taken to be wsin À, where À is the 
latitude, and w the angular velocity of the Earth about its axis. 


t: time. 
с = дт - (period of tidal oscillation), so that u, v, and ¢ may be 
taken as proportional to e'”. 
h: depth of water, supposed uniform. 
g: acceleration due to gravity. 
c = 4A/(gh) : the velocity of a long wave in a non-rotating channel. 
а = 2n/c. 
t = 4/(—1). 
m: any positive integer. 
Ка = (P4. 
Sm = y (А — m?) when та < M, and s, = 4 (т2— А2) when n° > Kè. 
та == 2no]MSnC?. 
А о Bm; Cm Da: constants determined in the course of the analysis. 
Bi, Вв, Bsr +++) Ya Yo Yo - are undetermined multipliers. 


2 = tan (ox;/c). 
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Assuming that u, о, and С are proportional to е“ the equations of 
motion and continuity of tides in a rotating basin of uniform depth* re- 
duce tot 


10 —2nv = — 9 i ° | (la) 
tovt nu = —9 z, (10) 
OC a —An, _ 
SA EA TT roo, ас) 
ог (V? 4- £*) €. = 0, (1d) 
where k? = (02— 43) [с?, 


It is evident that « and v also satisfy 
(V? - 4?) и, v = 0. 


It will be noticed that these equations are unaltered if б, z, y and c 
are all reduced in a constant ratio. No loss of generality will result there- 
fore in taking the breadth of the channel to be equal to 7. This intro- 
duces considerable simplification into the analysis. The dimensions of c 
then become the same as those of c, namely £^!, and the sides of the 
channel are the lines y = + ic. 

The boundary conditions which have to be satisfied are that v shall 
vanish at y = +47, and that w shall vanish at the closed end of the 
channel, which will be taken as the line z = 2}. 

The principle on which the solution which follows is based is to add 
together & number of special solutions of equations (1) which all satisfy 
the first of the boundary conditions, namely, v = 0 at y = + іт, but 
which do not satisfy the second boundary condition at x = г. By making 
an appropriate combination of such special solutions, however, it is found 
possible to satisfy this last condition also. 

If the channel were not rotating the motion would be found by super- 
posing two equal wave trains moving up and down the channel respectively. 
-At certain points along the channel there are planes perpendicular to its 
length across which there is no motion. At any one of these planes a 
barrier could be erected without affecting the motion on either side of it. 


* In order that the depth may be uniform, the bottom must be of such a shape that it 
is parallel to the free surface of the rotating liquid. 
+ See Lamb, Hydrodynamics, Chap. уш. 
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The motion can, therefore, be confined to one side of the barrier, and it 
consists of a wave train which moves up the channel and is reflected at 
the end. i 

A similar method can be adopted in the case of a rotating channel. 
Taking the incident wave as the Kelvin wave represented by* 


Uy mE p Ora: 


v = 0, 

the reflected wave may be taken as 
j= SC шы rise, 
v = 0. 


On superposing these two waves it will be found that there is no value 
of x for which о фи; = 0 for all values of y and ё; though there are an 
infinite number of points at which this is the case, namely, those for which 
y = 0 and z is a multiple of zc/c. 16 is impossible, therefore, to place a 
fixed barrier across the channel without altering the motion. 

It will now be shown that there is a tidal motion satisfying the 
boundary condition v = 0 at y = +47, which can be superposed on the 
two Kelvin waves so as to make и = 0 for all values of y at a certain 
value, z,, of x. A barrier can therefore be erected across the channel at 
x = гу without affecting the motion on either side of it. The total motion 
therefore represents an incident and reflected wave train. It will appear 
in the course of the work that the superposed motion due to the barrier, 
vanishes at points far distant from the barrier, provided that the period is 
greater than a certain value. 

On multiplying и, фи; by a constant quantity 35%, and dropping the 
factor ei”, the motion due to the incident and reflected wave train may be 
represented by я 


и == У (и, иу = S {cosh ay sin (с/с) —ésinh ay сов (oœx/c)}, (2) 
o c0. 
where a = 2n/c. 


The problem is to find another type of tidal motion satisfying v = 0 
at y = tar and и = 55: (и) фи, at z = z. 
It may be seen from (1) that v satisfies the equation 


(V?-- à?) p = 0. 


е See Lamb, loc. cit., Chap. vint. 
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A particular solution of this equation is 
v= АЛ (8) 


provided 52 = m°—k?. | (4) 


m 


Here m may have any value, and Sm may be regarded as being determined 
by (4), but, in order that о may vanish at y = +37, m must have integral 
values. 

Solutions of this type assume four different forms according as m is 
odd or even, and according as A? is greater or less than 77. 

Assume therefore for v the following forms, which vanish at y = + i, 
: | m even, v = Dy, Coss, x sin my, (5a) 


mw? < Л, 5% = kcn, 
| m odd, V = iC, 810 S, £ Cos my, (50) 


m even, v = Пуле "=" sin my, (5c) 


т odd, v -—uC,e соз ту, (5d) 


т? >k’, s 


? 


2 — „218 
= nr, | 


where now Sm 18 real in all cases. 
For и assume the forms 


m? < k?, u = А, вір $. г cos my+iB, cos Smt sin my, (6a) 
т? > К, u= Але "cos my iB, e »* sin my. (60) 


The constants A,, and Bm must be chosen во that equations (Ја) and 
(1b) are satisfied. Eliminating ¢ between (la) and (10) it will be found 


that ди ди до Ov 
T ur EET (7) 


Substituting from (5) and (6) in (7), coeflicients of cos my and ¿sin my on 
the two sides of the equation may be equated. The two resulting equa- 
tions determine Ám and Вл in terms of C, or Dm; or, if 4, and D, be 
regarded as being given, the equations determine C, or Dm in terms of 
them, and also establish a relationship which must exist between 4,, and 
В„ in order that v may be of the assumed form. 

If r,, be written for 2xo/(ms, c?) these relationships are 


T |m even, Za D. == las (8a) 
n "E 

Um. odd, An Bn = Tm (8b) 
m evene An/Bn == — ғ, (8c) 


m? Lk, 
m odd, АВ, = — Та. (8d) 
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And Cm and D, are then given by 


m even, D, = Мы А„— 2 B (9a) 
та < k? i 7 
| Qn 
m ода, Cm = 4+ = = Bw (90) 
т. even, Dy = = т =” B (9c) 
т? > M, om 


т odd, C,=—Am— — Bu. (9d) 
gr Sm 


It now remains to be seen whether it is possible to choose a series of 
values for Ал and B, so that the value of u due to the eum of all the 
terms is equal to 3,5; (4, +) for all values of y at some value 2,, of z. 

The value of u for any value of x is expressed as а Fourier series in 
сов my and sin my. It is necessary therefore to express 3,3; (4, t ua) by 
means of a similar Fourier series. 

To do this first write down the Trigonometrical Series expressing 
cosh ay and sinh ay between the limits y = + ўт in terms of cosines of 
even and sines of odd multiples of y respectively. 

These are 


Да . ат [1 eos 2! eos 41 COS 2/11 
cosh ay = = sinh PI (zs — pa + =—3 PtP y —... +(— 1)" 254 uh 
(10a) 


! 


Д.(о и J (10b) 


siny вт Зу 


25135 — a’ 3? 


sinh ay = 5 cosh 97 (у, 


Hence the value of 4 due to the original pair of Kelvin waves may. be 
expressed in the form 


4aS ат . -—— ud | 
Silu, tu.) = — sin — 9 sin — Р be dd. m. (—1) tat 
_ За; os © — 4-1) 810 MY 
229! cosh $7 cos Z EX = hl (100 


For convenience the amplitude of the incident and reflected waves will be 
chosen во that 4aS/r = 1. 6 
It will be noticed that in this expression (10c) only cosines of even 
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multiples, and sines of odd multiples of y occur; whereas both sines and 
cosines of my necessarily occur in every term of (ба) and (65). It is not 
possible therefore to equate coefficients of cos my and sin my in (6) and 
(10) directly. 

Though no cosines of odd multiples of my occur in (10a), yet it is 
possible to construct an infinite number of trigonometrical series which do 
contain them and yet represent the function cosh ay between the limits 
+47. To understand how this can be done it is only necessary to re- 
member that the cosine of an odd multiple of y can be expanded in a 
trigonometrical series of even multiples of y which is valid between + ёт. 
If therefore any multiple of a cosine of an odd multiple of y be added to 
the series (10a), and at the same time the same multiple of this trigono- 
nometrical expansion for this cosine be subtracted, a new series will be 
obtained for cosh ay, which is valid between the limits +47 and contains 
& cosine of an odd multiple of y as well as the cosines of the even multi- 
ples of y. 

The same argument applies to the case of the expansion of sinh ay in 
terms of sines of odd multiples of y. 

The trigonometrical series referred to for the sines of even multiples 
of y and the cosines of odd multiples of y are 


s odd, (— 16-9 T cos sy = d + oy — "— ... (11a) 


NCC ЕШ, E 
and s even, (—1) 4; in sy = 1 à 


у адбу — (110) 


Multiples 8,, By ..., Bs ... of cos sy (s odd), and Ya, уд ..., у... Of 
sin sy (s even), may now be added to the series for 45% (u+ ua), and the 
corresponding series subtracted. In this way it will be found that 


" ат. ot[ 1  cos2y , cos4y _ 
19: (4, + и = sinh ^ T gin — =| en 0292 9i + à +43 


— 446-57 с085у (1l , cos2y _ сов 4y ] 
+ EA (not - = daa) 


_ ат zz siny віп8у , sin 5y _ 
i cosh ^7 T cos dp HS epit 


( „тет sin 13у _. sin y 9y sin 5y ) || 
+ 2» (od – (74-5 pg ts) | 
(12) 
where 8, and y, are as yet undetermined. 


SER. 9, тог, 20, мо. 1987. M 
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The condition that, at the section z = z,, of the channel, it shall be 
possible to choose values of 4, and B, во that the motion given by a series 
of terms of the forms (ба) and (65) may represent the same value of и as 
(12), is obtained from equations (8). The condition is that the ratio of the 
coefficient of cos my in (12) to the coefficient of 2 sin my shall be equal to 


—(1/r,) tan 521 when т < k? and m even 


Tm làn S427, when m? < k? and m odd 

| (18) 
—(1/1m) when m? > А? and m even 
— In when m?> k and m odd 


Taking all integral values of m, equations are obtained which determine 
B, Въ, Bs ... and уз, y, Ye --.. The following are specimens :— 


Mr nr gp ee рт par a 


Tp — 92 2—42 2—6? 
m odd == Vet tanh =- z tan? cot за 2), (m? < k?), (14a) 
_ Ват ат CT) q 
mL tanh E tan at (m? > k*), (14b) 
1 В; В _8;_ 
a? +m? it mit pee m*— sip 
m even ee dm, 0 coth — z cot — 22 tan 5.21, (m? < Kk), (140) 
= PAS coth F cot =, (m? >> К). (14d) 


From these equations it is possible to determine the 'в and уз for 
any given value of 2, but there is still one more condition which must be 
satisfied, namely, that the terms in (12) which do not involve y must 
vanish. This extra condition determines the value of z,. It is 


> ae  —— —— — — — 
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In order to determine z,, the 8's and y’s must be eliminated between 
equations (14) and (15). The equation for z, then involves an infinite 
determinant. 16 is 


bo 
T | 
„4 
© 
со 
МО 
o 


1 1 -M 1 А 1 

d+ 92—12 z 92 — 82 23 — 5? = 0, (16) 

—1 1 1 

ars ° gog Ls gop 0 

аз+43 4:—1 4?— 3? 2 441—5 
where z has been written for tan (oz,/c) and 

Lm = — (тј Атта) tanh(4ar) соб 552), (m odd, т? < 12) 
= (a/4mr,)tanh(ja7), | (m odd, т? > k’) an 


Mn =  (m[Amr,)coth(3am)tans,z,, (m even, m? < X?) 
= —(mw[4mr,) со (Зал), (m even, т? > К?) 


The reason why Гл and M, have been used in this form is that, if 
there аге no terms for which m? < X5, i.e. if k? < 1, then Ln and M, do 
not eontain z,. This ease will now be treated separately. 


Case when К? < 1. 


In this case (16) is a simple equation, for, multiplying the first, third, 
and all odd columns by z, it will be found that every term in the second, 
fourth, and all even rows, contains z. Hence, dividing these by z, all the 
terms containing z are removed to the first column, where they occur in 

M 2 


164 


alternate rows, 


—1 
gv 


Li 
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Hence z, or tan (cz,/c), can be found. 


Case when К > 1. 


4—9 


The resulting simple equation for z is therefore 


[June 10, 


(18) 


In this case the equation (16) does not reduce to a simple equation for 
tan (o2,/c), because some of the L's and M’s contain tan 5,2, or cot 52, 
It is therefore necessary to approximate numerically to the solution of (16) 
by assuming various values for z,, and finding when the determinant (16) 


changes sign. 


Determination of the B's and y’s. 


When x, has been found, its value may be substituted in equations 
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(14). The resulting equations for the 8’s and y’s have now numerical 
coefficients. They can therefore be solved numerically. 


Reflection of Kelvin Waves. 


It is evident from the form of the result that when the incident and 
reflected Kelvin waves are given, the whole motion which is necessary to 
produce the effect of reflection is determined by the equations. 

In the case when А2 < 1, the effect of the end of the channel which 
is repreaented by the terms 


u = 2 (Але '=* cos my-- iB, e '»* sin my), 


and the corresponding expressions for v, decrease indefinitely at great 
distances from the closed end. Kelvin waves are therefore reflected 
perfectly. 

In the case when k?>1, one at least of the terms in the expressions 
(5) and (6) contains sines and cosines of a multiple of z. These are finite 
for infinite values of х. Hence, if А> 1, perfect reflection of Kelvin 
waves cannot take place. It appears, in fact, that the channel is too wide 
to force the reflected tidal wave back into the condition in which the par- 
ticles of water move only parallel to the walls. 

The terms, mentioned above, which occur when А? > 1, and contain 
sines and cosines of multiples of z, represent & pair of waves of & type to 
which Poincaré* refers in his book Théorie des Marées. They were also 
discovered independently by Proudman.t 


Numerical Solutions. 


The solution which has been given of the motion in a region where 
tidal waves are being reflected from the end of a channel must contain the 
physical explanation of the phenomenon; but the form of the result is so 
complicated that it would be difficult to discuss the tidal regime in a 
general way. A particular case has therefore been worked out in detail. 
The case chosen is that for which k = 0:5, a = 0'7. This corresponds 
with the tidal motion in a channel 250 miles wide and 40 fathoms deep 
situated in lat. 53° N. when a tidal wave of period 12 hours is reflected at 
the closed end. These figures have been chosen because they correspond, 
roughly, to the dimensions of the North Sea; but it is also worth noticing 


t 


* Leçons de Mécanique Céleste, t. 3 (Théorie des Marées), Chap. v1, p. 126. 
t Proc. London Math. Soc., Ser. 2, Vol. 12 (1913), p. 469. 
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that the case for which k lies in the middle of the range, 0-1, in which 
perfect reflection takes place, may be expected to present typical features. 


Case when k = 0'5, a = 07. 

In working a numerical example it is found convenient to transfer the 
origin to the mid-point of the end of the channel. The equation for the 
Kelvin wave system then becomes 


5 (и, + и) = 8 {cosh ay sin e(z +z,)/c—i sinh ay cosa(r+2,)/c}, (19) 
v = 0. 


The values of 4, and Вл are calculated for 10 terms up to 4,, and B. 

It should be noticed that all the quantities which occur in the equa- 
tions, such ав a/c, Sm, Fms Lm, Mm are functions of a and k only. These 
are first determined and are inserted in the determinants of equation (18). 
Their values are given in columns 2, 3, 4 and 5 of Table I. 

Taking first only 2 rows and columns for each determinant in (18), a 
value 2 = ‘368 is obtained. Taking successively, 8, 4 and 5 rows and 
columns in each determinant, the values '888, “885 and °885 are obtained. 
It appears, therefore, that this method of approximating to the value of z 
is very rapid. 

The value of c/c is J/(a?-- X?) = ‘860. Taking the value of tan ox;/c 
to be '885 this gives ox./c = 2198' or ‘867 in circular measure. Hence 


zı = ‘427. 


This value, ‘885, for 2, ог tanoz,/c, is next inserted in the equations 
(14). The first equation, namely, 


Вт 


1 OL 
4r, 


tanh S7 tan 22 = +. 
becomes 

8488, —:833y,—'0667-, —'0286-, —'0159 у, —'0101у,—'6711 = 0. 
As а first approximation B, is taken as 


6711 _ 
"848 == 1 98. 


The second equation of (14) is then written down. It is: 


'223--:3388,—8198,—'0488,—... = 0 
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As a first approximation у; is taken as 


(8888, +'298)/8'19 = ‘106. 


First approximations are thus found for all the B’s and y’s. These 
values are then inserted in (14) and a new value is found for B,, namely, 
2°03. This is then used to obtain a better approximation for y and so 
on. It is found that two applications of this method are sufficient. 

The results are given in columns 6 and 7 of the following table :— 


TABLE I. 


Table giving numerical data involved in calculating tides for the case when 
К 009. gru. М 


Columns 

1 б ++ 4 5 6 7 8 9 10 11 12 13 

| | | | | | odd, —Busm—MCm| 8mAm 
m; = | rm | Lu | Ма | Bm | ya | Am Ва | On | De 1] mm 

| | | | even, — Ваза за Да — mD 

| 

1 -— | 905 — 203 | — |+-765 |-1100 +1892) — | —:946 + 663 
2, 15987 |-155 | — | 3-15  — |'1080 ‘427 |+ ‘066 | — |—"495) —'198 *'161 
3| 296 |-0680 3:09 | — | -0714| — |—-0090|+ -182 |- 188) — + 023 —'027 
4. 997 |-0380! — | 644| — 0124 | + -1000 |— -004 | — | +103 + ‘016 — 015 
5 | 4'98 | -0242 5:19 | — | 0165) — |+-0012 — ‘050 |+ 051 — —"006 ` + ‘006 
6| 598 -0167 — | 979 — ‘0035 —-0425 + -001 | —  ,—'048 — ‘003 + "003 
7| 699 |'0123 7:30 | — | -0061 | — |--0003 | + -027 |- 027; — 
А 199 |-0094| — |12:98| — |-0015 +'0245|— -0002, — |+-024 
9 | 9:00 | ·0074 9:40 | — | 30| — | +'0001 | — ‘017 | 017 — 
0 | | 


| 
1 | 10-00 0060 | — |1625| — | "0007 — "0147 |+ "0001 — |—"015| 


The values of A,, and B,, can be found from (12). Remembering that 
the origin has now been transferred to the end of the channel it will be 
found that for odd values of m, 


Am = (—1) 79 (B, 7/4m) sinh (фат) sin (тг,/с); 
and for even values of m, 
Bm = —(—1)™ (ym7/4m) сов (Хат) cos(cz;/c). 


To determine B,, when m is odd, and A, when m is even, the relations 
(8) may be used. Their values are shown in columns 8 and 9 of Table I. 
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Cm and D, are found from the formule (9). They are given in 
columns 10 and 11 of Table I. 
The tidal range ¢ is found from the formula 


Finally, the whole motion is represented by 


u = 1122 {cosh ‘Ty віп '860 (2 4-427) —i sinh ‘Ty cos '860(z4-427)] 


m-—10 


— È (Ane? cosmy+iB,e *»* sin my, (20a) 
т=1 


v—— У D,e'"'snmy—i > Ce '^*cos my, | (205) 
m odd 


of/h = ‘965 | —sinh ‘7y sin'860(z 4-497) +2 cosh "Ту cos '860 (2 +'497) | 


+ 2 ((— В, 5, — тС) 7% * sin ту + iss Amen” cos ту | 
m od 


+ 2 О [— Вазе *™" sin my +7 (s. 4. —71D,) e^*»* cosmy}. (20c) 


meven 


Verification of the Solution. 


In order to verify the accuracy of this solution, it should be noticed 
that the value of и at 2 = 0 should be 0 for all values of y. Taking first 
the case where y = 0, the value of u is 408—244. Adding column 8 of 
the table it is found that 24, = ‘398. Hence и very nearly vanishes 
at the mid-point of the end of the channel. 

At the corner 2 = 0, y = $7, the value of и due to the incident and 
reflected Kelvin waves, is found to be 0:67 —1'40%. 

The part due to the terms which are inserted to make u vanish at 
z= 0 is 


(А„— А,+ 48— А, +А 0 —i(B,— B+ B,— B44- By) = — 0:61+1'33:. 


Hence it will be seen that both at y = 0 and at y = ўт the two motions 
very nearly neutralise one another. The solution is better at y = O than 
it is at y = 47; but this is to be expected because at у = О the terms 
are alternately positive and negative numbers; while at у = ўт, both the 
real and imaginary parts are composed entirely of terms of one sign, во 
that if account were taken of the higher terms the agreement would be 
better. 
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Representation of the Results. 


In order to represent in an intelligible manner the tidal motion repre- 
sented, mathematically, by (20), the values of u, v and of{/h have been 
calculated from the formule (20) for the 63 points 


z= 0, 7/6, 7/8, 2/2, 2/8, 57/6, т, 42/8, 52/8; 
y=0, + 17/6, + 7/8, + 7/2. 


Rise and fall of tide. 


Taking the value of e/h at any point to be P+7Q, the phase Ө, of 
the tide is given by tan 0 = Q/P. The cotidal lines are lines of constant 6, 
i.e. lines at all points of which it is high water simultaneously. These 
have been drawn for values of Ө differing by +/6 which corresponds to 
1 hour’s difference in the state of the tide. They are shown on the full 
lines in Fig, 1. 

The range of tide is proportional to | сё/^ | which is equal to P sec Ө. 
Lines of equal range of tide are shown as dotted lines in Fig. 1. The 
diagram shows the motion of the tidal wave down one side of the channel ; 
and the way in which it sweeps round the end to return along the opposite 
side. Further remarks about it will be found in the introduction. 


Tidal currents. 


The tidal currents are represented by the ellipses in Fig. 2. Each 
ellipse is centred at the point to which it applies. The velocity and direc- 
tion of the tidal stream is represented by a vector from the point in 
question. The ellipses also represent, on another scale, the actual paths 
of water during the tidal motion. 

The method adopted for finding the magnitude and direction of the 
axes was the following :— 


Let и = (A+B) е‘, 
v = (C+iD) е, 


where A, B, C, D are real numbers. 

The components of velocity at any time are found by taking the real 
parts of these. 

Let P be the point whose coordinates are (4, B) on a system of rect- 
angular axes Оё, On (Fig. 8). Let Q be the point whose coordinates are 
(— D, C) on the same system. Take the mid-point R of PQ. Join OR. 
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Then the major axis of the ellipse is OR-- QR, the minor axis is OR— QR, 
and the inclination of the major axis to the axis of z, т.е. to the walls of 
the channel (see Fig. 2), is half the angle QRO. 

This may be proved by dropping perpendieulars PM, QN on O€, On 
respectively. ON and OM are then the components of velocity at time 
#=0. If PM and QN meet іп L, the resultant velocity is represented 
by OL. As t increases the points P, Q and R revolve uniformly round О. 
Since QLP is a right angle, L describes a circle of radius QR round R. 
Since R describes а circle of radius OR round О, the maximum value of 
OL occurs when O, E and L are in the same straight line and its length 
is then OR+QR. Similarly the minimum length of OL is OL—QR. 
These then are the major and minor axes of the ellipse. 

The direction in which the particles of water move is determined by 
the relative magnitudes of OR and QR. If OR > QR the rotation is 
positive, т.е. from Ox towards Oy, which is also the direction of rotation. 
If OR < QR the rotation of the particles of water is opposite to the direc- 
tion of rotation of the system. 

The phase of the motion at time #= 0 can also be found from the 
diagram (Fig. 8). 


че =» шер N — << (ШӘ en um aw» = <= ee Gap <> AND UD <> = = =>» = 


0 


Fic. 3.—Construction used in finding positions and magnitudes of axes in 
tidal ellipses. 


The results are shown in Fig. 2. They are commented on in the in- 
troduetion. The maximum tidal current in the Kelvin wave system is 
(1:192) cosh Јат = 1°87. The maximum cross-channel current occurs at 
the mid-point of the closed end; its value is 


v = C4-C,4- 0,4- C44- C, = 1:80. 


It will be seen that in this example the maximum tidal current across the 
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end is very nearly as great as the maximum tidal current in the Kelvin 
wave system. 


Case of narrow channel. 


For this case a and k are small. Hence approximately 
Sn =m, о|с = Е, т = акту, tanh tar = sinh žar = фат, 
Lm == тт*ї[8Е, Mm = m/2a°k, 
oz,/c = 8ka?|m?, Bua = ma~. 


The terms containing the y’s are small compared with the terms con- 
taining the "в, : 


An = (—1)2%-) акт“, 
С» = —– В, == (—1) 0-10) m-?, 


Hence maximum cross-channel velocity at mid-point of the end of the 
channel is* 
1-?—38-?4+5-?—7-?+.., = ‘916. 


The maximum velocity along the channel 18 S = r/4a. Hence ratio of 
maximum cross-channel velocity to maximum velocity along the channel 
is ‘916 (4a/7) = 1'16a or roughly a. 

In the case of the south channel to the Irish Sea, which is 50 miles 
wide from Holyhead to Ireland, and 40 fathoms deep, a — 0'14. The 
maximum up and down channel currents occur between Holyhead and 
Ireland, and they are about 8 knots. The maximum cross-channel 
current which can be expected anywhere in the system is therefore less 
than half a knot, and it should be remembered that this does not occur 
anywhere near the region where the maximum currents occur. In fact 
the ratio of the cross-channel current to the down-channel current, in the 
region of maximum currents, is only e~*/**(4u/7), which in the case of 
the Irish Sea, where a = 0°14, k = 0'1, would be only 5 X 10^? knots. 


TipaL OSCILLATIONS IN A RECTANGULAR Basin. 


If instead of the forms (5c) and (5d) we had assumed in the case 
where «m? >> А that v contains terms involving e'^* as well as е“'"=, and 


————— ————————— — — 


* See Bromwich, Infinite Series, p. 479. 
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corresponding extra terms containing coss,2 and sins,z in the case 
where m? < k?, then the extra constants introduced would have enabled 
us to make u vanish for two different values of 2. In this саве a solution 
would have been obtained for the vibrations of a rectangular sheet of 
liquid. It will be shown later, however, that in this case, as might be 
expected, there is an extra condition which determines the periods of the 
oscillations. 

The analysis is very much simplified by taking the origin of coordi- 
nates at the centre of the rectangle. In that case it will be found that 
the oscillations are of two classes: (1) those in which the tidal wave is 
symmetrical about the centre, and (2) those in which it is anti-symmetrical 
(i.e. those in which the range of tide is the same at opposite points, but 
the phase is opposite). The slowest mode belongs to the latter class. 

To determine the anti-symmetrical types consider the pair of Kelvin 
waves given by 


и = 8 {cosh ay сов(сх[с) +i sinh ay sin(cz/c)}, (21) 
v = О. 
Suppose, as before, that the width of the basin is 7. Let its length 


be 21. 
To the original Kelvin waves add the oscillation represented by 


{ m odd, | v = 4C, COB 5, 2 COB my, (22a) 
т? < k? 
т even, v = Dy Sin Sme sin my, (22b) 
m odd, | v = (C4, cosh 512 сов my, (22c) 
т? > k? 
т even, v = D, sinb sme sin my, (22d) 
т? < Kk, u = An сов 5,2 COS ту T iD,,801n $4,:2 810 MY, (28a) 
т? > А, и = A, сов) s,zx cos my--iD,, sinh smg sin my. (280) 


Substituting in the equation 


. ди ди __. Ov Ov 
ud ee = cr. 
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it will be found that 


т ода, AnlBn = —Tm Cm = (2Qn/o)An—(m/Sn)Bm, (24a) 
m? < k? 
m even, А.В, = та D, = — (ту) А» —(2пјо) Ва, (940) 
т odd, Am| Bm = "> Cm = (2nle)A«.--(m|s)Bs, — (240) 
т? > k 
i even, An/Bu = 1[т„, Da = —(m[s,)A&4—(2n|o) Ва, (24d) 
where та = (2no)/(ms,,c*), 
as before. 


Expanding (21) as a Fourier series in y at the end, z = J, of the 
rectangle, 


4aS aT cl (= 1 __ cos2y , cos4y cos 6y 2 
и = — sink ^ сов 77 (aa ар ара pet 
asi a e . ol (siny  sin8y , sin а ИЕ a 
+ = osh — sin — = rh аї-Е81 TES +5 .J. (25) 


Take S = 7/4a as before, add the undetermined multiples 8, 8;, ..., Yas у, ... 
of the series for cos sy and sin sy. 
“Write down the equations corresponding with (14). They are 


= at atat. 


m odd = Ват tanh Јат cot о с tan за! = Хи Ва, тї < ki, (26a) 
== S tanh Јатсођа с tanh Sml == —AnBm, m! > k’, (265) 


1 B B. , В 
ad + та tup +5 +5 que 


= ym 


du coth Хал tan а с cot Snl = — иа Ун, тї << Ki, (26c) 


m even 


= = со Зат tan olje coth sml == — ит уз, M> k, (26а) 


where —A,, and — ил are written for the coefficients of Bm and y, on the 
right-hand sides of these equations. To these must be added the equation 
which is necessary in order that there be no constant term left over. 
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This is the same as before, namely, 


1 & B à o (27) 


1 zn] =] 
ч т ° = 0 
1] 1 1 
a?+ 1? Ai 12—92 и 13— 4? 
1 1 1 0 | (28) 
ape 9211 ^" 9028) id 
РЕ | 1 1 
a? + 3? 9 91— 92 ^з 93— 42 


If l is fixed there is now only one unknown left in the equation, 
namely, c. Equation (28) is, therefore, a period equation, and its roots 
determine a set of free periods. 

It will be noticed that when the motion is determined in this way so 
that u is zero at x = l, it is also zero at z = — і. 

The solution therefore represents one set of the oscillations of a sheet 
of liquid confined between the lines z = +, y = + iv. Since 


_ (th\ (Ou от) 
= (22) (25 t» i 
it will be seen that the surface of the sea is at any instant anti- 
symmetrical. 


To determine the symmetrical oscillations, take as the original pair 
of Kelvin waves 


u = 8 {cosh ау віп сх/с — sinh ay сова је], о = 0. (29) 


The period equation is the same as (28) except that the A's and и”з 
assume slightly different forms. To distinguish the two types of oscilla- 
tion the anti-symmetrical type will be called Type A, while the symmetrical 
type will be called Type B. 

The values of the A's and u's in the period equation are given in the 
following Table II. 


1920.] TIDAL OSCILLATIONS IN GULFS AND RECTANGULAR BASINS. 175 
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TABLE II. 


Showing values of Nm and u, in the period equation (28). 


Tyre A.—Anti-symmetrical oscillations. 

mi << k, À, = —(r[Amr,) tanh Јат соба с tan Sml, 

т? >> К?, Am = (2/4mr,,) tanh Јат соба с tanh s, 1, 
|” <k’, рь == — (пати) coth Јат tan cl/c cot Sml, 

m even 


т? >> К, un = —(r/4mr,) coth Јат tan с/с ceoth Sml. 


ТҮРЕ B.—Symmetrical oscillations. 


m < КЕ, An =  (r/imr,)tanh Зат tan с с tan s, l, 
m odd 
í т? > k, Am = —(r[Amr,)tanh Јат tan о с tanh 5, 0, 
m < К, um = (т|4тт,) соб Зат соба с cot Sml, 
m even 
m> k’, иь =  (r/4mr,) coth Јат соба с coth 5, 1. 


It will be noticed that when an oscillation of Type B has been deter- 
mined in this way so that u = 0 at z = l, then и = 0 also at 2 = — i, 
and therefore oscillations of Type B also take place in a closed basin of 
breadth v and length 21. 


Method gives all possible oscillations. 


We have now seen how two types of oscillation may be found. "The 
question whether there are any other possible types of oscillation still 
remains. 

First it should be noticed that it is impossible to obtain any other 
types beside A and B from any other combination of the original Kelvin 
waves, for any other combination may be represented by the expression 


u =  S,(cosh ay cos az[c +i sinh ay sin 2:2/с) 
+ S,(cosh ay sin ez/c —i sinh ay совох/с), v = 0. 


If the В'в and y’s and а be determined во that и = 0 at x = l, it will be 
found that u is not equal to 0 at z = — l unless either S, or S, is equal 
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to 0. Hence Types A and B are the only possible types of oscillation 
which can be obtained by the method described above. 

Next let us enquire whether it is possible for the sheet of liquid to 
oscillate in any other way. 

Consider the oscillation of period 27/o in a liquid enclosed between 
two walls at y = +47. The value of v at any section may be expressed 
by а unique series of the form 


v= ficosy +f; cos 8y+/, cos 5y+... 
+92 sin ду +9, sin 4y +96 sin 6y+..., 


where fis fa ..., да Ja --- are functions of z. 


From equation (8) it wil be seen that fi, fs, ..., Ja 0... may be 
expressed in the form 


f» = Ene" Ке th " 


where E, and F, are numbers which may be complex. 

Corresponding with each term in the series for v at a given section 
£ == ту, say, there аге two terms in a series for v, which are obtained 
from equations similar to (24). 

Besides these there are the Kelvin wave systems corresponding with 
v == 0. 

It appears, therefore, that all possible oscillations of a sheet of liquid 
contained between y = +47 can be expressed as the sum of terms of 
these types. The ways in which the Kelvin terms can be combined with 
the others so as to make u = 0 at z = +: have already been discussed. 

If it were possible to select a combination of terms which did not in- 
clude the Kelvin terms and yet made u = 0 at x = + 1, it would be 
possible to choose a value of o so that solutions to the equations (26) 
could be found when the constant terms 1/(a°+#*) and 1/a? have been 
removed. 

It is evident that this is not possible in general. It seems probable, 
therefore, that the oscillations of Types A and B are the only possible 
types of oscillation in a rectangular sheet of rotating liquid. 


Numerical verification. 


In order to test these conclusions I have calculated, in two ways, the 
slowest mode of oscillation of a rectangular basin whose length is twice 
its breadth. 
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(I) Taking the original pair of Kelvin waves as being parallel to the 
longer side, and 


(II) Taking them as being parallel to the shorter side. 


The periods obtained by these two methods were exactly the same 
‘although nearly all the quantities concerned were different, and the 
manner in which the infinite determinants converged was quite different 
in the two cases. This is good evidence that the oscillations in the two 
cases were exactly the same. | 

Let the breadth of the basin be B and its length 2B. "Then in work- 
ing out the period by method (I), in which the axis of x is parallel to the 
longest side of the rectangle, the breadth is reduced to т so that 


c= (7] B) A/ (gh). 


In adopting the method (П), in which the axis of z is parallel to the 
shortest side of the rectangle, c', which will be used to denote the value of 
c in this case, is equal to (m/2B)y (gh). | 


Hence e = 36; 


· The amount of rotation is so chosen that 2n/c = 1 во that, in (D, а = 1; 
and in (II), a’ = 2, where a’ = 2n/c’. In this case the period of rotation 
is the same as that of the slowest oscillation of the basin when not 
rotating. 

Since in (I) the length in the direction of the axis is twice the breadth, 
l = т. In (II) where the side parallel to the axis of 2 is only half the 
side parallel to the y axis, /', the value of J, in this case, is 7/4. 


I. Putting а= 1, l= т in the period equation (28), the smallest 
root was determined as follows :— 

A particular value was chosen for c/c, the values of the determinants 
obtained by taking the first 1, 2, 8 and 4 rows and columns of (28) were 
then calculated. These are represented by Д,, Aj, Ag, Ay. 

The calculations were repeated for a series of values of c/c. The re- 
sults are given in Table 8a. They are exhibited graphically in Fig. 4. 
It will be seen that the curves A,, Аз, and A, all pass through practically 
the same point on the axis. This gives an idea of the rapidity with which 
the roots of Д,, Аз, A,, &c., converge to a fixed value. The value of the 
root of A, determined graphically, is 


o/c = 0'499. (32) 
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TABLE 8. 


Numerical values of quantities used in finding the period of the 
slowest oscillation in a basin whose length is twice its breadth 
when the period of rotation is equal to the slowest period of the 
same basin when not rotating. 


TABLE (3a). TABLE (35). 


l = v[4 


As A, A 5 


—16°4 —89:6 


— 9:84 | —32:1 
— 4:08 |— 7:42 ‘90 | -042 | +-0266 | + 0472 | —-0814 
ee — Á———MÓ—————  aa—!uudü (i 


— Y51 | — 1°99 


+ °475| + 8:87 


+ 6°35 


П. Putting a = 2, l= 7/4 in (28) the values of Ag, Aj, А, and A, 
are calculated for values of o/c equal to 0°80, 0°85, and 0°90. Their 


values are given in Table (35). 
On drawing the graphs it is again found that As, A, and Д, all cross 


the axis very nearly at the same point. 
The root of A, is found graphically to be 


a/c, = 0'859. 
Remembering that c' = 3c, it will be seen that method (II) gives 
a/c = ћајс' = +(0'859) = 04295. (83) 
Comparing this with the value 0429 obtained by method (1) it is evi- 
dent that the two methods are giving the same oscillation. 
It is worth noticing that the slowest period, 27/c, of the same basin in 
the absence of rotation is given by c/c = '50. The period is therefore 


increased in the ratio ‘50 ::499 = 1°14 by a rotation whose period is 
equal to that of the longest free period of the basin when not rotating. 


Character of the Oscillations. 


Reasoning by analogy with the motion determined in the first part of 
this paper, it seems probable that the oscillations consist of a series of tidal 
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waves following one another round the basin in the direction of rotation- 
In this case oscillations of Type A would consist of an odd number of 
waves, while oscillations of Type B would consist of an even number. If 
this were true then the roots of the period equation for oscillations of 
Type B should always fall between two roots of the period equation for 
Type A, and vice versa. It might be possible to prove this, but I do not 
feel competent to do so. On the other hand, it should not be difficult to 
determine the roots in a particular numerical case and so verify this 
suggestion. 


À 
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Fic. 4.—Graphical solution of period equation. Curves from figures in Table (3a). 


Comparison with Oscillations in a Circular Basin. 


The oscillations of liquid in a rotating circular basin have been worked 
N 2 
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out by Lamb.* Lamb comes to the conclusion that there are two types of 
oscillation, one in which the tidal waves flow round the basin in the diree- 
tion of the rotation of the basin, and another in which the tidal waves 
move in the opposite direction. It is, therefore, of interest to find out 
what difference there is, if any, between positive and negative roots 
of (28). 

It will be seen from Table II that a change of sign in c/c, unaccom- 
panied by a change in its absolute magnitude, leaves the values of the A's 
and u’s in (28) unaltered. Similarly а change in sign in a does not affeet 
them either. For every positive root of (28) there is therefore an equal 
negative root. 

At first sight one might be disposed to think that the existence of roots 
of both signs means, as it does in the case of the circular basin, that it is 
possible for a wave to proceed round the tank in either direction. This 
is not true, however. The negative and positive roots of (28) both repre- 
sent the same oscillation. 

To prove this suppose that a positive root of (28) has been found, and 
that the values of An, Ву, &c. have been found. 

Now consider the motion when the sign, but not the magnitude, of 
o/c is changed. From (26) it will be seen that the B’s and y’s are un- 
affected. All the A’s are reversed, but the B’s remain unaffected. The 
sorm А „ SÌN Sm 2 сов my+iBn COB Sm 2 810 MY 
in the expression for u now becomes 


— А m 810 Sm £ сов my +1B»y cos SnT Bin my. 


When multiplied by e~‘” the real part is 
— Ám BİN 512 cos my cos at-]- Bm cos 5, x віп my sin ot. 


The real part of the corresponding oscillation in the case of a positive 
root of (28) is 


Am SÌN Sm сов my cos ct — By, cos 512 sin my sin ot, 


which is the same as in the case of the negative root except for a change 
in sign. 

It is evident, therefore, that the direction in which the waves move 
round the basin is the same in the two cases, and it seems clear that this 
must be the direction of rotation. It seems probable, therefore, that the 
type of oscillation discovered by Lamb in the case of a circular basin in 
a пица a a ei a Se 

* Hydrodynamics, p. 311, 1916. 
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which the wave moves in a direction opposite to that of its rotation is 
peculiar to the circular basin and is not a general feature of tidal oscilla- 
tions. It is worth noticing that no oscillation of this type appears to have 
been observed in the ocean. 


Comparison with Non-Rotating System. 


The oscillations which this work indicates are quite different from the 
oscillations which a non-rotating system can execute. In the case of a 
non-rotating rectangular basin of uniform depth there is a doubly infinite 
system of periods, corresponding with giving all integral values to and 
n in the equation 


ole = пт (т ја" +п7/5 ), 


where a and b are the lengths of the sides of the rectangle.* In the рге- 
sent system there is only a singly infinite series of periods. 

The physical reason for this appears to be connected with the way in 
which tidal waves are reflected from & wall which is perpendicular to their 
direction of motion. It is shown in the first part of the paper that Kelvin 
waves are reflected at the end of a channel by a process which involves 
their being deflected so that they move for a time parallel to the end. It 
appears, therefore, that the wave length of the waves proceeding along 
one side of a channel cannot be independent of the wave length of tidal 
waves moving parallel to the other. 

In conelusion I wish to express my thanks to Prof. E. T. Whittaker 
for his valuable advice on questions involved in the numerical work de- 
scribed in this paper. 


е See Lamb's Hydrodynamics, Chap. тш. 
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ON THE PARTIAL DERIVATES OF A FUNCTION OF MANY 
VARIABLES 


By Grace Сніѕноім Youna. 


[Read December 9th, 1920.] 


1. Let F(z, y) = f(x, yp Yas oes, 15-1; sais) 


denote a function of any number* of variables, finite everywhere, and 
measurable for each fixed y = (уу, Yor ..., ya-v ·--). 

We shall denote the partial derivates (upper right-hand, upper left- 
hand, lower right-hand, lower left-hand) with respect to x, by 


Ft (ж, y), f°, у), Ја, о (2, y), f- (2,9). 


These are the upper and lower limits of the ?ncrementary ratio with re- 
spect to x, | 


Ry(z, x+h; y) = | Да h, y) —f (т, у) | Ih, 


respectively for h > 0 (right), and h< 0 (left). 
We then have the following theorems :— 


TuEonEM 1.—The points, if any, at which the upper partial derivate 
on one side with respect to x is less than the lower partial derivate on the 
other side, form a set of content zero whose section by every line y = con- 
stant is a countable set, t.e. 


fm у) Sf", у), јој (а, у. LP. p.]! 


This is an immediate consequence of a theorem given by myself in the 
Acta Math.t on the derivates of a function of a single variable. We do 


* Not necessarily finite or even countably infinite. 

T Р. р. means presque partout, that is “© except at a set of content zero.’’ 

t “ Except at a countable set of points, the lower derivate on either side is less than or equal 
to the upper derivate on the other side, i.e. f. (хт) < f* (x), and also f. (x) < f- (x).'" “А 
Note on Derivates and Differential Coefficients,’’ Acta Math., Vol. 37, p. 144. 
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not even here need to assume the function f(x, y) to be measurable for 
each fixed y. 


Тнвокем 2.—The points, if any, at which the upper partial derivate 
with respect to x on one side has the value +, while the lower partial 
derivate on the other side has a value other than — oo , i.e. f (у, y) = + Ф, 
fo у) dE — o, or ј = + o, Ў, (х,у) 54Е — o, form а set of con- 
tent zero, whose section by every line y — constant is a set of linear 
content zero. 


This is an immediate consequence of Theorem 1 of my former com- 
munication to the Society on the subject of derivates.* 


Тнеокем 8.— The points, if any, at which f(x,y) has a partial 
| 2 , f(z, ТРТИБИ 
differential coefficient / m y which is infinite with determinate sign, 


or at which it has a forward or backward. partial differential coefficient 
which is infinite with determinate sign, that is ft (x,y) — f. o(z, y) = + o 
or —o, or f^"(z,y) = fox, y) = + or —o, form a set of con- 
tent zero, whose section by every line y = constant is a set of linear 
content zero. 


This follows immediately from Theorems 1 and 2 above. 


Тнковкм 4a.—The points, if any, at which one of the upper (lower) 
partial derivates with respect to x, being finite, is not equal to the lower 
(upper) partial derivate on the other side, that 18 


+o > јео (ж, у) Ef- ley); Ho >ш, y Efo 9); - 
—® <f-o(r, у) БЕЈ (с, у); —9 <fr ol, y) EJ’, y), 


form a set of content zero, whose section by every line y — constant is а 
set of linear content zero. 


TuEoREM 4b.—The points, if any, at which one of the upper partial 
derivates with respect to x and one of the lower partial derivates are 
finite and. different from one another, form a set of content zero, whose 
section by every line y — constant is a set of values of x of linear con- 
tent zero. 


The second of these theorems follows at once from Theorem 8 of the 


* ‘On the Derivates of a Function,” Proc. London Math. Soc., Ser. 2, Vol. 15 (1916), 
p. 368. 
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communication last quoted. As however I am able to prove a somewhat 
more extended result by dividing the proof into two parts, I proceed to 
do so now.*. The original theorem is now divided into two, in the first of 
which the assumption of finitude is made only for a single derivate, while in 
the second, the enunciation of which is that of the original theorem, the 
finitude of two derivates is hypothecated. 

We proceed then to prove the first of these theorems from which 
Theorem 4a above at once follows :— 


TnHEonEM.—J/ f (x) is a finite measurable function, the points, if any, 
at which one of the upper (lower) derivates, being finite, is not equal to 
the lower (upper) derivate on the other side, form a set of content zero. 


Let the given derivate be / (г). Except at a countable set, we have 
/-+ (2) «f (x, 


and, since f~ (x) ie not equal to + at the points we are going to con- 
sider, f,(x) is not — except possibly at а set of content zero, while 
ЈГ. (x) can only be + at a set of content zero; these results have already 
been quoted. Thus, suppressing а possible set of content zero, f,(x) is 
finite, and Lf (x), wherever f- (x) is finite. 

We proceed to show that 


f (2) = 7. (2) 


at every point of the set S of points at which both these derivates are 
finite, and at which f(x) < f (x), excepting only а sub-set of content 
zero. 

Assume, if possible, that the set S has positive content. Let S, denote 
the sub-set of S at whose points 


—r«f.(nsfx-«r, 


r being any positive integer. Then each set S, contains its predecessor 
S,-1, and the outer limiting set is S itself. Therefore for some value of r 
the content of S, must be positive. Let r denote the least integer for 
which this is true. Now write 


f(z) = g(x)+rz, А = 97. 


—— — 


* At the same time I am enabled to add, to the list of corrections already given, the 
argument by which the different possible cases may be deduced from that explicitly treated. 
I have also given in full the justification for the statement that the end-points of the inter- 
vals r- and t; belong to the set К. 
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Then S, is the set of points at which 
0<7. (2) < 9 (2) < А. (а) 


Since g(z), like f(x), possesses the C-property,* and S, is of positive con- 
tent, we can remove a sub-set of sufficiently small content, leaving over a 
complementary sub-set S, of positive eontent, with respect to which f(x) 
is continuous. By Lusin’s LemmaT we can then find a perfect sub-set 
S; of S., which is throughout! of positive content. 

Finally, since at each point of S; we have (a), we can$ choose a funda- 
mental interval (а, b), во as to contain a part G of S7, and such that, xor 
points 2, z— h, and x+h in it, we have 


| (8) 
б < £200) 
А 


(h being > 0), provided z belongs to the set G. We may clearly assume 
a and 6 to be points of G. Let G; denote the sub-set of G at which 


g (2)—94 (2) > k. (1) 


Then, if k assumes in succession the values A, 34, ТА, ..., each set Gg is 
contained in the following, and the outer limiting set is G. Hence again, 
for one of these values of k—which we may take to be the greatest such— 
G, must have positive content. 

Now this set С is itself the sum of the finite number of sets Н, , at 
which, besides (1), we have 


$(y—1) k « g. (2) < łyk, (2) 


y denoting any positive integer up to that for which (y—1) k = 24. 
Hence at least one of these sets must have positive content: let y have 
the least of the values for which this is true. Then there is a perfect sub- 
set of Н, у which is throughout of positive content; let us call this Е. 
Let e be any chosen small positive quantity, satisfying the inequality 


e < 4kE/[(y+1) k+24]. (8) 


е 85e the London Mathematical Society paper above quoted, § 2. 

t Ibid., 83. 

$ That is of positive content in every interval containing & point of the set. 
$ By the Lemmas of 54, loc. cit. 
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Now divide the interval (a, b) into a finite number of compartments, 
namely, 


(i) Black intervals of E, so chosen that the sum of the remaining 
black intervals is less than e; and 


(1) Complementary compartments, whose sum is accordingly > E, and 
< Е +е. 


We shall take each of these compartments (ii) separately. 

To each point z of the compartment considered, which is a left-hand 
end-point, or internal point, of a black interval of the set E, we adjoin the 
part r, of that black interval on the right of the point z. For each in- 
terval r, then, the right-hand end-point belongs to the set E. 

At each of the remaining points of the compartment, since it is a point 
of E, (1) and (9) hold. "Therefore 


3 (у-Е1)Ё < (т). (5) 


Therefore we can find intervals (x, 2 +) and (x —/, х) on the right and 
on the left of z, inside our compartment, and such that 


g(x+h,)—g(r) << tykh,, (6) 
3(y4d-1) АЛ, < 9 (2) — а (7 —1ћ). (7) 


By Young's First Lemma" we can choose out а finite number of the 
intervals (z, z4-À,) and r,, nowhere overlapping, and such that the sum 
of the complementary intervals, say 5, &, ..., tn filling up the compart- 
ment, is less than e/n. 

We may assume that both end-points of any one of these intervals r, 
and t; is a point of the set E. For, if the right-hand end-point of any 
interval ё; is not a point of the set E, we merely have to suppress the 
part of this ¢; internal to the black interval of E containing the right- 
hand end-point of this 6; this is equivalent to replacing one of the 
chosen 7,8 by another rs Having done this, every chosen £j, like every 
ко Will have a point of E for its right-hand end-point. 

If now any r, or t; chosen has for left-hand end-point a point z not 
belonging to Е, we only have to add to our chosen 7,8 the whole of the 


* ‘© On the Derivates of a Function,” loc. cit., p. 368. If preferred, Lebesgue’s Lemma, 
of which I have recently given a proof without Cantor's numbers (Bull. d. l. Soc. Math. de 
France). 
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black interval of E containing that end-point, suppressing at the same 
time the 7,, or that part of the 6 in question, which is internal to the 
newly chosen r, as well as any parts of other of the chosen intervals 
which may encroach on the black interval introduced among them. 

Let us do the same in each of the compartments (ii). Then the sum 
of all the chosen intervals 7, is, by our choice of the compartments (i), 
less than e, and so is the sum of the intervals £,, since there are n com- 
partments (ii), and in each the sum of these intervals f; is < e/x. 

Now let P,, p, and P denote respectively the sum of the increments of 
g(x) over the chosen intervals (x, x-++h,), over all the chosen intervals 7, 
and the intervals ¢;, and over the compartments (1). 

Then, since all these intervals together form a finite number of 
abutting intervals reaching from а to b, 


g(b) —g(a) = Pi +p, +P. 
But, by (6), P, < 3yk(E+e), 


since the content of the chosen intervals (x, x+h,) is not greater than 
that of the compartments (ii) in which they lie. Also, by (8), 


0 <p, < 24e, 


since both end-points of each 7, or t; belong to the set Е, and the sum of 
these intervals is < 2e. Hence 


g(b)—g(a)  àyk(E--)--24eP. — , (8 


Similarly, working with the intervals (2— Лу, т) instead of (x, x+h), 
and with intervals J, on the left, instead of r; on the right, and denoting 
the sum of the increments of g(x) over the chosen intervals (c—/,, х) by 
P4, and over the chosen intervals /, and the intervals ¢; by p}, we have 


g(b) —g(a) = Р,+р+Р. 
But, by (7), +1) k(E—e) < P, 


since these intervals contain all the points of E, except & sub-set of con- 
tent « e. 
Hence since, as we saw for р;, 


0 < Px 
we get i(y4d-1) k(E—e) +P < g(b) —g(a). (9) 
Combining (8) and (9), 
3 (y+1) k(E—e) < 3yk (E-- 0) - 24e, 
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whence, a fortiori, КЕ « e[(y--1) & 4-24], 


which is in contradiction with (3). 
Thus our assumption is untenable. 
This proves the theorem. 


2. The second theorem is as follows :— 


If f(x) ts a finite measurable function, the points, 4f any, at which one 
of the upper derivates and one of the lower derivates are finite and differ- 
ent from one another, form a set of content zero. 


By the preceding theorem this is true if the derivates are one on one 
side and one on the other. It only remains to discuss the case when they 
are both on the same side, say f*(z) and f,(z). Then, by the preceding 


theorem, Ред) -f.G, " 
f.) =f " uin 

and therefore, since f*(x) > 7. (х) and f(x) < f- (2), 
ft) = f+), (Р. р.] 


which proves the theorem. 


8. We have hitherto assumed, except in Theorem 1, that f(x, y) was a 
finite function. Using, however, the more general results of my former 
communication, we see that not only Theorem 1, but also Theorem 2 and 
Theorems 4a and 4b, remain true when f(x) is infinite at certain points, 
while Theorem 2 takes the following form :— | 


Тнковем 2 bis.—The points at which f(x, y) has an infinite partial 
forward or backward differential coefficient, with determinate sign, con- 
sist of the 4nfinities of f(x, y) and possibly an additional set of plane 
content zero, whose section by y = constant is a set of zero linear content. 

The points at which f(z, y) has an infinite partial differential co- 
efficient with determinate sign, form a set of plane content zero, whose 
section by y = constant is a set of zero linear content. 
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THE PRODUCT OF TWO HYPERGEOMETRIC FUNCTIONS 
Ву G. N. Warson. 


(Received November 20th, 1920.—Read December 9th, 1920. ] 


Ir is possible to establish a relation which connects the product of 
two hypergeometric functions 


F(a, 8; у; 2) ХЕ(а, 8; у; 2) 
with the hypergeometric function of two variables of Appell’s fourth type 
F, [a, B , y» а+8—у+1 › 22, (1—2—2)]. 
The reader will remember that the definition* of Appell's function is 
à m = УУ (лим (аи m,n 
F,[a, 8; Y» Y Ы ё, 1] = > > (y)m (у Ја m! n! ё N, 


where a symbol of the form (a)m denotes 
a(a+1)(a+2) ... (a+m—1). 


In the special case in which z = Z, the existence of the relation has been 
indicated to a certain extent by Appellt himself, for he has shown that 
|Е(а, В; у; Z)j* and Fifa, 8; y, а+8—у+1; 2, (1—ZY] are solu- 
tions of the same linear differential equation of the third order. 

The more general case in which z and Z are unequal, which is the 
subject of this paper, would appear to give the best theorem concerning 
the expression of functions of the fourth type in terms of hypergeometric 
functions, just as Appell’s theorem} that 


Fy(a; B, y—B; У; X, Y)=(1-—Y)°F (а, 8; y» 15) 


* Comptes Rendus, t. 90 (1880), рр. 296, 731. 

T Journal de Math., Sér. 3, t. 10 (1884), pp. 418-421. 

t Journal de Math., Sér. 3, t. 8 (1882), р. 175 ; see also Barnes, Proc. London Math. Soc. 
Ber. 2, Vol. 6 (1908), p. 169. 
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is, in all probability, the best theorem concerning functions of the first 
type. 

In this paper I propose to establish the general relation with the aid 
of contour integrals of Barnes' types, after considering the special case of 
the relation in which a is a negative integer, so that the hypergeometric 
series reduce to polynomials. The fact that the relation is of a some- 
what abstruse character is indicated by the impracticability of proving it 
in a simple manner in the special case without making use of infinite 
series. 

The importance of the relation arises from its existence, and not from 
the methods used in proving it, for the proof requires only a certain 
amount of analytical ingenuity. I may state that the method by which I 
discovered the relation was a consideration of various types of normal 
solutions of the wave-equation in four dimensions which have been the 
subject of a paper by Bateman.* 


2. When a is a negative шеа — п, the relation to be proved assumes 
the simple formt 


F(—n, B+n; y; 2)XF(—n, B+n; y; 2) 


= с EED, F,[—n, 8+; y, B—y+1; 22, 1-20 —2)). 


To prove the relation, we transform the expression on the right in the 
following manner, using Vandermonde's theorem in the fifth and sixth 
lines of the analysis : 


— DRE [—п, B+n; y, B—y+1; 22, 1—20—2)] 


= ee ЕЕ cs (84-1)... rr 8 oe 
= > > Ву,“ 2 1—2 (1— 2) y+ 


y Y Ст mns. У (—F*z** (—» Z+? 


r=0 8—0 (у): т! k=0 k! (s—k)! p=0 p! (8 —y4- Dis 
= з АЫ с = (—)., (B4-»).., (—y*1 zZ 
ку Эз opo pem auk Ad cu RA a АНИ CL HM RN RUE 
т=0 3-20 lor д=" (y)r (8—у-Е1),+,-‹4 ri (L—r7)! irt s— 0! (4—7): 
s = Re. (—) p45 (8B 4-0)... (—)+1271 
= 2 >.> > Sas i ae NN E NR 
1=0 q=0 r=0 з= r (у) (8— у +1),.,–, r! (1—7)! (715—0! (9 —7)! 


* Proc. London Math, Soc., Ser. 2, Vol. 8 (1905), pp. 111-123. 
f It is convenient to take 8 + as the second element in order to retain the usual notation 
for Jacobi's polynomials. | 
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— 757 (— т, (84-0 (у++1+Е4д)„—_:(—)”+1 7 
^ deo со ео (Yh (B—y+lhor!(—r)l(q—r)! 


- 5 > ! — ту (Btn) al к= P)g—n уя 
t=0 д=0 (y) 


= CY gat, Flom Bn; у; 2X F(y-B—n, y+n; yi Z) 


— (LM yh __ — 7)8-у F(— | “ду 
= ( ) (8 — y 4-1). (1 Z) ( п, B+n; Y» 2) 
x F(—n, B+n; y; 2, 
by a well-known transformation of hypergeometric functions ; and this 


establishes the stated relation. 


8. In order to establish one form of the general relation let us con- 
sider the expression 


1 2 loi со + 
az (21 u | "Га+з+0Г(@+»+0Га—у—) 


х Г(у—а—8—9ђ Г(— 8) Г(— 9 [22] " |(1—)(1—2)|'45 dt, 
which is an absolutely convergent double integral, provided that 
[агр [22 || < 27, |arg {(1—z)(1—Z)! | < 2, 


and it is supposed* that the contours have loops, if necessary, to ensure 
that the points —a, —a—1, —a—2, ..., —8, —8—1, —B—92, ... lie on 
the left of the s-contour, and the aiher poles of the integrand ie on the 
right of the contours. 

We now define —z and —Z by the equations 


—z = ge", = Ze", 
where larg (—2)| < т, |arg(—2)| < т, 
and then | arg (22) | = [arg (—z)+arg (—2)| < 2. 


— 


v 
* It simplifies the argument if it is first supposed that a, В, y, y —a- В have positive real 
parts, and then at the end of the reasoning to use the theory of analytic continuation to re- 
move these restrictions, 
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In the double integral we now make use of the formule 
_pja—2 = |. | - —p(—2) 
Г(-91—2) = Oni _„1^ $) Г(%—9(— 2“ аф, 


I'(y—a—8—1)— Zy*s-r*t 


mi 
Š ji |. TT a8 +y—0(— 2 ay, 


дїгї 


whence it follows that the double integral is equal to 


(2) V |” |- | Pats HATE 5-0 TQ — у—5) Г(—5) 


т? —wviJ—widJ—wi 


xI(—4)I'(—J)I($—45T(—a—B-4-y—20(—2/** (—Zy**d$ аг 


= 1 4 fat o i xi at Г Г РГ 1 Г 
= (55) | | | r. (а+5+9 Г(8+85+9 | —y—s) Г(—5) 


—~niJjJ—-niJ—at 


хГ(5— ф) (syr ($9 —s—0TDT(jp—a—84- y —5—0(—26*(—ZyY 
d$ dy, dsdt 
1 З foi oo t oo í i 
= 55) | | | Га—у—5) Г(—8) Г(8—Ф) Г(5— 7) 


271 -oi J—-œoiJ— 


DO 2 oT y— 8. — 2) (—Z) dsd$ dv 


2 гоі mi : 
= (4) | | r-ere»ra--9ra-,-w 
хГ(а+фФГ(@+%)Г(у-+у—а) ГМ -y —8) 
x Sing TY) ® C SC. z9dedy. 


In each of the last two lines, Barnes’ lemma,* that 


zz ЈЕ Г (а, +10) Г (а, +20) P (8, —г0) Г' (8, —10) dw 
_ Г(а +8) Г (ag +) T (as 4- 6, ) I (ay - B3 
I' (a, 4- a+ 81 + 83) 


has been used. 


We now evaluate the initial and final integrals by calculating the 
residues at the poles on the right of the contours, and after dividing by 


* Proc, London Math, Soc., Ser. 2, Vol. 6 (1908), pp. 154, 155. 
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(1— Z)**?-*, we find that 
Гог) (1~y) (y —a—8) File, 8; y, a--B—y--1; 27, dà—20—2)] 
T GAZ! Г(а—у+1) Г(8—у+1) Г(у—1) Г(у—а—8) 
| X F,[u—y+1, 8—y4-1; 2—у, a+8—y+1; 22, 1—2(1—2)] 
+ (ü—2—2)]*-5T(y—8)T(y—2a) Г(1—у) Г(а+8—у) 
X Fily—B, y—a; у у—а—8+1; 22, (1—2(1—2)] 
+ (22) | (1—2)(1—2) 7-2 РГ1—8) Га—а) Г(у—1) Г(а+8—у) 
X F,[1—8, 1—a; 2—y, y—a—B+1; 22, (1—2)(1—2)] 


2 “Ta l'(y—a) T (y—8) I0 -y Fla, B; y: 2) 


X(1—2)y7*7? F(y—8, y—a; у; 2) 


__ Г(а— У +1) Г(8— +1) 
HD га шу rae Try 


х F(a—y+1, B—y+1; 2—y; 20 — Zy-*-? F1 —8, 1—a ; 2—y; 2) 


= TP I(y-aT(—B8TQ—»Fa, B; y: 2 Fe Bs у; Z) 


.l(a—y-4-DI(8—«4-1) 
J-(2Z)7Y eU t l'(1—a) Г1—8) '(y — 1) 


X F(a—y--1,8—y t1; 2—у; 2 Fa—y-- 1, 8—y 1; 2—y; 2), 


and this is an equation of the specified type. 


4. If we had dealt in a similar manner with the integral 


as CAN (9 и И 
ü—2y** ' (5) | | Го Ps) z (—2) 


— со + 


xI(—5T(y—a—8—1)1(—2(— Z) dsdt, 
which is convergent when 


larg z+arg(—Z)|< т, [arg (1—z)+arg(1—Z) |< 2m, 


we should have found it equal to 
1 8 foi xi oo t Г(— 5) ез": d 
(Fri) Joa) eine Toa FOOT OY 
Гаф) T8-F Гоу Voy), s уурда 
x ГОУ (— 2) (— 2)“ азафау, 
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and, when R(y) is positive, this is equal to 


x) |... moror tg recorte 


XT'(-4-y—a) Гу —8)(—2* (— ZY d$ dy. 


– 2 + 


И we calculate the residues of the initial and final integrals at the 
poles on the right of the contours, and then divide by. (1—Z)***-, we 
find that 


Г 
To L(y—a—8) Р, [а, 8; у, а+8—у+1; 22, 1—2(1—2)] 
+11—2(1—2) | -e-e = Га+В=—у) 


ХР, [y—B, y—a; Уу, y—a—B+1 ; 22, (1—2)(1— 2)] 


_ To Г) Гу=Гу=8 pa... = 
TE F(a, B; y? z) F(a, B; y» 2), 


and the restriction that R (y) > 0 may now be removed by the theory of 
analytic continuation. 


Since 
Fia, B; y, у; ёт = E (20% грат, Вт; у; т) 
4%, 2, У, Y , 5,0 Еке? (y)a m! | , У › 1), 


the last result may be written in the form 


Г(а) T (8) ' (y —a) ' C — 8) 


To F(a, 8; у; 2) Е(а, 8; у; 2) 


~ Г(а+т) Г(8+т), om 
= Гбу—а—6) х c e F[a--m, 8+т, atB—y+1; 
| 1—2)1—Z)] 
> Г(у= 8+) Гат) im. amc mica 
+Г@+8—у) > Г(у +'т) т! e2*(ü—-aü-2jr** 


X F[y —84- m, y — a4- m, у—а—8+1; (1—2)(1— Z)). 


If we combine corresponding terms of the series on the right, we find that 
they are expressible in terms of 


F(a+m, B-+m, yt2m, 2+28—22), 
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so that we finally get 


Г(а) Г(8) Г(у— а) Г(у—– 8) 
ae 


rj F(a, В; y; 2) Fla, В; у; 2) 


5 „Паја Г(8+ т) U(y —a4- m l(y—8--m (zy 
3 Г(у+т) V (y 4- 2n) т! 

X Е(а+т, 84-m ; y+2m; 2+2—22). 
We can therefore express the product as a double series, thus 


F(a, В; y; 2XF(a, В; y; 2) 


-— 5 > (а) +5. (B)m + (у— а)» ( у== В)» (ZU (s-- 2 —22)". 


m=0 n=0 (у) (y)am s 2%! n! 


The series on the right is not one of Appell's functions as it stands, but, 
as we have seen, it is expressible in terms of two functions of Appell's 
fourth type. 


o 9 


196 G. I. TAYLOR [June 10, 


DIFFUSION BY CONTINUOUS MOVEMENTS 
By G. I. TAYLOR. 


[Received May 22nd, 1920.—Read June 10th, 1920.] 


Introduction. 


It has been shown by the author,* and others, that turbulent motion 
is capable of diffusing heat and other diffusible properties through the 
interior of a fluid in much the same way that molecular agitation gives 
rise to molecular diffusion. In the case of molecular diffusion the rela- 
tionship between the rate of diffusion and the molecular constants is 
known ; a large part of the Kinetic Theory of Gases is devoted to this 
question. On the other hand, nothing appears to be known regarding the 
relationship between the constants which might be used to determine any 
particular type of turbulent motion and its “ diffusing power.” 

The propositions set down in the following pages are the result of 
efforts to solve this problem. 

In order to simplify matters as much as possible the transmission of 
heat in one direction only, that of the axis of z, will be considered. We 
shall take the case of an incompressible fluid whose temperature 0, at 
time ¢ = 0, depends only on т, and increases or decreases uniformly with 
т. Initially therefore 00/02 is constant and equal to 8, say. 

Now suppose that the fluid is moving in turbulent motion, so that 
the distribution of temperature is continually altering. Suppose that the 
turbulent motion could be defined by means of the Lagrangian equations 
of fluid motion, so that the coordinates (x, y, 2) of a particle are given in 
terms of its initial coordinates (a, 6, c) at the time ¢ = 0, and of é. 

Since the temperature of any particle is supposed to remain constant 
during the motion, the temperature at the point (z, y, z) at time £, which 
will be represented by the symbol Ө (x, y, 2) is @(a, 0), which represents 
the temperature at z = а at time t = 0. 


* “Eddy Motion in the Atmosphere,” Phil. Trans., 1915, p. 1. 
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Since the rate of increase in temperature with z is constant when 
Me 6(a, 0) = 6(z, 0)—(z—a) 8. 


The average rate at which heat is being conveyed across unit area of a 
plane perpendicular to the axis of x is evidently equal to — po multiplied 
by the average value of и(х — а) over a large area of a plane perpendicular 
to the axis of т. In these expressions u represents the velocity of a 
particle of fluid in the direction of the axis of z, p is the density, and o 
the specific heat, so that po is the heat capacity of unit volume of the 
fluid. 

No doubt the average value of u(z—a), which must be obtained from 
considerations of the particular nature of the turbulent motion in question, 
depends on the mean motion of the fluid; but if experimental data exist, 
as in fact they do, which enable its value to be calculated, it is of interest 
to enquire what types of turbulent motion are capable of producing the 
observed distribution of temperature. 

In order to simplify matters still further it will be assumed that the 
turbulent motion is uniformly distributed throughout space. The mean 
value of w(x—a) will then be the same for every layer and will be equal 
to the mean value throughout space. This quantity will be expressed by 
the symbol [u(z—a)]. 

Owing to the fact that the fluid is incompressible [u(r —a)] could be 
calculated either by taking а rectangular element óróyóz, at time f, finding 
the corresponding value of w(z—a) and integrating throughout space; or 
by taking an element óaóbóc at time #= 0, finding the corresponding 
value of u(z—a) at time £, and integrating. The second method will be 
adopted. 

Fixing our attention on a particle of fluid, it will be noticed that 


Ox t 
u = m and rz—a =| udt. 


Hence, writing X for z—a, 


[u(z—a)] = [х] = $ [<] = $ < [x°]. 


In this ideally simplified system therefore the rate at which heat is 
transferred in the direction of the axis of z is determined by the rate of 
increase of the mean value of the square of the distance, parallel to the 
axis of z, which is moved through by a particle of fluid in time t. 

If a physicist were to try to define the characteristic features of any 
particular case of turbulent motion, with a view to discussing statistically 
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its effect as a conductor of heat, he would probably first fix his attention 
on the mean energy of the motion. That is to say, he would determine 
[v]. 

He would then perhaps notice that it is not sufficient to determine 
[u°]. With a given value of [42] it is possible for the turbulent motion to 
be associated with a small or a large transfer of heat, according to whether 
a particle frequently, or infrequently, reverses its direction of motion. It 
would therefore be necessary to define some characteristic of the motion 
which differentiates between the cases in which the changes in the velocity 
of a particle are rapid, and those in which they are slow. A suitable 
characteristic to choose would be | (2 

Further investigation would show that it is necessary also to define 


Ly) … [69] … 


The relationship between 


CECENE 


is discussed in the following pages. The problem is in some respects 
similar to that known as ‘“‘ The drunkard’s walk," or to Karl Pearson’s* 
problem of the random migration of insects, when the motion is limited 
fo one dimension; but in the course of the investigation some curious 
propositions have come to light concerning the mean values of continuously 
varying quantities whieh may perhaps be of interest to mathematicians, 
as well as to physicists. 

In the course of the work no discussion of the convergency of the 
geries used is attempted. The work must therefore be regarded as incom- 
plete. The author feels that such questions might be examined with ad- 
vantage by a pure mathematician, and it is in the hope of interesting one 
of them that he wishes to offer this paper to the London Mathematical 
Society. | 


Discontinuous Motion. 


Before proceeding to consider the continuous version of the problem 
of random migration ia one dimension, the discontinuous case will be 


* Drapers’ Company Memoirs. 


1920. | DIFFUSION BY CONTINUOUS MOVEMENTS. 199 


extended slightly, so as to make it bear some resemblance to the con- 
tinuous case. 

Suppose that a point starts moving with uniform velocity v along a 
line, and that after a time + it suddenly makes a fresh start and either 
continues moving forward with velocity v or reverses its direction and 
moves back over the same path with the same velocity v. Suppose that 
this process is repeated n times and that we consider the mean values of 
the quantity concerned for a very large number of such paths. 

Let x, be the distance moved over in the r-th interval. Then x, is 
numerically equal to vr, but its sign may be either positive or negative 
and each occurs an equal number of times in considering the average. If 
X, is the standard deviation or ''root mean square" of the distance 
moved by the point from the original position after time лт, then 


X = Го + ++... +2)", 


where the square bracket indicates that the mean value is taken for all 
the paths. 


Hence X? = па + 9 [х, 2442, r4 +... zem +...) (1) 
where d = vr. 
If there is no correlation between any two z's, 
[2,2,) = 0. 
Hence Х = nd or X, = ауп = vy (TT, 


where Т, is the total time during which the migration has been taking 
place. It will be seen therefore that X, is proportional to 4/T;. 

Actually in a turbulent fluid or in any continuous motion there is 
necessarily a correlation between the movement in any one short interval 
of time and the next. This correlation will evidently increase as the in- 
terval of time diminishes, till, when the time is short compared with the 
time during which a finite change in velocity takes place, the coefficient of 
correlation tends to the limiting value unity. 

This idea will now be introduced into equation (1). 

To begin with let us make the arbitrary assumption that z, is corre- 
lated with z,,, by a correlation coefficient c. Suppose also that the 
partial correlations of z, with 2,42, 2+3, ... are all zero. The correlation 
coefficient between =, and z,,2 is then c. Between z, and r,,, it is c’. 

The value of 2[r,z;d-z,754- ...- zz, +... ] is then 


2d? {nc+(n—1) c? + (n—2)c8+...+0"}. 
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The series in the | | bracket is easily summed. Substituting its value 
in (1) it will be found that 
( Ine (1 с") | 


2 = Бира, 
X= Ф (п “а 


or, putting n = T,/7, and а = vr, 


== зони“ 


By reducing т indefinitely we can evidently make the case approximate to 
some sort of continuous migration, but in order that X,, v and T, may be 
finite and tend to a definite limit as т is decreased, it is necessary that 
1+c 9c?(1 — c") т? 
= T and 7) 
зау, 1—c must be proportional to т. 


must also tend to a definite limit. That is to 


Let = tend to the limit A when т and 1—c tend to zero. 


Then X? tends to the limiting value 
v? [2A T, —24*(1 —e7 44), 
or, dropping the suffixes which are no longer necessary, 
МХ] = vy 19AT—24?(1—e777^)), (3) 


where X is the distance traversed by a particle during a flight extending 
over an interval of time T, and the “ root mean square ” is taken for a 
large number of such flights. 

When Т is small this reduces to J/[X^] = vT, which is exactly what 
we should expect when the time 18 so short that the correlation coefficient 
с", between the first and last small element of migration has not fallen 
appreciably away from unity. 

When T is large /[ X?] = ом (2AT), so that the amount of “ diffusion ’’ 
is proportional to the square root of the time. The constant A evidently 
measures the rate at which the correlation coefficient between the direction 
of an infinitesimal path in the migration and that of an infinitesimal path 
at a time Т, say, later, falls off with increasing values of T. 

We have now seen how it is possible by introducing the idea of a 
correlation between the directions of the successive jumps in & random 
migration, to keep the standard deviation of the distance of migration 
constant, no matter how small the infinitesimal paths of the migration 
may be. 

The migration is stil a discontinuous one however. It suffers also 
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from the disadvantage of depending on a special assumption, namely, that 
there is a definite correlation between the direction of motion in one in- 
finitesimal element of path, and that in its immediate neighbours, but 
that there is no partial correlation between the directions of motion in 
paths which are not neighbours. This means that there is a special law 
of correlation between the directions of the paths at finite intervals of 
time. The correlation coefficient between the direction of an infinitesimal 
path and that of the path which occurs at a time T = nr later, is evi- 
dently c". This may be written 


11——9)!* = @—т/4)* = (1—т/А4)Т!'. 
When т is small this tends to the limit e-7/4, (4) 


We are therefore limiting ourselves to the particular type of motion 
in which the direction of an infinitesimal path is correlated to that at 
time T later by the correlation coefficient* e-7/4, 


Diffusion by continuous Movements. 


The work just described, though not particularly useful for our present 
purpose, is useful in that it gives rise to ideas about how problems of 
migration or diffusion by continuous movements may be treated. In what 
follows these ideas are worked out and the conditions of motion which 
determine the laws of diffusion are found. 

Before proceeding to discuss diffusion, however, it will be necessary to 
prove a few statistical properties of continuously varying quantities. 

Suppose that we wish to express the characteristic properties of the 
variations of some quantity whieh varies continuously, but which appears 
to have no very definite law of variation. Suppose, for instance, it is 
desired to define the characteristic features of a barograph record. There - 
are no obvious periods, nor is there any definite constant amplitude of 
* variation in barometric pressure, yet there are certain properties of the 
curve which can be defined. If we take the standard deviation of pressure 
from its mean value during a year, it will be found to be practically con- 
stant from year to year. If p represents the deviation from the mean 
pressure, this standard deviation is J/[p?], where the square bracket now 
indicates that the mean value of p* has been taken over a long period of 


— n — ———— Е ET 


* Incidentally it will be noticed that the correlation between the direction of motion at 
one instant and that at time ¢ earlier is also e- 74, It is obvious that we cannot consider the 
value of the expression е- 74 when Т is negative. 
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time. One property of the curve which we can define, therefore, is the 
constancy of y/[ p°] during successive long periods. 

The statistical properties of the barograph curve are by no means 
completely determined by this. It is possible to imagine an infinite 
variety of barograph curves with a given standard deviation of p. They 
might, for instances have & large number of peaks in the curve during a 
given interval of time or a small number. In the former case the 
standard deviation of dp/dt might be expected to be larger than in the 
latter. We can, therefore, define the curve still further by specifying 
the standard deviations of dp/dt. 

It appears that, from a given barograph curve, it is theoretically 
possible to find the standard deviations of р, dp/dt, d*p/dt?, ..., а"рја ", ... 
Let us assume that all these are constant from year to year. 

Now suppose that we begin by specifying certain arbitrary standard 
deviations for p, dp/dt, &c., and that we try to construct a possible baro- 
graph curve from them. We are at once brought up against a difficulty. 
Suppose that we have specified a large number for the standard deviation 
of dp/dt, i.e. 4/[(dp/dt)?] and small numbers for y [p°] and J[(d?p/dt?)?]. 
It is evident that if we begin constructing the curve with a large value of 
dp/dt at a point where p = 0, the fact that the value of 4/[(d?p/d?)] is 
small means that it will be a long time before dp/dt changes sign. Hence 
it will be a long time before p atiains its maximum value, and during that 
time p must have attained a large value. Hence, if the standard deviation 
of dp/dt is large and that of агрја is small, the standard deviation of p 
must be large. It is evident therefore that there must be some relation- 
ships between the standard deviations and the curve of which we have not 
yet taken account. We shall now see what these are. 

Suppose that we observe the values pi, Ра, Ps» ..., Pr Of p at a large 
number of successive times t, tz, Ёз, ..., (,. Suppose further that we 
observe the values p;+0p,, Da+ôPDa Ра др»  ..., pa-d-óp,, at times 
ttot, ty+ot, 1,4-5, ..., Һ-+Е8%, where ôt is a small interval of time. 
Then, if А, Ё, ..., n are taken at random 


[2] = (pit - pit... 23ln, 


and since we are considering a curve in which [p°] is constant, [р] is 
also, to the first order, equal to 


L | (+ at) + (pat e ot) +...+ (pat De ot) | 


= [p°] +2 [> A ôt. 
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It appears, therefore, that we can differentiate the ааыр inside 
square brackets which indicate a mean value. 
Hence the condition that [27] shall be a constant is 


dp] — | | 
[2 = 0. (5) 


There is, therefore, no correlation between p and dp/dt. 
Now differentiate (5) once more, 


PAHE- o 


Hence by the definition of a correlation coefficient, there is a negative 
correlation between p and d’p/dt? equal to 


10) | 
ШИС | 
ар 
мл (22) | 

A consequence of the existence of this correlation coefficient v is evidently 
that [(dp/dtf] cannot be greater than 4A/[p*]/[(d?p/dt)], a statement 

which agreea with the remarks above. 
The way in which the correlation coefficient affects the characteristic 


features of the p, £ curve is easily seen. Suppose it is large, t.e. nearly 
equal to —1; then the curve will look something like curve (a), Fig. 1. 


(6) 


cea Ф -——————-——eomoec Se © Ф «>» шы» © @ о CO. a a @ “~ у ч» Фе» “> «ье зз чә © 


Fic. 1. 


Suppose the correlation coefficient between p and d?p/dt? is small, but 
that the standard deviations of dp/dt and d’p/dé are the same as in curve 
(a), Fig. 1, then the slopes and curvatures will be of the same magnitude 
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as in curve (a), but the curvature will not always be concave to the mean 
line. This is shown in curve (b), Fig. 1. 

It is evident that the standard deviation of p is greater in (b) than it 
is in (a). This is expressed by the formula (7), for if the standard devia- 
tions of dp/dt and d?p/d? are fixed, then the standard deviation of р is, 
according to (7), inversely proportional to v. 

Since the standard deviation of dp/dt has also been given as constant 
it can be treated exactly in the same way as the standard deviation of p, 
thus differentiating [(dp/dt)], we have 


dp d? 
+ 18 | = (8) 


and differentiating this again 


dp dp dp ]-2o 
Е 78 |+[(5) E (9) 
But differentiating (6) again 
Фр dp Cp) _ 
E 78 |+ dt dé 
Hence, from (8), [25 ga | = 9. (10) 


ee dp ар 
Differentiating (10), |? zh di 48 


a] (l= 


Proceeding in this way it can be shown that 


P di] = о | (42) ] | 


dtl | 
and р |= = 0. | 


The correlations to which p and its differential coefficients must be 
subject in order that their standard deviations may be constant, have now 
been established. We can, therefore, now use these standard deviations 
to define some statistical properties of the curve. 

In analysing any actual curve, it may be very difficult and tedious to 
obtain these standard deviations. There is, however, another method of 
defining the statistical properties of the curve which is equivalent to that 


Hence, from (9), 


(11) 
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given above, but which is likely to be much more manageable in practice. 
This method will now be considered. 

Suppose that we take, as before, the values ру, pa, рз, ---» Pny Of p at a 
large number of times hy far tz, ..., Én, chosen at random. Let us correlate 
them with the values pi, p», ..., pr, of p at times t,+£, +2, ..., +2, 
where £ is a finite interval of time which may be positive or negative. 
Let the coefficient of correlation so found be Rẹ. Then Rẹ must evidently 
be a function of £. 


If p, be the value of p at time ¢, and p,,; be the value of p at time 
t+€, then by definition 


[pipe] = RewU pid vised; 
but by hypothesis the standard deviation of p does not vary, hence 
Lor] = [5] = pie), | 
and Re = [ p: pe]. [p°]. (12) 
Now expand p;,; in powers of £, 


pue = pte D + E Be... 


Hence 
Dos donee [» а ]+ £ [$2 $ [pS]. am 


Substituting for [> | from (11), (18) becomes 


[opes] = [Р1+ё0©— = [ (42) ар ) |+; От E [C2 ].... 


Hence, from (12), 


LG) | elo]. e LE) ] 

[p] tu EE api 1)" On! [ p?] ° 
It will be seen that, as might have been expected, №; is an even function 
и 7 an example of the method let us take the case where it is known 


that p = sin (¢+e), where e may take all possible values, all of which are 
equally probable. In this case 


[2] = 4, [(dp/dd?]=3, .., [(d"plat?]- 3, ... 
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(14) therefore becomes 


–— £4, 6 0. 
ЕЕ ор rare ss 


This is the series for cos ё. Hence Rẹ = сов ё. The correlation between 
the value of p at any time and its value when ¢ is increased by any odd 
multiple of 47 is 0. This is obviously true since there is no correlation 
between вір (t+e) and sin [£--e-- (9n 4-1) (37) | as e varies. 

The correlations between p and its differential coefficients given in 
(11) are evidently also true. 


Application to Diffusion by continuous Movements. 


The theorems which have just been proved will now be used to find 
out what are the essential properties of the motion of a turbulent fluid 
which makes it capable of diffusing through the fluid properties such as 
temperature, smoke content, colouring matter or other properties which 
adhere to each particle of the fluid during its motion. 

Consider а condition in which the turbulence in а fluid is uniformly 
distributed so that the average conditions of every point in the fluid are 
the same. Let w be the velocity parallel to a fixed direction, which we 
will call the axis of z, of the particle on which our attention is fixed. It 
will now be shown that the statistical properties which were defined &bove 
(now in relation to u instead of p) are sufficient to determine the law of 
diffusion, т.е. the law which governs the average distribution of particles 
initially concentrated at one point, at any subsequent time. 

Suppose that the statistical properties of « are known in the form 
given above, that is to say, suppose that [v^] and Р, are known. Rẹ is 
now the correlation coefficient between the value of u for a particle at any 
instant, and the value of w for the same particle after an interval of 
time £. 

Let u; represent the value of u at time ¢. Consider the value of the 


definite integral 
t 
| Гаи: | d£. 


By the definition of Rẹ this is equal to 


[uf] | ае 
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Hence, since [27] does not vary with ¢, and FH; is an even function of ё, 
t 
| Lune] d£ = [n3] | Ваг. (15) 
0 0 


Evidently one can integrate inside the square bracket just as опе сап 
differentiate. Hence 


| [а] dé = | u | шав | = [uX], 


. or, in the notation of the introduction, [uX]. 


Hence Pl R,dé = [uX] (16) 
d 
= 4 di [X*], (17) 
and [X] = 2 [u7] |, f B, d£dt, (18) 


where X is the distance traversed by a particle in time T. 

Equation (18) is rather remarkable because it reduces the problem of 
diffusion, in & simplified type of turbulent motion, to the consideration of 
a single quantity, namely, the correlation coefficient between the velocity 
of a particle at one instant and that at a time £ later. 

Let us now consider the physical meaning of (18), when T is so 
small that Rẹ does not differ appreciably from 1 during the interval T. 
In this case 


T ft 
| | врага = 178, 
0 JO 
so that (18) becomes [X?] = [2] 7°, 


or VIX] = Tu]. (19) 


That is to say, the standard deviation of a particle from its initial position 
is proportional to T when T is small. This is what we should expect pro- 
vided the time T' is so small that the velocity does not alter appreciably 
while the particle is moving over the path. 

Now consider how one would anticipate that E, would vary with £ in 
a turbulent fluid. The most natural assumption seems to be that А, 
would fall to zero for large values of £. It might remain positive as in 
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the curve shown in Fig. 2, or it might become negative or oscillate before 


" 


4 


falling off to zero. In either case it seems probable that it will be possible 
to define an interval of time T, such that the velocity of the particle at 
the end of the interval T, has no correlation with the velocity at the 


Fic. 2. 


t 
beginning. In this case suppose that lim | RF; dé is finite and equal 
>> JO 
to I. Then at time T (2 T!) after the beginning of the motion 


d сузу огуз 
q 2] = 210]1, 


so that [X?] increases at a uniform rate. In the limit when [X?] is large 
/UX] = ут [v ]), (20) 


so that the standard deviation of X is proportional to the square root of 
the time. 

This, therefore, is a property which a continuous eddying motion may 
be expected to have which is exaetly analogous to the properties of dis- 
continuous random migration in one dimension. 

It will be noticed that when T > T, 


[Xu] = [u°] 1. (21) 


Hence [Xu] is constant in spite of the fact that [X°] continually in- 
creases. In order that this may be the case X must always be positively 
correlated with и, but the correlation coefficient must decrease with in- 
creasing [X^]. If vx, represents the correlation coefficient between X and и 


nd а] 
= npe] 7 VX]? 


and in the limit when T> œ, 


IT) / 1 


«= утрау = Мар = 
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It is interesting to compare the expression (18) for [X°] with the ex- 
pression given in (8) for the standard deviation of X in the special case 
of discontinuous motion considered ћ эге. 
In that case Rẹ was shown in (4) to be e7*/4^, In the continuous case 
if we write Rẹ = e~*/4, (21) becomes 
T ft 
[52] = 2 fu] | | etl d£dt 


T 
E ba] | A (1—e7' 5) dt 
0 
= 2[47] iAT—A?*0 —e7"45. (23) 
In the discontinuous case it was shown in (8) that 
М(Х] = vy 124T—24?(1—6e7774)]. 


It is evident that this is exactly the same as (23) except that 4/[w?] has 
been substituted for the constant v which occurred in the discontinuous 
case. 

If as a result of experiments on diffusion, it were possible to obtain a 
curve representing [X^] as a function of T, it would be possible to use 
(18) as a means of discovering something about the nature of the turbu- 
lence, for (18) could be written 


dis. 
тё [X] = 2[u°] R; 


and Rẹ could therefore be found. 

In a recent communication to the Royal Society,* Mr. L. F. Richardson 
has described some experiments on the diffusion of smoke emitted from a 
fixed point in a wind. Similar observations have been made on the smoke 
from factory chimneys by Mr. Gordon Dobson.t Both these observers 
came to the conclusion that, at small distances from the origin of the 
smoke, the surface containing the standard deviations of the smoke from 
a horizontal straight line to leeward of the source, is a cone. If the mean 
velocity of the wind is assumed to be uniform, the standard deviation in 
a short interval of time is therefore proportional to the time. At greater 
distances their observations indicate that this surface becomes like a 
paraboloid, so that the deviation of the smoke is proportional to the 
square root of the time. 


* Phil. Trans., A, Vol. 221, p. 1. 
t Advisory Committee for Aeronautics (Reports, 1919). 


SER. 2. voL. 20. wo. 1390. P 
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Both these observational data are in agreement with equations (19) 
and (20). 

Mr. Richardson’s method consisted in taking a photograph of the 
smoke leaving a source and drifting down-wind. The exposure was not 
instantaneous, but extended over such a long period that a kind of compo- 
site photogragh was obtained showing the outer limits of the region con- 
taining the smoke. The general shape of the outline of this region is 
shown in Figs. 4 and 5; it is, as has been explained, a parabola with a 
pointed vertex. In some cases the paraboloidal part of the surface joined 
straight on to the conical part, as shown in Fig. 4, but in other cases 
there was a sori of neck between them as shown in Fig. 5. According to 
the theory set forth above this neck would be anticipated in cases where 
the E; curve contained negative values as shown in Fig. 8. An Rẹ curve 
of this type might be due to some sort of regularity in the eddies of which 
the turbulent motion consists. 


Fio. 3. 


CHIMNEY pod. 


La See SMOKE Soke ИН 


CHIMNEY 


Fio. 5, 
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It appears that both theory and observation indicate that [Xu] be- 
comes constant after a certain interval of time (which depends of course 


£ е 
оп the value of 2 аё which | Rd becomes practically constant with in- 
0 


creasing values of £). This is a matter of considerable interest in the 
theory of the conduction of heat by means of turbulence, because it indi- 
cates a reason why the “diffusing power" of any type of turbulence 
appears to depend so little on the molecular conductivity and viscosity of 
the fluid. 

After writing this paper I showed it to Mr. Richardson, who informed 
me that he had already noticed the relations (11), and at my request he 
sent me his proof which follows. 


Note on a Theorem by Mr. G. I. Taylor on Curves which Oscillate 
Irregularly 


By Lewis F. RICHARDSON. 


The theorem referred to is proved on the hypothesis that the standard 
deviations of p, dp/dt, Фрай, ..., d"p[dt" are constant over апу long 
time. It also follows, as will now be shown, from the rather different 
hypotheses which may be stated thus :— 


(i) No one of p, dp/dt, d*p/dt? has a standard deviation less than a 
certain lower limit. (1) 


(ii) The instantaneous values (t being time) of p, dp/dt, @p|dť, ..., 
never exceed in numerical value a certain upper limit. (2) 


We might state simple numerical upper and lower limits. But as we 
are dealing with oscillations, it will be as well to take a hint from the 
properties of the sine curve. If p = csinsp, then |d"p/dt"| is not 
greater than сз", and the standard deviation of d"p/dt" is А/$ cs". 


For our irregular curve let us define B and r and A so that |p| < B 


and |d"p/dt"| < Br". (3) 
The standard deviation of p is greater than A and that of d"p/dt" is 
greater than 47". (4) 
It is required to find 
| Doy dp 
= ЈЕ: qe» 4 m 
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Integrate by parts, successively, so as to differentiate the p and to in- 
tegrate d’"p/dt™ until they both coincide in d"p/dt". For example, when 
n = 5, the result is 


_ 1 NE d?p FRU. е ap | Фр Ф dp  d'p d'p 
t—t,J,L аР 46 di dË аё 


d? dt | dt dé 
1 ty ay 
tz GE) а ~ 


The expression in square brackets is less than 5B°° however long the 


tj 75,42 
interval (t— t) may be, while | (SE) dt is greater than (tg—¢,).4?r", 
f 


and so increases with the interval. 

Thus when (¢,—¢,) is large enough, the term in square brackets be- 
comes negligible. Generalizing the example, and taking account of the 
changes of sign introduced by partial integration, 


1 ("p EP D" ЧЕЗ 
к lo — t M dt^ dt is Lt t dt" dt. (7) 


If in place of араё" in (5) we had had а coefficient of odd order, the 
partial integrations, when pursued so as to lead back again to the original 
form, would have produced an arrangement of signs such that like terms 


were added. So that 
d?n*15 


1 [^ 
Een pul P grt ; dt = Bis : (8) 


This depends on the hypothesis (2) only. Hypothesis (1) does not come 
in here. It was needed in proving (7). 
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ON DR. SHEPPARD’S METHOD OF REDUCTION OF ERROR BY 
LINEAR COMPOUNDING 


By A. S. EDDINGTON. 


4 


(Received November 23rd, 1920.— Read January 13%, 1921.] 


1. Dr. W. F. Sheppard* has recently developed & new method of treat- 
ing the problem of fitting a smooth curve to a series of observations, which 
seems to be of considerable importance in the general theory of the sub- 
ject. The central idea of the new method is not difficult to understand ; 
but the formule into which it is translated become very bewildering by 
their number and absence of any apparent connection with one another, 
and by the multitude of arbitrary symbols which have to be introduced. 
I believe that a greater coherence can be obtained by introducing the no- 
tation and methods of the tensor calculus, which is now becoming well 
known in connection with Einsiein's theory of gravitation. In this paper 
I use these methods in order to present Dr. Sheppard's theory in & con- 
densed form in which it may be grasped as a whole— more especially by 
those who have already become accustomed to the notation as used in 
Einstein's theory. It is in itself a matter of some interest to exhibit the 
close similarity of the analysis used in two such widely different subjects. 

When the results of a series of observations are represented by a 
smooth eurve, the ordinate of the curve represents, not the ordinate 
actually measured for that point, but an “improved value”, for which the 
observational error has presumably been reduced by combining in an 
appropriate way observations of neighbouring ordinates. The problem of 
finding the improved value is indeterminate unless we have some a priori 
knowledge or expectation as to the degree of smoothness of the true curve. 
In practice this is usually expressed in the form that the curve shall re- 
present a polynomial of the j-th degree, or, equivalently, that the differ- 
ences of order greater ‘than 7 are negligible. The latter is the more 
natural form of the statement, since '"smoothness"' refers directly to 
regularity of differences. Dr. Sheppard's general theory of this process 


è '' Reduction of Error by Linear Compounding,” Phil. Trans., Vol. 221, A, рр. 199-237. 
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eovers cases in which the errors of the original ordinates are partially 
correlated, thus adding greatly to the complication of the problem. 

Part of Dr. Sheppard’s paper, especially $8 17-28, is devoted to the 
adaptation of the theory to numerical computation; it is beyond my pur- 
pose to discuss this. But I believe that the rest of his discussion is fairly 
well covered in this presentation ; conversely, all the formulæ here deduced 
correspond to results already given by him. 


2. Let A, (и = 1, 2, ...; n) be а set of n quantities containing errors 
which may be independent or correlated in any way. Let 6A, denote the 
error of 4,. Let the mean product error of any pair of these quantities 
À» А, be denoted by g,,, so that 


Ju = M(6A,6A,), (2.1) 


where M denotes “ mean value оѓ”. 

Following the method of the tensor caleulus— 

Let g = the determinant of n rows and columns formed with the 
elements 9,,„. 

Let д“ = the minor of g,,, divided by g. 

We shall make the convention that when any Greek suffix appears 
twice in a term that term is to be summed for values of this suffix from 
1 ton. Thus дуд“ will stand for 


2 gu, "^. (2.2) 


It is easily seen that (2 . 9) reproduces the determinant g, divided by g, if 
у == с, and gives a determinant with two rows identical if v 52 с. We de- 
note (2.2) by 9°; thus 
д, = 9,9" —1 if v=o 
—0 if vo. (2. 3) 
Evidently g? acts as & substitution operator. For example, 
9 А, =0+0+...+1.4,+...+0 
= А,. (2.4) 


We shall need also to introduce corresponding definitions relating to 
the first 7 only of the quantities А, (J <n). Denote the determinant 
limited to 7 rows and columns by (g);; and let (g”); be the minor of g,, in 
this smaller determinant, divided by (g). We make the convention that 
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when an téalic suffix appears twice, it is to be summed from 1 to 7. It 
follows as before that | 
GY = 90) — 1 if s=t 
—0 if st. (2.5) 


This expression looks more symmetrical if we write (g,.); for gr. It 
will be noticed that (gn); and (g?); are independent of у; but (9); and (97); 
depend on 7. 

Corresponding to our use of italie letters for suffixes equal to or less 
than 7, we shall use capital letters for suffixes greater than 7; in the latter 
case the summation indicated by a doubled suffix will be from 7+1 to m. 
It follows from this convention that 


аб, = дада Там bu, (2.6) 
and | 94У = 0 (2.7) 


since m cannot be equal to M. 


8. Introduce а new set of quantities 4“ defined by 
А“ = од" A,. (8. 1) 
so that the new quantities are linear functions of the old. Then 
gus 4" = Juog”’ A, 
= g% А, = A, by (2.4); 
hence (changing the notation) 
Au = 94", (8.2) 


which gives the reverse transformation. 
The mean product error of 4, and 4" is 


M(0A,óA4") = M(0A,9g"6A,) by (8.1) 
= g".M(6éA,6A,) 
= JJ o by (2.1) 
= ди. (8.8) 


Thus the mean product error of corresponding members of the two sets is 
unity, and of non-corresponding members is zero. Sets related in this 
way are called by Dr. Sheppard conjugate sets. 
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The mean product errors of A,A,, 4, 4°, and А^4”, 
are respectively gu», gj, and g”. (8. 4) 


4. Let w be any given linear function of the А", viz., 
10 = a, А". 


Let Aw be an arbitrary linear function of another set of quantities B” 
(which may or may not form part of the set А"), viz., 


Aw = b, B’. 


If the coefficients b, are determined so as to make the mean square 
error of w+Aw а minimum, then w+Avz is called “ the improved value 
of w using the quantities B" as auxiliaries.” 

In particular we denote by (w) the improved value of w using 
Aït, A4j*?, ,.., A" as auxiliaries. 

The useful application is when it is known that the true values of the 
D" are zero (or negligible), e.g. when they represent tabular differences of 
a reasonably high order. In that case w and w+ Aw have the same true 
values, but w+Aw is a better approximation than w because its mean 
square error has been made а minimum. 

Dr. Sheppard’s fundamental theorem is that (20); can be expressed аз a 
linear function of the first 7 quantities of the conjugate set А,. 

By means of the n equations (3.1) we can eliminate any n of the 27 
quantities A, and А", leaving w expressed as a linear function of the 
remaining n quantities. Let w be accordingly expressed as а linear 


function of 
А dia ex A ANS АТУ ocu А", 


viz. w = a,A,+a,A" (4.1) 


(summed in accordance with the conventions explained in § 2). We have 
to add an arbitrary function of the auxiliaries 47*!, ..., А", viz., 


Aw = bs AF, (4 а 2) 
giving w+Aw = а, А, фер А“, (4.8) 
where Cg = Ant bg. 


Now the arbitrary coefficients c; must be determined so as to make the 
mean square error of w+Aw a minimum. The mean product error of 
a, A, and cg A is 


arcr. M(64,04?) = a,c,g" = 0 by (2.7). 
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Hence 


(m. в. 63 of wt+Aw = (m. в. e.? of а,4,- (m. в. е.)? of скАК, 


and this will be a minimum if we choose ср so that the second term is zero. 
We must therefore take cy = О, and (4.8) becomes 


(0), = a,A,, (4. 4) 


which proves the theorem. 
The coefficient a, is equal to the mean product error of (w); and А"; for 


M [6 (w),9A*] = a,M(6A,6A) 
= a9; = а,. (4. 5) 


The mean product error of (w); and any of the auxiliaries vanishes. 


5. Taking w = А" in (4.4), the improved value of A* may then be 
expressed in the form 


(4?), = a" A,, (5.1) 
where the coefficients a™ are as yet undetermined. By (8.2) this becomes 
(45); = a" gpr A" 
= a gnr А"+а" ду А“ by (2.6). (5.9) 
But by definition (45; = Ам АМ. (5.8) 
Comparing (5. 2) and (5. 8), 
a" Gr A" = A^ = gh Av. 


Thus a” Jnr = gn. 
But, by (2.5), (9); Imr = (да) = 9%. 
Hence* a™ = (g'*,, | (5.4) 
and (5.1) becomes (4%), = (g”); Ay. (5 . 5) 
* In deducing from a^ ur = (g^); gure 
that а" = (g'^);, 


we perform a kind of pseudo-division by gmr which is legitimate but needs to be justified. 
Evidently the above values of a*^ form one solution, and this is the only solution, because (Л 
being fixed) the different values of m provide j simultaneous linear equations to determine 
the j unknowns a'^, 
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From (5.1) and (5.8) the mean product error of improved values is 
M [6(45,6(45;] = M [а'бА (64%+ђџибА“) | 
= ag; а" иду 
= а“ +0 by (2.7) 
zg) (5.6) 
. and the (mean square error)? of (4°), is 


(g") (not summed). (5.7) 


6. Let 4, be another set of n quantities, linear functions of the А,, 
given by 


A! = at As, (6 . 1) 
or, reciprocally, | A, = b: Аг. (6 . 2) 
Then ? 42 = a? Аг = a; b. At, 
so that a. b == 91. (6 . 3) 
Similarly ba, = 91. 


Let А" be the set conjugate to 4}, and let the expression in terms of A“ 
LE A’ = о А", 
then SA'A, = ESAT. a16A,, 
whence taking mean product errors of both sides 
9, = YG; 
= chal. 
Comparing with (6 . 8), it follows that 


кс — иус 
Cody ke bras, 


whence (as in § 5, footnote) ch == b, 


The relations can accordingly be written 


AL= aAa A= atA", А„=МА!„ А'*= А, 
|. И. di K | (6 .4) 


at 07 = 0а; = фу. 
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Denoting the mean product error of A, and A} by g,,, we shall have 


Juv = AIA Yor, | 
| (6.5) 
| Juv = 6,6; дот, 
and similarly g' = 080009", | 
| (6.6) 
g” = аса ду". 


The transformations obey the same laws as in the tensor calculus. 


7. Whether we are dealing with accented or unaccented letters we 
shall in all cases use the unaccented 4/*!... A” as auxiliaries. The im- 
proved value of A’ is then given by 

(A'); = (b* A9), = b^(A?7),. (7.1) 


The second step (that the improved value of the sum is equal to the sum 
of the improved values of the separate terms) follows because by § 5 the 
mean product error of any improved value and any of the auxiliaries 
vanishes, so that the further addition of a linear function of the auxiliaries 
could only increase the mean square error. 

Now when с > 7, во that 4° is itself one of the auxiliaries, its im- 
proved value will evidently be 4° — A’, with mean square error zero. Thus 


(45,20 if ej. 
Hence in (7 . 1) the summation for c can be restricted to c <7; so that 
(A'*); = b(A”) (7.9) 
= bk (g'*); A. by (5. 5) 
= 070.9"); А, by (6. 2). 
Comparing with (6.6) it is natural to write* 
(g^), = 0,009"). (7.8) 
Then (А'"), = (g'"^), A;. (7. 4) 
* This definition must be specially noted. If we defined (g^); directly from the deter- 
minant of j rows and columns formed with elements g’ , we should obtain an entirely different 


quantity. We have to refer back to the limited unaccented determinant, because it is the 
unaccented quantities which have been chosen as auxiliaries. 
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The mean product error 
M[6(A"*); 6(4"),] = 00, M[6(A%); 6(4*);] by (7.2) 
= Ug", by (5.6) 
= (дђу by (7.8).  ' (7.5) 


And the (mean square error)? of the improved value is 
(g^; (not summed). (7.6) 


To recognise the remarkable symmetry of these results, we may com- 
pare (8.1), (5. 5), and (7.4), viz. 


A" = g” An (47, = (д^); Ar, (A'*); = (g^; A}, 
and their respective mean product errors (8.4), (5.6), and (7. 5), 


g", (g"), (g). 


. . 8. The results (7. 4) and (7.6) constitute the solution of our problem. 

We take A'^ to be л equidistant ordinates through which a smoothed curve 
is to be drawn; and we take 4“ to be differences of successively higher 
orders starting from any particular 4'^, The coefficients а”, b" of the 
equations between the A’ and the 4“ are known from the theory of 
tabular differences. The degree of smoothness imposed on the curve will 
be taken to correspond to the vanishing of differences of order higher 
than the j-th, so that 4/*!,..., A" are the auxiliaries. The improved 
value of any ordinate A is then given by (7.4), and its mean square 
error by (7. 6). 

In practice the computation of the (g’*"); would be very lengthy. We 
must suppose that we are given initially the g'^, 2.e. the mean square 
errors and correlations of the original ordinates A’*. From these we pass 
to the g^" by (6.6). Next the g,, must be found by solving (2.3); in 
fact ga 18 the minor of g"" in the determinant of the g"", divided by that 
determinant. At this stage we pass to the limited determinant (9), and 
then retrace our steps calculating first (g"’); and then (g'^); by (7.3). 

The geometrical interpretation of our procedure is of some interest. 
The 4'" are the components of a contravariant vector (a displacement) 
referred to certain axes in an n-dimensional space; and the metric asso- 
ciated with these axes is defined by the fundamental tensor g,,. If a, 8, 
are two unit covariant vectors, the lengths of a displacement ó4'^ resolved 
orthogonally in these two directions will be the scalar products а„бА'”, 
8!8А'” respectively, and their product will be a, 8, (64'^64'"). Hence, 
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taking mean values, the mean product error in the directions a’, 8’ will be 
a, (8; 0" = а, 8!“ = 1, if the directions agree, and 0 if they are at right- 
angles. Thus the metric ensures that the errors in space will be isotropic 
and uncorrelated, however the errors of the components A' referred to 
particular (oblique) axes may be correlated. Performing a linear trans- 
formation of coordinates we obtain new components 4" of the same vector, 
the associated metric being given by gą. We proceed to use our know- 
ledge that n—j of these new components ought to be zero ; that is to say, 
we know that the true vector 4" lies on a certain j-dimensional surface. 
Owing to errors, the observed vector will not in general satisfy this; and 
it easily follows that the most probable vector is obtained by projecting 
orthogonally on the 7-dimensional surface. This, of course, depends on 
the result proved above that the errors in space are isotropic. The ortho- 
gonal projection 1s expressed by (5.5) according to well-known geometrical 
principles; and it only remains to apply the usual formule to transform 
the modified vector back to the original coordinates. We have here a 
proof that our process gives not merely improved values but the most 
probable values, subject to the condition that the higher differences 
vanish ; and the results must necessarily agree with those found’ by any 
other method of application of the criterion of least squares. 


9. For comparison with Dr. Sheppard's paper I add the chief corre- 
spondences between the notations. In his $ 3, 


б, Try uy, Yr correspond to A rs 4", À, Act, 
fs Nr, t » gr g", 
Z, 2а ? 9, g.g". 


The brackets ( ) and | } in $4 correspond to а; and b. In $7, ôr 
corresponds to A’, and 


(en, (Ау, ду to (42), (97). 
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EXTENDED MEANING OF CONJUGATE SETS 


By W. F. SHEPPARD. 


[Received January 2nd, 1921.—Read January 13th, 1921.) 


In connexion with the paper by Prof. Eddington, which precedes this 
note, I should like to take the opportunity of pointing out that the defini- 
tion of conjugate sets, in my paper to which he refers, may be made some- 
what wider. If A and B are two variable quantities, not necessarily of 
the same kind, we can denote by (4; B) some quantity which (1) is deter- 
minate when 4 and B have assigned meanings but is independent of 
particular values of A and B, and (2) satisfies the laws of arithmetic for 
multiplication, 2.e. is such that 


(4; В) = (B; 4), (А; В+О = (4; В)+(4; С), | 
and, if p is а constant with regard to A and B, 
(A; pB) = p(A; В). 


Usually, if 4 and B relate to a member of a class, (4; B) will be some- 
thing depending on the values of A and B for the class as a whole. If, 
for instance, as in the original paper, A and B were measurements con- 
taining errors, (4 ; B) might be the mean product of such pairs of errors ; 
or, if A and B were, say, the height and weight of an individual, (А; B) 
might be the mean product of the deviations of these from their respective 
means. A meaning having been given to (A; B), the definition of conju- 
gate sets, for this meaning of (4; B), is to be adapted accordingly. Let 
A, = Ag, Ai, .--, Ai be а set of {+1 variable quantities. Then the con- 
jugate set А" = 4°, A’, ..., A’ can be defined either by the condition that 
(47; A) is O if rs or 1 if r— s, or, as in Prof. Eddington’s paper, 
directly by the relation 4" = д" A7, where g,; = (4,; A). 

For finding improved values we require the further condition (3) that 
(A; À) is positive unless А = 0 or a constant, in which case it is = 0. 
If w is any linear function of Аб 4,, ..., А, its improved value, which I 
will here call Го, is defined by the condition that it is the sum of w and a 
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linear function of (—j specified A’s (or specified linear functions of the 
A’s), called auxiliaries, the coefficienta in this linear function being chosen 
so as to make (Iw; Iw) a minimum. 

With these extensions, Prof. Eddington’s methods and results still 
apply, with the substitution of (4; B) for the mean product of errors of 
A and B. His notation is adopted in the following supplementary para- 
graphs; 10, т, y denoting definite linear functions of the A’s, and B,, C,, 
etc. sets of such functions. 


(0 We can write w in the form w = k,A,. If also x = К, В,, then z 
is related to the B’s in the same way that w is related to the A’s. We 
can express this by saying that w/A, = x/B, ; it being understood that a 
Greek letter in a denominator is what Prof. Eddington elsewhere calls a 
“dummy,” т.е. that the quantity in which it occurs is one of the factors of 
an "inner product" such as k,A,. We may also have relations such as 
A,/B,=C,/D, or A,/B, = E,[F, ; in this latter case A, Fa = B,E,. These 
relations can be inverted ; e.g. if 4,/B, = C,/D,, then B,/A, = D,/C,. 


(ii) The second and third of the conditions stated under (2) of the first 
paragraph of this note may be combined in the form 


(у; kA) = Е, (у; An). 
If we write w == k,A,, so that k, = w/A,, this becomes 


wlA, = (y; w)/(y; А,). 


(ш) If we define a conjugate set in the first of the two ways mentioned 
in the first paragraph, we easily obtain 


w = (0; А") A, = (0; A,) A’, 
or го] А, = (0; А"),  w[A" = (0; А). 
Непсе B= BB; 4") À, = (B,; A,) A". 


(iv) From w = (w; A")A, it follows that 
(w; y) = (w; A"(A4,; y), 
since (w; A*) is а constant as regards w and y. Hence 


(В,; С) = (B,; A"YA, ; C). 


(v) For two related sets, and their conjugates, we have four relations 
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of the form BP Be о О 
Ba 4 ~ 

where Q = А, А". This inner product Q is invariant for any particular 

original set, and may be expressed either as a quadratic form of the mem- 

bers of a related set, the coefficients being the ( ; ) of members of its 

conjugate set—e.g. 


Q = (C°; С) €,0,4-2 (C; С) СС, + (С; С) 0,0, +... 


—or in the more general form (C^; D")C,D,. 


(vi) Relations similar to those mentioned above may hold between sets 
of coefficients or of other constants. If, for instance, A, and B, are related 
in a specified way, and if w is a linear function of B, which we want to 
express in terms of A“, then, if we write 


w == р, А", 9, == (0; Ву, 
we have Pu = пој А" = (w; А,) = (w; A,/B,.B,) = А„јВ,. а, 
во that р.19 = A, /B,. 


Thus the p’s are related to the g’s in the same way that the A’s are re- 
lated to the B’s. 


(vii) The relation between improved values and original values is such 
pa ПА = ЕЛА, ог Iw/IA, = w]A,. 


It may be noted that а set of /+1 improved values has no conjugate set, 
as the /-]-1 values are not independent but are connected by 1—7 relations. 


(viii) The problem of finding improved values may be expressed as a 
problem of finding parts of two conjugate sets iu succession. Take 
A, = Ar & An, where Ar are j+1 quantities whose improved values ZA}; 
are required, and Ар are the (—) auxiliaries. Let the set conjugate to 
Ar & An be А“ & А“: and let the set conjugate to 4* & Ag be Br & В". 
Then By = I4r. For finding either or both of A” and By we may re- 
place Ar by any /—J linear functions of 4», and may add to members of 
А к any linear functions of А р. 
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ARITHMETIC OF QUATERNIONS 
By L. E. Dickson. 


[Received October 8th, 1920.—Read November 11th, 1920.] 


1. The algebra of quaternions is formed of all quaternions 
q = atbi+cj+dk 


whose coordinates а, b, с, а are ordinary complex numbers, while the units 
1, J, k satisfy the relations 


V=f=RP=-1, р =), jk-—i-—kj ki=j=—ik. 
The conjugate to q is а = a—bi—cj—dk. 
The norm N(q) of q is qq' = q'q = a? 4-0 + +4. 


The norm of a product of two quaternions equals the product of their 
norms. The associative law pq.r — p.qr holds. No further properties 
of quaternions are presupposed in this paper. 

Quaternions have recently been applied to the solution of several 
important problems in the theory of numbers. For this purpose it is 
necessary to make a choice of the quaternions which are to be called in- 
tegral. К. Lipschitz* quite naturally called only those quaternions integral 
whose coordinates are integers (whole numbers). His complicated theory 
of integral quaternions was based upon the solutions of congruences 


£*+n +6 = 0 (mod p^. 


He made no mention of a greatest common divisor process, which in fact 
is not applicable in general. 

A. Hurwitzt succeeded in developing a perfect arithmetic of quater- 
nions by taking as his integral quaternions those whose coordinates are 
either all integers or all halves of odd integers. But the presence of the 


(—————————————————— —A———————————Á————ÁM———— ———=—— 


* '' Untersuchungen über die Summen von Quadraten," Bonn, 1886. French translation 
in Jour. de Math., sér. 4, t. 2, 1886, pp. 393-439. 

t Göttingen Nachrichten, 1896, pp. 311-340. Amplified in his '' Vorlesungen über die 
Zahlentheorie der Quaternionen,"' Berlin, J. Springer, 1919, 74 pp. 
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denominators 2 in certain integral quaternions was an inconvenience in 
the application which I recently* made of Hurwitz's theory to the com- 
plete solution in integers of quadratic equations in several variables. 
Accordingly I shall give here a new theory of the arithmetic of quaternions 
in which, following Lipschitz, the integral quaternions are those whose 
coordinates are integers exclusively. Call such a quaternion odd if its 
norm is odd. І shall prove that, if at least one of two integral quaternions 
is odd, they have a greatest common divisor which is expressible as a 
linear combination of them. It is then a simple matter to develop the 
theory of factorization of integral quaternions. 

The limitation that one of the quaternions is odd causes no incon- 
venience for the applications. Moreover, it is of theoretical interest to 
know exactly to what extent we can meet the difficulties which arise in 
the arithmetic of quaternions in which the integral quaternions are defined 
naturally to be those with integral coordinates exclusively. Furthermore, 
the present theory is more direct and elementary than the earlier theories. 

An integral quaternion whose norm is unity is called a unit. There 
are only eight units +1, +i, +j, +k. А quaternion is said to be 
associated with its products by the eight units. 


2. A quaternion shall be said to be integral if its four coordinates are 
integers. Ifa, b, q are integral quaternions such that a= qb, a is said 
to have b as а right-hand divisor. Similarly, if а = bQ, where Q is an 
integral quaternion, а has 0 as a left-hand divisor. 

A quaternion which has 14-2 (or 1+7 or 1+ k) as a right-hand divisor. 
has it also as a left-hand divisor and vice versa, so that we may say simply 
that it has 14-7 as a divisor. In fact, 


(1) (14-2)(a4- bi + cj ан) = (a+bi-—dj+ck)(1+1). 


Lemma 1.—An integral quaternion А = a+61+cj+dk is divisible by 
14-4, if and only if a+b and c+d are both even; it is divisible by 1+), 
if and only if a+c and b+d are both even; and by 1+4, if and only if 
a+d and b+c are both even. 

We may write A in the form 


a—b+b (14-0) 4- (c—d) j+d(1+ij. 


Hence À is divisible by 147, if and only if a+) is divisible by it, where 
a=a—b, В = c—d. But a4- 8j = (14-3) Q is equivalent to the equa- 


- * “Relations between the Theory of Numbers and other branches of Mathematics,” 
Comptes Rendus Congrès International des Mathématiciens, Strasbourg, 1920. 
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tion obtained by multiplying each member by 1— i on the left: 
a—ai+8j)—Bk = 2Q. 


Here Q is an integral quaternion, if and only if a and 8 are both even. 
The remaining two parts of Lemma 1 now follow since the multiplication 
table for quaternions is unaltered by the cyclic permutation (ijk) of the 
units. 


9. THEOREM 1.—Any integral quaternion whose norm is even can be 
expressed in one and but one way in the form т), where т is one of the 
six quaternions 


(2) 1,1+i, 1+j, 144%, (140047), Gcró0-c5, · 


while Q is an odd quaternion (i.e. an integral quaternion whose norm is 
odd), and e > 0 у т = 1. 


Let the norm of А =a+bi+cj+dk be even so that a+b+c+d ів 
even. If a+b and a+c are both odd, their sum and hence also b+c is 
even. Hence we have at least one of the three cases in Lemma 1, so that 
A is divisible by at least one of 1+/, 1+), 1+. If, for example, 
A = (1+))q, where q is of even norm, we remove from q one of the same 
three factors. Thus A equals aQ, where Q is of odd norm and a is a 
product of factors 1+7, 147, 1+. All of the factors 1+: may be 
moved to the left in view of the following two cases of (1): 


Q+)0+) = 014-904-), (14001-0 = 04-00-43, 


and 1—k = (1+-k)(—A). 
Also (1+j)(1+4) = (14+2)(14+)), (I+4)14+)) = (1400144), 
and (1+72)? = 2i. 


$ 


Hence A may be expressed in the form 2'7Q. 
It remains to prove that A can be expressed in this form in a single 
way. Since 1+7, 1 2-7 and 1-F- are of norm 2, there are four cases. 
First, if (14-2 Q is divisible by 1-) or 1+4, where 
Q = a+bi+cj+dk, 
then (1+2) Q = a—-b+(a+blit(c—dj+(c+d)k 
is divisible by 1+7 or 1-+%, whence, by Lemma 1, a—b+c—d or 


a—b+c+d is even, and Q would be of even norm. 
Second, if 


(149 Q = a—c-- (b4-d) id- (ate jd- (8—D) Е 
Q 2 


298 L. E. Dickson [Nov. 11, 


were divisible by 1+, then a—c+d—b would be even and Q of even 
norm. 

Third, if XY Q = 2"(1+7)(1+))q, where Q and q are odd quaternions, 
their norms give 2” = 27°27, whence e — v4-1. Thus 2Q=(1+2)(1+))¢- 


Multiply on the left by 14-2, and apply 2: (1+7) = 2(1+7)4. We get 


(+2 Q = (1+7)(kq), which is impossible by the first case. 
Fourth, 2°Q Æ 2"(1+2)(1+4) а, as in the third case. 


4. Lemma 2.—Given any quaternion g and any positive odd integer m, 
we can find an integral quaternion q such that N(g—mq) < mè. 

For, if g, and q, are the coordinates of g and q, those of g— mq * are 
g,—mq,, each of which can be made numerically less than m/2 by choice 
of integers q. Then N(g—mq) < 4 (3m)*. 


THEOREM 2.—If а is any integral quaternion and b is any odd 
quaternion, we can find integral quaternions q, с, ду Су such that 


(3) а =qbte, N (o) << N (6), 
(4) а = 9 +0, N(c,) < N(b). 
To obtain (3), apply Lemma 2 for g = ab’, m= bb’. Then 
g—qm = (a—qb) 6' 


has the norm 6’)N(a—qb) < m’. Noting that m? = b'bN(b), and writing 
c for the integral quaternion a—qb, we have (8). To obtain (4), apply 
Lemma 2 for g = b'a, m = b'b, q = q,, and write c, for а — 64). 


5. Two integral quaternions a and 5 shall be said to have a right-hand 
greatest common divisor D, if D is a right-hand divisor of both a and 5, 
and if every common right-hand divisor of them is & right-hand divisor 
of D. There is a similar definition of a left-hand greatest common 
divisor. 


THEOREM 8.—4ny two integral quaternions a and b, at least one of 
which is odd, have a right-hand greatest common divisor D which is 
uniquely determined up to а unit factor. Also 


(5) D = Aa-- Bb, 


where А and B are integral quaternions. | Similarly, there is a left-hand 
greatest common divisor ô, unique ир to а unit factor, for which 


ô = aa + bB. 
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Let b be an odd quaternion. In (8) express с in the form 27O, 
where 7 is one of the six quaternions (2), and C is an odd quaternion. 
Repeat the process on b and C. Since N(b), N(c), ... form a series of 
decreasing integers >> 0, we must reach а term of norm zero. То 
simplify the notations, let this happen at the third step, so that 


(6) а = q5-4-2* тС, b == qi C+? 7, D, C — да D, 


where C and D are odd quaternions, while т and m, are quaternions (2). 
These equations, taken in reverse order, evidently imply that D is a right- 
hand divisor of both 5 and a. 

Next, let ô be a right-hand divisor of both а = aô and b= Bo. Then 
(а—48)6 = тС. Since ô and С are odd quaternions, it follows from 
Theorem 1 that a—q8 = 2%7Q, where Q is an odd quaternion such that: 
C = QS. Then the second equation (6) gives (8—4,Q)ó = т, D. Ав 
before, B—q,Q = 2°7,9,, D=Q,6. Thus ó is a right-hand divisor of D. 

As to the uniqueness of D, let D and E be right-hand divisors of each 
other, so that D = dE, E = eD, where d and e are integral quaternions. 
Then E = ed E, 1 = КМ (ed) = N(e) N(d), so that e and d are units. 

To prove (5), multiply the second equation (6) by 2*7 on the left. 


Мав 91+ pm D = 9 ть — тд С. 


Ву (1) and its analogues in 14у and 1+k, ла, = От, where Q is ап 
integral quaternion. Next replace 27 тС by its value from the first equa- 
tion (6). We get 

2877, D = —Qa+ (Qq +2 т). 


Multiply this on the left by the conjugate to тту, whose norm is a power 
2° of 2. Thus 


(7) ED = ра+ађ, E 9r 


where p and о are integral quaternions. Since E is relatively prime to 
the odd integer b'b = I, there exist integers l and m for which LE 4- mI = 1. 
Multiplying (7) by l and ID = DI = (Db’)b by m and adding, we get (5). - 


6. The limitation made in Theorem 8 that one of the quaternions be 
odd is essential. In fact, there exists no greatest common divisor of 2 
and q = 1+7+)7+4, each of norm 4. If either 2 or q be a product of 
two integral quaternions not units, each factor is of norm 2. But 

= (14-2? (— 0. Hence the only factors of 2 are the quaternions asso- 
ciated with 2, 1, 14-7, 1+), 1+ (the last three being indecomposable) ; 
while those of q are associated with да, 1, 1+1, 14-7, 14%. The only 
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common factors are the last four, no one of which is divisible by all the 
others. Finally, 2 and q are not associated quaternions. 

Note that 2 is divisible by the indecomposable quaternions 1+-2 and 
1+), but not by their product 9. 


7: Relatively prime.—T wo integral quaternions а and 6, at least one 
of which is odd, shall be called right-handed relatively prime if, and only 
if, they have no right-hand common divisor other than a unit, the condi- 
tion being that there exist integral quaternions 4 and B such that 


1 = 4а+ Bb.. 


When neither a nor b is an odd quaternion, the last equation is im- 
* possible, as shown by the proof'in the second case in $8. For example, 
14: and 1+) are right-handed relatively prime, but 


1=A(1+)+B(4) 


is impossible in integral quaternions A and B. 


8. Тнеовем 4.—Let v denote one of the products* re, r(1-F2)e, 
r (1-5) e, r (13- À)e, in which r is a rational number and e is a unit. 
Let a be any integral quaternion such that at least one of v and a is an 
odd quaternion. Then v and a are right-handed (or left-handed) rela- 
tively prime if, and only if, N(v) and N(a) are relatively prime. Hence, 
if v and а are right-handed relatively prime they are left-handed rela- 
tively prime and may be called relatively prime. 


First, let re and a be right-handed relatively prime, at least one being 
an odd quaternion. Then, by $ 7, there exist integral quaternions g and 
h for which ga+hre=1. Write l == he. Then 


N(g) N(a) = Na —ir = 1—( 4) r+ ll'r’, 


where /+U' and ЇЇ = N(l) are integers. Thus N(a) and N(re) = ғ? have 
no common factor. Conversely, if N(a) and N(v) have no common factor, 
a and v are right-handed relatively prime. For, if a = Ad, v = ү, 
where 6 is not a unit, their norms have the common factor N(6) Æ 1. 
Second, let v = r(1--?)e and an odd quaternion а be right-handed 
relatively prime. Then there exist integral quaternions g and A for which 


— = и = — = — 


* Note that, if q is any integral quaternion, vg = Qv, where Q is a suitably chosen in- 
tegralquaternion, For, if v = re, then Q = «де, since ве = 1. If v is one of the remaining 
three products, we apply (1) and its analogues. 
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ga+hv = 1. Thus 


N (g) М(а) = (1—Av][1—(ho)'] = 1—t4- N (hv), 


where ¢=hv-+(hv)' is evidently a multiple of 2r, while N(hv) is a 
multiple of N(v) = 2%, Hence N(a) is relatively prime to N(v). 


CoroLLaRY.—If v is one of the products in the theorem and if N(v) 
and N(a) have a common factor > 1 and are not both even, then v and а 
have a common right-hand divisor not a unit. 


9. Prime quaternions.—An integral quaternion, not a unit, is called 
prime if it admits only such representations as a product of two integral 
quaternions in which one of the two factors is а unit. 


THEOREM 5..—Every rational prime р is а product of two integral 
quaternions neither of which is a unit, so that p i$ mot a prime 
quaternion. 


Since this is true for 2 = (1-F2(1—2), let p > 2. As remarked by 
Euler, there exist* integral solutions of 


1+27+y2=0 (mod p). 


Hence q = 1+xi+yj is an integral quaternion whose coordinates are 
not all divisible by p, and such that N(q) is divisible by p. Then, by the 
Corollary in $ 8 with » — p, there exists a right-hand greatest common 
divisor ô, not a unit, of p = Pô and а = Qo. If P were a unit, p would 
be associated with ô and hence divide q. But the rational number p does 
not divide each coordinate of q. 


Тнвокем 6.—If №(т) is a prime number, т is a prime quaternion and 
conversely. 


Let N(r) be a prime and т = ab. Then N(a) N(b) equals the prime 
N (7), so that either N(a) = 1 or N(b) = 1, and either а or b is a unit, 
whence 7 is a prime quaternion. 

Conversely; let + be a prime quaternion. If N(z) is even, the prime 
T is associated with 1+2, 1+7 or 1+4, by Theorem 1, so that N(r) = 2. 
Next, let № (т) be odd and p а prime factor of it. Ву the Corollary in 


* Proof.—If —1 is a quadratic residue of p, we may take y = 0. Henceforth let —1 be 
a quadratic non-residue of p. Let a be the first quadratic residue of p among the terms 


p—-1,p—-2,p—3,... Then а+1 = b is а quadratic non-residue. Hence there exist in- 
tegers х and у for which a = z?, —b = y? (mod р). 
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$ 8 with » = p, v and p have a common right-hand divisor which is not 
а unit. Since т is a prime quaternion, it divides p. Thus p = ++, 
p?= N(x) М(т). If т were a unit, р = тт, would be a prime quaternion, 
contrary to Theorem 5. Since neither N(z) nor N(zj) is unity, each 
equals p. 

Thus every prime quaternion 7 arises from the factorization тт’ of a 
rational prime p. Conversely, if p is any rational prime, the proof of 
Theorem 5 shows that p = Рд, where neither P nor 6 is a unit, whence 
N(P) = №0) = р. By Theorem 6, P is a prime quaternion. This proves 

THEOREM 7.—Every rational prime is a product of two conjugate 
prime quaternions, and all prime quaternions arise as factors of rational 
primes. 


The first part of this theorem states that every prime number is a sum 
of four squares. Since the product of any two sums of four squares equals 
a sum of four squares, we have the 


CoroLLARY.— Every positive integer is a sum of four integral squares. 


10. Decomposition of quaternions into primes.—In view of Theorem 1 
the decomposition into prime quaternions of any integral quaternion re- 
duces in a definite sense to the decomposition of an odd quaternion. 


Тнеовем 8.—If с is any odd quaternion and N(c) = pqr ..., where 
р, q, T, ... are the (equal or distinct) prime factors of N(c) arranged in 
an arbitrary, but definite, order, then с = ткр ..., where т, к, p, ... are 
prime quaternions whose norms are p,q, 7, ... respectively. This decom- 
position 15 unique apart from the association of unit factors. 


Let 7 be a left-hand g.c.d. of c = rc, and p. Then p = (т). Let 
к be а left-hand g.c.d. of c; = кс, and q. Then 9 = N (x). Proceeding in 
this manner, we get с = пк.... Also, т, к, ... are uniquely determined 
up to unit factors by the g.c.d. process. 
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THE CLASSIFICATION OF RATIONAL APPROXIMATIONS 
Ву P. J. Heawoop. 


[Received September 20th, 1920.— Read November 11th, 1920.) 


1. In the Proceedings of the London Mathematical Society for January 
14th, 1919,* various interesting questions are raised by Mr. J. H. Grace 
with respect to the rational approximations z/y, to a given (incommensur- 
able) quantity 0, which satisfy the condition | z/y —0| < 1/ky?, where k is 
a given number, z/y being a fraction in its lowest terms. Among other 
things he refers to a paper of Markoff’s,t on which he bases the statement 
that, if k << 8, there will be an infinite number of such approximations 
except only in certain cases where Ó is a quadratic surd. As a matter of 
faet Markoff's results are not precisely on the same footing as those re- 
quired for our purpose, as will appear in the sequel, and the true condition 
above is k < 8, not k <8; but the question at once arises whether, if k 
is only just greater than 3, the reverse is the case; t.e. whether for such 
values of k there can be transcendent numbers 0, for which there are only 
a finite number of approximations such that | z/y—0| < 1/ky*. Mr. Grace 
proceeds to show that such numbers can be constructed for k = 8'0822 
(or any greater value). The whole theory of such approximations depends 
on the fact that if |z/y—0| < 1/ Ху“ for such a k, or indeed for any value 
of k > 2, x/y must be a convergent p,/q, to the coutinued fraction for Ө. 
Then, if 


Ө = [a4]4- = as pU [ag perhaps zero], 
we have | z/y—0 | = 1/Ay’, 
where А = (an1; Qum ал+, ce) + (Any An-1, -.., 41); (1) 
since Ө = (ap; +pPn-1)/(aqn+Qn-1), 


* Ser. 2, Vol. 17, p. 247. 
t Math. Ann., Vol. 15, p. 381. 
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where а = (аһ+1\; Ansa, An+s, ++) 
while Qn—1/Qn = (Bn, An-1, ..., 41); 


using the abbreviated notation for 


l а L 1 
аы 7 PTE алфа 77 

Supposing then (to take Mr. Grace’s application), that in the continued 
fraction for Ө the denominators consist of cycles of m 1'8 and m 2’s, each 
used any number of times in succession, the greatest values of A will be 
numbers of the form (2; 2, 2, ...)+(1, 1, 1, ...), which by taking m large 
enouch can be brought as near as we please to 


V2+14+3 (/5—1 = 8:082 .... 


If, then, Ё exceeds this limit, numbers Ө can be thus constructed which 
have no approximations z/y such that |z/y—0| < 1/ky?. But, as the set 
of such numbers 18 unenumerable, i& must include non-algebraic numbers. 

The author suggests that 16 ought to be possible (if 8 is really the 
limiting value) so to choose our cycles that the critical value of A is 
brought down to 8, but does not see his way to do so. If, however, we 
take, instead of cycles of m l’s aud m 2's, cycles consisting the one of 
m l's, the other of two 2's followed by 7—2 1’s, used precisely as above, 
this is accomplished. For the maximum value of A will now be | 


(2; 2, 1, 1, ..)-F (1, 1, 1, ...), 


ап + 


ог, which is the same thing, 
(2,1, 1, ....4(2; 1,1,1,...); 


which tends to 3 (844/5) +3 (8 — 4/5), i.e. 8, as m is indefinitely increased. 
If, then, / is ever so slightly greater than 8, we can construct transcen- 
dental numbers Ө for which there are ло approximations such that 
|z/y — 0| < 1/ky". 


2. The main question, however, is as to the structure of numbers 0 
for which there are (at most) only a finite number of approximations z/y 
such that |z/y—0|« 1/ky?, when k << 3; i.e. where, at least beyond a 
certain point, when Ө is reduced to a continued fraction, every À < 8 
[A = 8, i.e. |x/y—O| = 1/8y?, is impossible with Ө incommensurable]. 
Towards this, Markoff's assistance is somewhat incidental. His main 
problem is that of the minima of quadratic forms of positive determinant 
D; and, imagining from Mr. Grace's paper that Markoffs whole theory 
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was mixed up with that of these forms, I made an independent analysis. 
Having now read Markoffs article, I find that his continued fraction 
analysis, though merely subsidiary to his work on the minima of quad- 
ratie forms, is really independent of it, and largely on parallel lines with 
mine. There are, however, many differences in detail and a certain want 
of symmetry in his classification of types, which obseures some points of 
special interest. His notation, too, is rather cumbrous and his logical 
analysis is not very complete. After showing that certain alternatives 
must be rejected and that certain others are possible, he is content to con- 
clude ‘‘ De toutes ces considérations il suit, que la suite cherchée pré- 
sentera l'une des formes suivantes....", without showing clearly how the 
result is arrived at. I therefore venture to give my analysis exactly as I 
worked it out independently, referring in footnotes to any important di- 
vergences. Moreover Markoff's work is not exactly on all fours with that 
required for our purpose. The quantities which he has to examine, as to 
their being continually equal to or less than 8, are of the same form as 
А above, but with the important difference that his a’s extend without 
limit in both directions, so that neither of the two fractions 


(Qn413 An+2, Я +3, O (Qn, Ga-1; Js 


whose sum is A, terminates. One result is that it is possible for his A* 
to be equal to 8, in certain cases. This does not affect the general course 
of the analysis. It has, however, to be borne in mind in the final con- 
clusions. 


8. Proceeding then to consider the classes of continued fractions for 
which, beyond a certain point, no A (as defined above) is greater than 3, 
we can see at the outset that they will be of very restricted types. To 
begin with, the expression for A shows that, from the point in question, 
no denominators can be as great as 3; they must consist of the digits 1 
and 2 only. Again, there cannot be an isolated 2 in the midst of 1’s, 
since (2; 1, ...)+(1, ...) > 3, whatever digits follow; nor can there be 
an isolated 1 in the midst of 2's, since (2; 1, 2, ...)+ (2, ...) > 8, what- 
ever digits follow ; thus the 2'8 must occur in groups of 2 or more and 
likewise the 1's. Оп the other hand, the “ points of danger " will occur 
only when there is а transition from 1’s to 2's or from 2’s to l's. Ка, +1 
be a 1 in the midst of 1’s,t ога, 2 in the midst of 2's, the corresponding 
À cannot exceed 8, since (2; 2, ...)-F(9, ...) < 8; (1; 1, ...)+(1, ...) «8, 


* 9/1, in his notation: then the least value of L VD is the minimum of the form. 
T Orif a,,, = 1, in any case. 


236 P. J. Heawoop [Nov. 11, 


whatever digits follow those specified. One case therefore which will do 
is where (after some point) the digits are all 2's or all 1’s. Supposing, 
however, that both 2's and 1's occur throughout, we have only to examine 
the values of À where а, ,1 is the first or last of a succession of 92's. 

Where the digits consist merely of 1's and 2's, we may adopt a still 
further abridged notation for the continued fractions involved. Let 
[plqir ...] stand for 

1 1 1 1 
pv ара 


where there are p 1’s, followed by а 2's, followed by r l's, etc.; and 
iplqir...] in like manner for 


1 1 1 


where there are first p 2's, then q 1’s, then 7 2’s, etc. That the A corre- 
sponding to the first of a set of 7 2'8 may be less than 8, we have, say,* 


L у 1 4) 
(2+ 545 cee ore <8, 
where z and y stand for the aggregates which follow ; 


t.e. A а 


l.e. E > —. 
| x 


Using the abridged notation just explained, if we suppose the 7 2’s followed 
by s 1°, then ¢ 2’s, etc., and preceded by д 1’s, then p 2’s, etc., the con- 
dition is 

{r—2|s|t...} > [q—2 ' plo...], (1) 
the two sides of the inequality being the values of 1/x and 1/y respectively. 
Since an interchange of the digits 1 and 2 throughout will make the larger 
fraction the smaller, this is precisely the same thing as :— 


{q—2|plo...} > [r-2]|s|t...]. 


Dealing in like manner with the À corresponding to the last of the r 2’s, 


* We have already seen that both 1’s and 2's occur in groups of two or more. 
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we have & condition which may indifferently be written 
{y—2]q|p...} > [s—2]|tl|u ...], 
or | is—2|t|u...) > [r—2|q|p...]. (2) 


If two such conditions are satisfied for each group of 2’s,* it will 
secure that we have a fraction for which every А is less than 8. Com- 
paring them in the forms numbered (1), (2) above, it will be seen that (2) 
is exactly the same relatively to r, s, ... that (1) is relatively to q, r, .... 
If, then, the numbers ...0, p, q, 7, 5, t, ... are those of the 2's and 1’s 
alternately, it does not really matter which of the alternate sets are 2'8 
and which are 1’s, so far as the conditions for А < 8 are concerned. We 
may take (2) as the typical form of condition, which must be satisfied for 
each “transition,” whether it really be from 2’s to 1'8 or from 1’s to 2'8.+ 


4. For the typical condition 
{s—2|t|w...' > [r—2|q|p...] 
to be possible we must have either r = 2 or s = 2 (or both), since a frac- 
"T" 1 Е 1 
tion beginning 4c" cannot be greater than one beginning dee 


т.е. of two consecutive sets of digits, one at least must be a doublet, 
whether of 1’s or of 2's. [If both т = 2 and s = 2, the condition be- 
comes [t|u...]> {q|p...| which is necessarily satisfied.) In any 
case we have 


either r= 2 and 1s—2]|t|u...] > {qlplo...}, 
which is equivalent to [q|plo...]> [s—2 [élu]; 
or else s = 2 and [£|v ...] > [7—2 | 4] 2...) 


These are the conditions for Ње r-s*‘ transition.” For the q-r 
transition there will be similar conditions involving either q = 2 or r = 2. 
Suppose r=2. Then the conditions for the q-r and r-s transitions, 


ранни 


* Markoff’s analysis is complicated by the fact that, though he begins with a transition 
from 2's to 1's, he does not confine himself to such crucial points nor treat them compre- 
hensively. [Не uses throughout the fullest expressions for the continued fractions involved.] 


+ This ‘‘ duality ” is not observed by Markoff, and this affects the symmetry of his work. 
Further his final conclusions do not show explicitly the correspondence throughout of cases 
in which 1's and 2's are interchanged. 
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as above, reduce to 

[s| £| v ...] - [a—2|p |o ...]. (i) 
and [q|plo...] > [s—2| t ju ...]. | (ii) 


We have to see how these can be simultaneously satisfied. Of the alter- 
natives q—2 < s, s—2 <q, one (or both) must necessarily be true for 
any pair of numbers q, s. Suppose q—2 < s. Then in the fractions 
compared in (1), the transition from the 1-digits (with which each begins) 
to the 2-digits occurs earlier on the right hand than on the left. For the 
fraction on the right to be smaller, the first 2-digit of the p-set, answering 
there to 1 in the other, must come in an odd place ; for 


1 1 1 1 
4424 r4 14/059 
1 1 1 1 1 1 


whatever digits follow, and so on. Thus q—2 must be even and so q 
must be even. Then (1) is satisfied; but for (i) to hold, s—2 cannot be 
greater than q, ог (q being even) the left-hand fraction in (i) would be 
the smaller; but either s—2 < д and s even, which with the preceding 
entails s =q and both even; or else s—2 = q, and then (q being even) 
(1) reduces to 

Iplo...;j > {tlu...}, 


which must also be satisfied. Similarly for the case q— 2 — s. 
By considering a typical transition we thus reach the conclusion that 
for the requisite conditions to be satisfied throughout :— 


(1) All the numbers ..., о, p, q, 7, S, t, и, ... must be even; 
(2) Of any two consecutive numbers one at least must = 2; 
(3) If pus 2, we have further :— 
f, either (а) q = 8; 
or (0) s =q+2, {plo...} > {Ф|и...}; 
or (с) q =s+2, ' и...) > {plo...}; 


and similarly for each number = 2. 


The properties of the numbers concerned indicated by (0), (c) are fairly 
obvious. All the numbers being even, a divergence of digits in the frac- 
tions compared, when it occurs, will always come in an odd place, and so 
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the fraction which has to be larger must have 1 there, while the other 
has 2; therefore if the first divergence between the numbers defining the 
fractions is between numbers representing 2’s* the smaller number must 
come in the symbol for the larger fraction (this securing a digit 1 in that 
fraction—in an odd place—where the other still has 2); if the divergence 
is between numbers representing 1’s, the reverso will be the case. ‘Thus 
a proper arrangement in case (b) will be p < t, or p = t and o> и, or 
p =t, o = u with a smaller number preceding o, in the direct sequence 
of numbers as given in (1) above, than that which follows u, and so on; 
while in case (с) we must have р >t, or p =t and o< u, etc. It 
will ensure that every À < 3, if the conditions just specified hold for 
every 3 flanked by unequal numbers, throughout the entire sequence of 
numbers, it being understood that the numbers are all even, that one of 
every two consecutives is 2 and that the flanking numbers, when un- 
equal, differ by 2. 


5. These laws, however, may be simplified when we have considered 
the possibilities of repeated doublets, 2 = r = s = ....t Suppose that at 
any point m consecutive numbers each = 2, where m > 1; then, by the 
alternatives in (8) of last section, 4 must stand on each side of this 
sequence of 2's, and by (2) the next number must again be 2. Suppose 
that here there are x 2’s followed again by 4, so that we have in succession? 
... 4, 2, 2, 2, ... (m times), 4, 2,2, ... (n times), 4, .... Identifying the last 
2 of the m-set with r in the conditions of last section, 8 (0) applies; and 
identifying the first 2 of the n-set with r (supposing n > 1) 8 (c) applies, 
giving respectively 


12|2|2... (m—2 times) |4 … > (2|2|[2... (n times), 4...], (À) 
{2|2|2...(m—2 times) |4 ...] > {212 |2... (m times), 4...]. (1) 


Exactly as in the preceding paragraph, if m—2 < л, (i) implies that m 
is odd—the 4 in the first bracket must represent l's not 2's. So if 
n—2 < т, (i) implies that n із odd. m—2 <n and n —2 < т may both 
be true: then m = n, since both must be odd. Suppose, however, that 
not only m—2 <n but m < n—2; then, by (1), m should be odd, and 
by (ii) m should be even, which is impossible. Similarly n < m—2 is 


* I.e. representing 2’s in the fractions compared in (b), (c), not necessarily in the original 
fraction owing to transformations. See the end of $3. 

| This is a question not definitely considered by Markoff. 

1 It should hardly be necessary to emphasise that these 2's are not the digits of the con- 
tinued fraction, but the numbers of successive 1's and 2's of which these digits consist. 
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impossible. We may, however, have m = n—2 (and so m—2 < n) if m 
be odd, with a further condition, or n = m—2 and odd, with a further 
condition. Since either m—2 <n or n—92 < m must hold for any pair 
of numbers, these are the only possible cases, except that of n = 1, which 
was put aside to start with. In that case the condition (ii) of this para- | 
graph disappears [since 8 (a) of § 4 holds good, if we take the isolated 2 
for 7], and (i) becomes {2|2|2...(m—2 times)|4...} > {214 ...], (m 
being by supposition > 1); and this cannot hold unless т—2 = 1, 
т = 8; since {2|2...} and {4|...} (the fractions which arise when 
m—2 > 1 or = 0), are each less than {2|4...}. In every case then we 
have proved that m and n must both be odd. Since we saw before that 
one (at least) of every two consecutive numbers must be 2, and now that 
the number of successive 2’s must always be odd, it follows that every 
alternate place throughout the whole sequence must be occupied by 2 
(though 2 may appear in other places likewise). Thus evther the 1’s or 
the 2’s which constitute the digits of the continued fraction must occur 
in doublets only, from and after some fixed point (though there may also 
be doublets of-the other).* We may therefore fix our attention exclusively 
on the sequence of alternate numbers, giving the numbers of intermediate 
2's or 1’s, as the case may be; and the properties enunciated at the end 
of § 4 are much simplified. In the notation of that section we have, say, 
p=r=t=...=2, and any possible divergences between the numbers 
of the ascending and descending sequences which define the fractions 
compared in 8 (b), (c) will be between those which represent 1’s there.t 
Therefore in accordance with the rules of that section, the larger of the 
two first diverging numbers must always come in connection with the 
larger fraction of the two compared. Using ... 2a, 26, 2c, ... to represent 
the alternate numbers, so that (understanding that the others are all 2's 
and that ...а, b,c... denote integers) law (1) and law (2) of $ 4 аге 
necessarily satisfied, we have the following rules for any two successive 
numbers d, e, identifying 2d, 2e with q, s of that section :— 


(D Either а = е, or e = 4а+1, or а = е+1. 


(ID If d, e are unequal, the sequences c, b, a, ...; f, 9, ^, ..., formed 
by taking the numbers backwards from d and forwards from e, must, when 
they first diverge, have the larger number in the sequence which starts 
from the smaller of the two d, e—that being the sequence corresponding 
to the fraction which has to be the larger in accordance with (8), (0), (0). 


* Markoff only shows explicitly the case of the 2’s occurring in doublets, though the 
possible vanishing of certain numbers which he uses involves the other case. 
T Not necessarily representing 1's in the original fraction, as noted in § 4, 
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E.g. if e=d+1, either f «c, or f=c,g<borf=cg=b, h<a, 
and so on; while if d — e+1 we have c « f, etc. Conversely, if (I), (II) 
are satisfied for each successive pair of numbers, all the requirements for 
А << 8 are fulfilled. 


6. If we consider a little further the implications of the above laws, 
remarkable consequences follow. To begin with, the numbers in the 
sequence, even when not all equal, will be very closely restricted. Suppose 
that, in the sequence ... а, b, c, ..., c differs from b, but is the first of h 
numbers each equal to c, followed by a different number c', where h> 1. 
By $ 5 (I) с =c+1: supposec' = c+1. Then we have c, c+1 preceded 
‘by c (in fact by Л—1 c's) and therefore by $ 5 (II) followed by а number 
= c or less. By $5 (D, again, the number following c+1 cannot be less 
than c: it must therefore = c, the first (suppose) of À c's. We thus have 
(a) c, c+1 (as indicated by the ordinates at A, B in the graph below) pre- 
ceded by h—1 c's and followed by k c's, and (8) c+1, c (as at B, C in the 
figure) preceded by h c's and followed by K—1 c's (Fig. 1).* From (a) by 


cetle ec+le cetle сс+1с сс+1с 


Fic. 1. 


S$ 5 (ID, if k < h—1, the (new) number following ће k c's should be < с 
(since the k-th number before A, the smaller of the two values А, B, is с); 
while by (8) (from a like consideration of the numbers before and after BC) 
it should be greater, since а fortiori k—1 < h. Thus we cannot have 
k < ћ—1; nor (similarly) h < k—1: i.e. k must = h—1 or hor h+1. 
In the first place suppose that k = h—1 ог h. Then k—1 < ^ ; and 
so, recurring to the sequences preceding and following BC, the number 
following the &-th c (which by supposition is not c) must be c+1 by ў 5(П). 
If, of the alternatives now being considered, k = h, and therefore by 
hypothesis greater than unity, this c+1 must be followed by c, just as 
c+1 at B involved c at С; and similarly c+1 and then c will precede the 
h c's, since A—1 <k. If, however, k = h—1, it will still follow, from 


* The object of the graph is not merely to make clearer to the cye the ups and downs of 
the sequence of numbers, but also to distinguish by letters A, B, ... certain of these numbers 
from other equal numbers. 


SER. 2. voL. 20. No. 1392. R 
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(a), that the h—1 c’s before A must be preceded by c+1, inasmuch as the 
k c’s are followed by c+1 (see above), so that by $ 5 (П) the term cannot 
be < c-F1, while by $5 (I) it cannot be greater; and again this c+1 
must be preceded by c, as before. Therefore (again recurring to the 
sequences on each side of AB) even if k — 1, so that the original argu- 
ment for c+1 at B followed by c at C which was based on h > 1, does 
not apply, the c+1 which follows the k c's must be followed by c (as at Y) 
because the c+1 which precedes the A—1 c's is preceded by c (at X), 
k being = h—1; for by S5 (ID that at Y cannot be greater than that at 
X, while by $ 5 (I) it cannot differ by more than a unit from c--1, which 
immediately precedes. 

So far as noted, then, the sequences preceding and following AB, i.e. 
those back to X and on to Y, inclusive, in the graph, Fig. 1, will agree in 
the case of k = h—1, as there shown. Suppose the c at X is the last of 
g c's and that at y the first of l c's, which g and l c's, again. by а repeti- 
tion or extension* of the preceding arguments will be preceded and followed 
by с+1, с; and so on, indefinitely (so that the numbers throughout will 
be limited to the values c and c+1). Then in order that, in the sequences 
following c+1 at B and preceding c at A, the larger number, when they 
diverge, may occur in the sequence starting from the lower, we must have 
g < l, if g, lare unequal ; and then ¢+1 before the g c’s will answer toc 
in the other sequence, which is right; or, if g = l, then f < m, supposing 
c+1 and then f c's precede and с 4-1 and then m c’s follow; or else g = |, 
f =m, with a like further condition; and so on. Similarly in the case 
of À = k—1, which was left aside, we should have g >l; org — 1, fm; 
org =l, f = m, with a like further condition ; and so on. The result is 
that the whole sequence of numbers ... a, 6, c, ..., restricted as we have 


е An extension of the argument will be required if ‘‘ singlets °’ are repeated. Suppose 
h=2, k=1, l=1, as in Fig. 2; the single c (at Y) given by l= 1, being necessarily 
followed by c+1 as before (because с+ 1 and then c precede it). Then we must recur to the 
sequences preceding and following AB to show that c at Х must be preceded by с+ 1, answer- 
ing to c +1 in the following sequence, so that g — 1. Thenc+1, c immediately following X 
will be the starting point of sequences showing that again c must precede; and then again 
the sequences based on c, c +1 at A, B show that c must follow the c+1 after Y, the terms 
being determined in the order shown by (1), (2), (3), (4) in Fig. 2; and so on. 


B 
x A С ү 
2 1/N1 


(3) (2) ect le (1) (4) 
Fic. 2. 
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seen to sets of c's separated by single (c+1)’s, must be such that 
eS, g, h, k, l, m, ... the numbers of c's in the successive sets, obey pre- 
cisely the same laws as those of the sequence which they thus define, 
namely, the laws § 5 (I) and (II) which we have been using throughout 
the present section. This is all on the supposition that at least two con- 
secutive c’s occur somewhere and that the next number с =<+1. If 
c' , we have, by precisely similar arguments, single (c—1)’s 
separating groups of ... f,g, Л, ..., cs, as indicated in Fig. 8, where 
... f, 9, h, ... obey precisely the same laws as before. 


= c—1 
f es g c’s h св k с'в l св m с'в 


cc—le ce-1c сс-1с се-1с се—1с 


Fia. 8. 


We may, however, have single c’s alternating throughout with single 
(c-+1)’s, which we may consider a special case of either of the above with 
f=g=...=1 (Fig. 4); or the still more rudimentary case where all 
the numbers are c’s (Fig. 5) :— 


AMD m 


ectlect+tlect+lect+le c c с с с 


Fia. 4. Fic. 5. 


But the general result is that the primary sequence ... a, b, c, ... con- 
sists of at most two different numbers, one of which, occurring singly, 
differs from the other by unity, while the occurrence of the other in sets 
of ... f, g, h, ... together is " regulated" by the “ secondary " sequence of 
the numbers ... f,g,h,..., obeying precisely the same laws as the 
primary; also, since it obeys the laws § 5 (I) and (II) it must obey the 
further laws deduced from them in this section and be “ regulated ” by a 
like sequence ... £, y, 2, ..., say, and so on; except that we can go по 
further when we reach a sequence of equal terms. Conversely, if the 
“ regulating ” sequence obeys the laws, this will hold also for the Sequence 
which it regulates. 


7. So far the work is on parallel lines to that of Markoff. Though 
his results are less symmetrically formulated, the laws of a sequence of 
n 2 


1 „14 J 
"uw. artani t>” 


the a’s denoting the digits in order, hold for him and us alike. But for 
us the successive a’s are the digits (or the digits from and after some fixed 
point) of the continued fraction for 0, and therefore unlimited on one side 
only; and this has to be borne in mind in making our application of the 
results ; whereas for Markoff (as before pointed out) the sequence of a’s is 
unlimited in both directions. 


аһы —— 


His application to the theory of the (numerical) minima of a set of equivalent quadratic 
forms such as az? + 2bry + cy?, where a, b, c are given numbers, is briefly as follows. [It is 
supposed that x, y are to receive integral values not both zero.] By linear transformations 
such a form can always ђе ‘‘ reduced "" to one 


a,x? + 2b,z, y, + c. у!, = 


whose roots (i.e. the values of z,/y, which make it vanish) are one positive and greater than 
unity = &,, say, and the other negative numerically less than unity = —1/»,.. Supposing that 


1 
gt = а, + = — ..., Tr = а;.1+ oS eS eee 
а;,1+ Gr-2+ 


(neither terminating), the transformation 
Tr = а,х,,1% уље) Yr = Lrs1 
will give a new form of which the roots are 


1 1 


Grol + ГАХЕ 9), – —— жр, ... ф 
4+7 + ar + а, + 


and similarly through а whole series of transformations. Thus the A's come in as the differ- 
ences between the roots of a succession of equivalent reduced forms, got by using such trans- 
formations backwards and forwards; the a’s here answering to the a's in the preceding 
paragraphs. 

Unless all the a's are 1's we may take for our standard form, of this equivalent set, one 
ax? + 2bxy + су? for which the root є > 2. For this, when y=0, the minimum, got by 
putting x = 1, has the numerical value |а |, and since the form = ay? (z/y—&)(z/y+1/), it 
can be shown tbat, when y is different from 0, it can have no lower value than | a] unless, 
supposing x/y positive, | тју— 2 | < 1/2у: and then x/y must be a convergent to £, say the n-th ; and 
the formule of transformation will show that the result of substituting such values of z, yin the 
standard form is the same as the result of substituting 1, O for the variables in the n-th form 
from the standard one, t.e. it is the a of that form. Similarly, if z/y is negative, —x/y (if x, y 
give a lower value) must be a convergent to 1/n, and we have a value which is the a of some 
preceding form. Thus the minimum value required is that of the numerically least of the a's. 
But the difference of the roots of any form, which we have seen 4s опе of the Succession of A's, 
is equal to 24/D/| а | where a is the coefficient of x? in that form, D being the determinant of 
the whole set of forms. It follows that the least value of | а | is the same thing as the least 
value of 2 /D/A, which is therefore the minimum required. In particular, if À < 3 through- 
out, the minimum is greater than 3 VD, and this is a critical value. If the coefficients a, b, c 
are rational, the a’s must recur. (The case of rational roofs nced not be considered, as the 
form then has zero for its minimum.] 
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which every А < 8, where А is of the form 
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Our concern is with the fact that so long as the successive A's 
belonging to the continued fraction for Ө are less than 8, there can be 
no approximation r/y to 0 among the convergents to Ө (where alone 
it could be found) such that |z/y—0|-«21/8y?; and these Ав, like 
Markoff's, will be less than 8, provided the digits for Ө consist of 1's and 
2's obeying the laws formulated in the preceding sections. But as the 
digits starb from a fixed point the numbers which define them are also 
terminated in one direction. Now the final law of the numbers ... а, b,c, ... 
which we reached in $ 5, is that the sequences taken onwards from the 
second and backwards from the first of two unequal consecutive terms 
must, when they diverge, diverge in a particular manner, but (though 
certain consequences have been further developed in § 6) the possibility 
of continual agreement without divergence has not yet been faced, and 
this introduces quite new considerations. In the sequences belonging 
to Markoffs problem, this possibility is of no great moment. Con- 
tinued agreement, with him, is agreement to infinity, and that merely 
means that the corresponding A, instead of being definitely less than 
8, takes the limiting value 8; a contingency impossible in our case 
(with n finite) since our À is the sum of a terminating and an unend- 
ing fraction. For us continual agreement without divergence can only 
mean agreement until the backward-reaching sequence terminates with 
the initial term of the whole series of numbers, and then the result \ <8, 
though not contradicted, is not guaranteed. Further examination is 
necessary to see whether after all A may not then be > 8, in any given 
case. 

We have then two or three possibilities to consider. Suppose, in the 
first place, that the proper divergences do always show themselves and 
always within a finite number of terms, & number « N, say, where N 18 
finite. Here Markoff's sequences (except that they have no beginning) are 
on the same footing as ours, and his digits, starting from some arbitrary 
point, would equally serve our purpose. Forming the successive derived 
sequences, as explained in the last section, since each is more "condensed" 
than the preceding, we shall at length reach a sequence where the '' range 
of fulfilment " reduces to a single term, 2.е. а sequence of equal numbers. 
This monotonous repetition involves à corresponding repetition of more 
extended range in the original sequence, and therefore in the continued 
fraction for Ө, so that Ө must equal а quadratic surd. In such a case A 
will be always less than 8 by а certain finite amount at least (possibly 
very small) depending on the value of N. Conversely, any quadratic surd 
for which A beyond a certain point is always definitely less than 3 must 
depend on a sequence such as that described above, where the laws work 
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themselves out within a finite range and lead ultimately to a sequence of 
equal terms. Further, since there will be an infinite number of sequences 
... a, b, c, ... of this character, there will be an infinite number of quad- 
ratic surds Ó (though of narrowly restricted types) for which there are no 
approximations x/y (or only a finite number) such that 


| z/y —0| < 1/8y*. 


But suppose, on the other hand, that the digits are governed by a 
sequence of numbers for which, although such divergences as there are 
between the sequences which have to be compared are always in the 
right direction, instances of complete agreement continually crop up 
however far we go. [п such a case everything may depend on the way in 
which the digits start. Even if they may be said to be governed from 
the outset by the sequence of numbers, in the way supposed, it still has 
to be decided whether a doublet of the one digit, or, say, 2a of the other 
digit (taking a to be the initial number of the sequence) is to come first, 
and also which of these are 1'8 and which 2's. And if, as has been con- 
templated, there are digits preceding those thus determined, everything 
will depend on the arrangement of such initial digits, which may affect 
the question of А > or « 8 at any distance ahead, when the sequence 
а, b, c, ... i8 of the critical nature supposed. One way of forming a 
sequence which is certainly «ot of the character considered in the last 
paragraph is by taking for the primary sequence a set of numbers so ad- 
justed that the primary is identical with the secondary. Then so far as 
the sequence obeys the laws at the start, it will do so throughout, the 
terms which follow being regulated by initial terms which do, and so on, 
indefinitely. Since, however, all the successive derived sequences will be 
ideutical, we shall never reach a sequence of equal numbers. Therefore 
(1) the corresponding fraction will not recur, (2) the laws will take longer 
and longer to work themselves out as we proceed. Such а case is indicated 
in Fig. 6, where it will be seen that the primary sequence 12121192... 
is identical with the secondary, determined by the numbers of 1’s in the 
successive sets of 1’s in the primary (if in our reckoning of sets we ignore 
the initial 1 and begin with the first which has 2’s on each side of it). Thus 
the secondary sequence begins with 1 (answering to the singlet in question) 
and this is followed by 2, answering to the first doublet of 1's, and so on. 
It will be found, however, that the laws § 5 (I), (II) are obeyed throughout 
only in the sense that divergences never occur in the wrong direction, and 
however far we go we have pairs of consecutive unequal terms such that 
the sequences which precede and follow agree without diverging until the 
backward one terminates ; so that the case is such as was proposed for 
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consideration at the beginning of this paragraph. Thus 2 1 at HK are 


A? K t x H V o$, 

1 2 1 2 1 1 2 1 2 1 1 2 ААЛА 2 
we | 
аут 

121211212112 21211 
Fia. 6. 


preceded by 12 1 and followed by 121..., and similarly 12 at XY are 
preceded by 1212112121 (there terminating) and followed by the 
same numbers (with others beyond); and so continually at successive 
stages. This agreement is an index to a like agreement in the digits, and 
everything may therefore depend on how the initial digits are arranged. 
To examine how this works in detail, suppose that the doubles of the 
numbers of the sequence, viz. 2, 4, 2, 4, 2, 2, 4, ... indicate numbers of 
2's separated by doublets of 1’s,* the alternation starting with 1 1; and 
that (if necessary) these again are preceded by other digits a, 8, y, ô 

so that the fraction written at length is 


+ 
pup 


Lk d 1 d 1 od 3 1 1 € d 11 
+ytBtat T+ 1+ 2+ 2+ 1414242424241 
A B 


where the two 2's preceding A and the four 2’s divided into pairs at В 
answer to the initial 1 2 of the number sequence marked AB in Fig. 6. 
Then the condition to secure А «8 for the first 2 of the B group, which 
is critical owing to the agreement of digits before A and after B, will be 


[$ 8 (1)] 
(2, 2, 1, 1, a, B, y, ô, ...) < (2, 2, 1, 1, 2, 2, 1, 1, 2, 2, ...), 
i.e. (a, B, y, ô, ..) < (2, 2, 1, 1, 2, 2, ...). (i) 


Again, the second 2 1 of the sequence, marked HK in the figure, is 
the next critical point, the numbers which follow up to the point marked t 
agreeing, as we have seen, with the 1 2 1 which precede; and so we have 
the condition [5 8 (2), first form] 


(2, 2, ..., 1, 1, a, B, y, 6, ..) > (2 2, .., 1, 1, 2, 2, 2, 2, 1, 1, ...), 
i.e. (a, В, у, 6, ...) > (2, 2, 2, 2, 1, 1, ...); (ii) 


* It will be remembered that the doubles of the sequence numbers may be interpreted as 
giving either numbers of 1’s separated by pairs of 2's, or numbers of 2’s separated by pairs of 
1'8; but the available initial digits might not correspond in the two cases if they involved 
other numbers besides 1's and 2's. 


pU 
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a, B, y, 6, ... coming now into comparison with the digits defined by the 
numbers 2 1 which follow + in the sequence. Both conditions are satisfied 
by taking а= 2, 8—2, y=1, ô= 1, or a= 2, B=2, y= 2, 6 = 8, 
and stopping there. Moreover we can show that if these two conditions 
are satisfied all subsequent conditions of a like nature will be satisfied, in - 
virtue of the identity of the primary sequence with the secondary, each 
* critical " point corresponding to the preceding critical point in such a 
way that the conditions repeat themselves. Thus the 2 1 at HK, already 
examined, considered as belonging to the secondary sequence, answers to 
2 ones followed by 1 оле in the primary (in the neighbourhood of XY), 
after which the grouping of 1’s up to the point answering to t will agree 
with that of those which precede; and this means that again we have 1 2 
at XY with the preceding sequence of numbers taken right back to the 
beginning agreeing with the following sequence up to 1, though there 
will be no other instance of this between НК and XY. Moreover as we 
have 2, 1 beyond + (the point in the sequence following HK which 
matches that where the backward sequence preceding НК ends), so in the 
sequence following XY we shall have 2 ones followed by 1 one at the 
corresponding stage (in the neighbourhood of { in the figure); and that 
means that we have 1, 2 beyond the point { where the correspondence be- 
tween the sequence following and that preceding XY ends (owing to the 
termination of the latter), just as we have 1 2 immediately after AB. 
a, 8, y, ô, ... therefore come into comparison as at first with the digits 
22112222; and as the sequences now compared are based on 1 2 at 
XY, we have the same condition (1) as was based on the consideration of 
the digits defined by 1 2 at AB. 

Then, again, corresponding to 1 2 at XY, we have 1 one followed by 
2 ones in the neighbourhood of U, V ; and so the sequence following 1 at 
V will agree with the sequence preceding 2 at U, as far as it goes; and 
as we have 1 followed by 1 2, we shall have 1 опе and then 2 ones at the 
corresponding stage, as indicated by the dotted lines (detached) in the 
figure, and so giving 21 beyond §, the end of the new correspondence 
based on UV, exactly as we had 2 1 beyond ft, in connection with the 
sequences based on HK, and leading as before to the condition (i). And 
so continually the conditions for the critical stages will reduce to either (i) 
or (i). Thus the continued fraction, with its initial digits determined as 
before specified, will have every A, at least after the very first, less than 3. 

We have thus proved that while there are an infinite number of quad- 
ratic surds Ө, for which there are no approximations such that 


|гју—601< 1/5, 
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where k = 8, there are also numbers which are not quadratic surds of 
which the same is true. It should be noticed, however, that while, in the 
case of the surd, every À is less than 8 by a certain definite amount (at 
least), A in the latter case, though always < 8, will approach 3 indefinitely 
‚ ав we proceed ; for, at the critical stages, the continued fractions whose 
difference measures the divergence of A from 8 will agree to an ever in- 
creasing number of digits. And this must hold in the case of any number 
not a quadratic surd of which the statement is true, whether of the kind 
considered in the present section, or corresponding to a sequence where 
the proper divergences do (at length) always show themselves. For if 
agreement always ceases within a limited number of digits in the fractions 
compared, and so within a limited number of terms in the number sequence, 
while each derived sequence is more “ condensed " than the preceding, a 
sequence of equal numbers must at length be reached and the correspond- 
ing fraction will recur. 


8. The above disposes of the case of k = 8. We have to contrast with 
it the cases of k > 8 and k <8. The former was dealt with at the be- 
ginning of the paper ($ 1), where it was shown that however slightly k 
exceeds 8, there are an unenumerably infinite number of 60's (including 
therefore transcendental values) for which there are no approximations 
(or a finite number) with |z/y—0]| < 1/ky?. The case of À <8 is covered 
in the main by what we saw incidentally in the last section—that for n 
quadratic surd of the type specified A is throughout (or from some point) 
less than 8 by some definite amount (at least); and conversely that, if A 
is always less than 8 by a definite amount, however small, Ө must be a 
quadratic surd. Thus where 0 is such a surd, there will be at most only a 
finite number of approximations z/y such that | z/y —0| « 1/ky?, where k is 
some number < 8, and for this to hold when k «8, Ө must be such a surd. 
[t 18 to be noted, however, that k must be greater than 4/5, the value to 
which A tends when all the digits are 1's, or there will be o number 0 for 
which the A's beyond a certain point are all less than А. If, however, 
8 > k > 4/5, there will always be quadratic surds to which the statement 
is applicable. Thus the proposed problem is completely solved. In the 
parallel case Markoff infers that there can be only a finite number of 
digit-sequences that will do for a given value of k < 3, inasmuch as such 
a value implies a definite limit for N (У 7), and therefore а limited number 
of possibilities. He deduces that there can be only a limited number of 
quadratic forms with minima > the corresponding fraction of D. We 
cannot, however, lay down that there will only be а finite number of 0's 
for such a A, inasmuch as there may be any variety of digits preceding 
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those which recur in the ways defined by such a sequence. But the re- 
curring part of the continued fraction for Ө will admit of only a finite 
variety of forms. The main conclusion however is that, if there are only 
a finite number of approximations z/y such that ! z/y —0 | < уку, 0 must 
be a quadratic surd if À < 8, but not otherwise. 


9. Though it has nothing to do with our own problem, it may be of 
interest to notice, in conclusion, that in a way parallel to that of §7 we 
may construct a sequence such as Markoff uses, unlimited in either direc- 
tion, where the primary sequence is identical with the secondary and 
therefore with all that follow, and which strictly obeys the sequence-laws 
(Fig. 7). 


1 21211212112121 


Ето. 7. 


Here A will always be less than 8, approaching however the limiting 
value 8 as we recede indefinitely from the central point of symmetry, 
shown by + in the figure. But the coefficients of corresponding quadratic 
forms would be irrational, not to say transcendental, functions. [See the 
paragraph in small print under § 7.] 
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THE DIFFERENTIATION OF THE COMPLETE THIRD JACOBIAN 
ELLIPTIC INTEGRAL WITH REGARD TO THE MODULUS, 
WITH SOME APPLICATIONS 


By F. Bowman. 


[Received August 3rd, 1920.—Read November 11th, 1920.—Received in revised form, 
February 5th, 1921.] 


Tue first part of this paper contains some results relating to the com- 
plete third elliptic integral. They may be regarded as complementary to 
the formule 

ак _ Е—К?К dE _E—K 


dk К"? dk | k 


They are followed by examples of their application. 


1. The third Jacobian elliptic integral with parameter v and modulus 


k 18 defined by 


k?snv env дпо sn? u 


Hes v; D = \ т арто ont 7 


and the identity 
II = П(К, v; k) = KZ(v) = KE(v)—vE 


relates the complete elliptic integral of this kind with those of the first 
and second kinds. 

In the last equation II is a function of v and of k. If there is a func- 
tional relation between v and k it can be proved" by differentiating this 
equation that 


a = (K dno- E| 7 = aa [Ec — Изо] |ва v eno dnv ak. (1) 


Now suppose that sn v and Ё are both given as functions of a certain 


* Proc. Edin. Math. Soc., Vol. 37, 1918. 
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number of parameters A, A', A", ..., and let it be required to find the deri- 
vative of II with regard to any one of them, say A. In order to fix our 
ideas let sn v and Ё be given explicitly in the form 


k = КА, А, А", ...), (2) 
sn (v, k) = s A, А’, A", ...). | (8) 


We shall have ON _ (20) Ok 


OX \dk/x СА’ 


where (Sr) means “ dll when À alone varies." 
dk / X dk ` 


With a similar meaning in the notation, a differentiation of (8) gives 
os 


| dw _ 1f ja 8n v спо 1 
(5), = gin £^ Uk "dno Fm 


This expression being substituted in (1), we obig e , and on 
À 
multiplying by E 


ОП | Kdn?v— —E os | Ё gn v en v ok (4) 
OA envdnv ОА ' kê апо (À ` 


If sn(v, А) be Een as а function of k only, this can be written 


alo _ Кап? v—E ds k snvenv 


Ok спо dno dk + k? апо Е, (5) 


where | sn (р, k) = s(k). 


There are four cases in which the last equation reduces to & very 
• | simple form. They occur when sn (v, À) is given as a function of k by 
the relations : 
(1) gn (г, À) = const., 


(п) sn(w+A, À) = const., 
(111) dn(v, k) = const., 


пау) ар (0+, А) = const. 
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The respective values of ail are 


dk 

all snvuenv k | 
(2), = “апо me " 
dl — k | 
Gr), = snvenv dno та К, | (7) 
dil _ вподпо ак 

(б). ^. eno dk’ el 
(42) _ _cnvdnv 1 dE (9) 
dk], snv КА? dk’ i 


2. As a first application of the above formulæ, consider the direct 
determination of the components of electromagnetic force due to a circular 
current. 

Ii the current be of unit strength the potential at a point P is repre- 
sented by the solid angle Q, subtended at P by the circle, and can be 
expressed in part as a complete elliptic integral of the third kind. The 
components of magnetic force at P are usually found by differentiating 
Maxwell’s expression for M—the coefficient of mutual induction of two 
circles which have the same axis and lie in parallel planes—under the 
sign of integration ; M being the Stokes function of 2. 

Suppose that the plane of the paper is horizontal, and that the point 


P is at a height z vertically above A. Let C be the centre of the circle, 
CQ ==, СА =p, QA =", ZQCA = Ө, ZQPA =e, ОР = R; во that. 
2, p are the usual cylindrical coordinates ; then 


а= | Sore, 


where dS is an element of the area of the circle at Q, and the integral is 
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taken over the circle. Writing cose = z/R, we have 


Ы ia tdr 
= | ao | (27+ p* 4- c? — 9px cos 0): 


If we transform to the notation of elliptie integrals by means of the 
substitution 


0 ER Р 2 — 4pa 
cos > — ВП u, k кри 


the value of О can be reduced to the form 
Q = 9T7— "i sno К— 2 (X, v; k), 
where v—which is of the form A-+iv’, where v' is real—is defined by 


inp be pray 
pa 

2 _ а—р 
pta’ 55 adp' 


env = —i 


the sign of dn v being chosen so that its value may be equal to unity on 
the axis p = 0, and elsewhere it may be obtained by continuous variation 
from this value. 

For the axial component of magnetic force we then have 


00 10 2.4 , cH 
= E (zk? sn o K)+ 22 до 


and in order to find 0П/02 we may quote. formula (8), $ 1, since dn v re- 
mains constant when z alone varies. The radial component is 


6 
= = pt (= k? sn vK) +2i jg 
Ор cp Хр Ор 


and to obtain ОП/др it is necessary to fall back upon the general equation 
.(4) After performing the differentiations we find the known values 
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where r is now written for СР, and ri, ту, are the greatest and least dis- 
tances of P from a point of the circle.* 


8. As а second application, consider the problem of determining, on an 
ellipsoid of revolution, a particular geodesic whose period in longitude is 
assigned. 

Let a point on the ellipsoid 

у _ 2 
а à 
be defined by 


r-—asinOcosy, у=азпдапм, z-ccosÓ. 
Suppose, for example, that this surface has the prolate form, so that 
с?е? = c -—a and ca. 


Along the geodesic which touches the parallels of latitude Ө = а, 
Ө = л—а, we know that 


dy _ csinay(1—e соз? 0) 
ад ^ asin Oy (cos? a—cos? 0)' 


Transform this equation to the notation of Jacobian elliptic integrals 
by writing 
cos Ө == — сова sn и, k=ecosa, 


the minus sign being chosen so that the value of 0, beginning at 37, will 
increase with и, and и = 0 will correspond to а point where the geodesic 
crosses the equator. If we introduce the parafheter v defined by 


= 2. 12 
вп р == (> 1), emo = — i #49), dn v = У nS. 


d „ва dno , . k?snv env dnv sn? и 
we find De DONC Ant ОВИ 


du сп v 1—k*sn*vsnu ' 


and if Ÿ represent ome quarter of the longitudinal period, 


, 
y =| pe roots... (1) 
0 du eno ~ 
_ sina | E. 
= га – tll (А, 2; Ж). (2) 


* See Greenhill, Trans. Amer. Math. Soc., Vol. 8 (1907), 531; Maxwell, Elec. and Mag., 
Vol. 2, $701. 
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Making use of (6) of $ 1 (sn v being constant), we find on differentiating 


d се Е-Е е dE М 
da a k ) d(1—e)dk' 
id | dV e dE dk е | tan a LE (4) 


A/(1 — e?) dk 


Also, if in (1) we write X — t for и, and substitute for v in terms of a, 


Y appears in the form 


1--e? соз? a |, . dt 
o 1+(1—e?) cot? a sn? t’ 


dd  Y(1—e) dk? da _ 


Y = апау е) x 
in which the lower limit of integration corresponds to a point where the 


curve touches a parallel of latitude. Now when a — 3 ; 


K > — and .Y = 


т 1 т с T 
, 9 , (A — e?) 9 — “a 9*' (6) 


Again,* the value of Ÿ given in (5) ean be expressed in the form 


p A/(1 — e? cos? a) т үзїпа(1—е сов? a) [К 1—dnt 
T JUs”) 2 М (1— e?) o sin?'a+(l1—e?)cos*asn7t ^" 


and when а —O, the last integral remains finite, and У — i7. 

This result and (8) and (6) show that as a varies from 0 to 47, the 
longitudinal period of the geodesic defined by a steadily increases from 
Ол to сја. дт. 

The simple forms of (3) and (4) make it easy to compute the numerical 
value of a for any particular geodesic whose longitudinal period is given 
in advance. The numerical work was carried out for the case c = 4a, 
and the values of a calculated for those two geodesics which exactly close 
upon themselves after two and three turns round the ellipsoid. In this 
case we have, from (5) and (8), 


UR K 
4Y = E > | dz 2 (7) 
1 + e P t 
| d 16 
and di (44) = soda (K — E). (8) 


A rough graph was first drawn to represent the variation of 4 as а 


* See Forsyth, Differential Geometry, p. 141. 
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varies from 0 to $7. In order tc draw it the values of 4% corresponding 
(о sin"! k = 0°, 15°, 80°, 60°, 90°, 
or а = 90°, 744°, 59°, 264°, 0°, 


were calculated approximately by means of (7), and the directions of the 
tangents to the curve at the corresponding points by means of (8). The 
integral in (7) was evaluated by expanding it in the form 


: 9 
AY — 14-15 sin «| 


K 
Е 2 3 4, _ 
SE (1—и вп? t+ ut вп" t— +...) dt, 


0 * 


2 
where д = d and integrating term by term; the formula of reduction 


(n+ 1)k?I,42—n(1 +k?) I,4- (n — 1) I,-2 = 0 


being used to calculate the integrals 
K 
Га = | en?" t dt. 
0 


If the series does not converge fairly rapidly it is more convenient to 
use some other method of approximate integration. 

From the curve thus drawn the two approximate values of a required 
were obtained, and the accuracy was then improved upon by using 
Newton's rule in the form :—if a is an approximate solution of the equa- 
tion 

f(a) = mz — Y (a) = 0, 


a better value for the solution is 


+ fit E (fa) 
Wi(a) 2 Ҹ'(а) МУ (а)/ * 
The values of а obtained by this process were 18955"7 and 88°89”4 for 


the two geodesics which close themselves after two and three turns re- 
spectively round the ellipsoid. 


4. A last application is made to the problem of the Poinsot motion of 
a rigid body. 

It is known that Euler's equations of motion for a rigid body moving 
about a fixed point under no external forces 


Ар =(B—O)qr, Bgqa=(C—A)rp, Cr = (А В) рд, 


SER. 2. voL. 20, No. 1393. 5 
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can be solved by writing 
p=Pennt, q=—Qsnnt, r= Rdnnt, 
or by p=P'dnn't, q=—-Q'snn't, r= Б соп; 


where Р, Q, R, P’, Q', R', n, т are certain functions of A, B, C, D; A, | 
B, C being the principal moments of inertia of the body at the point of 
support, and D = I?/T, where 


Г = the resultant moment of momentum, 
T — twice the kinetic energy ; 


and we suppose À > B > C, and write 
Г? — Ap + Ва" + C? — D, 
T = Ap°+Bq°+Cr = D, 


м having the dimensions of an angular velocity, and D those of a moment 
of inertia. 

In the first case, r never vanishes, and this solution is adapted to the 
family of polhodes which surround the axis of С; in the second, p never 
vanishes, and this solution applies to the family of polhodes which 
surround the axis of A. 

"The motion being represented in Poinsot’s way, by allowing the 
momental ellipsoid of the body to roll on a plane, let І be the point of 
contact of ellipsoid and plane, and let OJ be the perpendicular from the 
centre (О) of the ellipsoid to the plane, во that OJ = 1/,/D, if the mass 
of the body be taken as unity. 

Let (р, Y) be polar coordinates of a point on the locus of J on the 
plane (the herpolhode), referred to J as origin. The following summary 
of results to be used in what follows is made for the case in which 
А> B > D> C, and the polhode cone surrounds the axis of C, 


> _. | (DW-% а ___ 100—0) 
p V (7208) сви "m V Go) 8n u, 
Tr —_ D(A—D) 
V (cao) m а 
8 — — 
where u = nt, “3 = (B OG DM 
k? = (D— Q)(4 — B) pn = (4 —C)(B—D). 


™ (B—C)(A—D)’ — (A—D)(B—C)’ 
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and 21 = a D if Ти, a; k), | (2) 
where |. gna = 2—9 (2 1), 

сва = iV (B020) 

а = 4 2i > (<1), 


so that a is of the form K+ 7a’, where a’ is real.* 

Consider the problem of finding the variation in the apsidal angle of 
the herpolhode due to increments in A, B, C, D (or, equally well, in the 
lengths of the axes of the rolling ellipsoid and in OJ). As before, the 
mass of the body is taken as unity, so that the next paragraph has a 
purely geometrical meaning, and concerns a rolling ellipsoid, of semi-axes 
1//A, 1//B, 1/10, whose centre is fixed at a distance 1/4/D from the 
plane on which it rolls. 

From (2) the apsidal angle of the herpolhode is defined by 


т = [| 2 qu = = 3 K—in, a; k) 
= AK—uII(K, a; k), 


where AL $7V(ss-ou-nm 


Using the results collected in (1) we notice that 


when А alone varies, sna remains constant, 


B - sn (a4- К) 5 
99 C 9 dn a 9? 
3) D 2) дп(а +К) 75 


Consequently, when А, В, С, D receive increments 6A, ôB, ôC, ôD, the 


* See Greenhill, Elliptic Functions, pp. 29 and 109. 
в 2 
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corresponding increment in Ҹ is 


О = KéA+A DE d 


CE), я 64+ C) i 92+ (ар), 30 #0+ (д), 55 90] 


When the right-hand member of this equation is evaluated, we have 


2n К 1 D—C u 1 A—D 
up ie - та (К 9268) 84 ва = (- K+ RT Bape) В 
1 . A—D., 1 B—C 
+ apne (FR Ais GE) 6+ Бро -E+ gap E)5D- 


(3) 


We observe that, since À > E, and A > В > D > С, the coefficient of 
6A is negative, and that of 0С is positive. Also in the coefficient of ôB, 
A—D,) __ A—D B—D ) 
a ot =; g-pE)7- B— g-p(£- АВ 
A—D 


EN = (ris 


ак ,B—DA-— ек) 
b—D | 


dk *A—D B—C 


Both the terms in the bracket are positive, and so the coefficient of 6B is 
negative. Similarly, that of dD is positive. We may write 


Y = —X64— YSB+Z6C+U6D, (4) 


where X, Y, Z, U are all positive and have the values defined by (8). 
It may at once be verified that 


ov 
БА = = 0, 


as we should expect, since this condition merely corresponds to an altera- 
tion in the unit of length. 

We pass on to a dynamical application of equation (8). Suppose that 
the point of support of the moving body is its centre of gravity G, and let 
this point be suddenly released and the neighbouring point С'(2, n, ё) 
fixed. A new Poinsot motion will begin about the new point of support, 
and this motion will depend on values of 4, B, C, D, differing slightly 
from their old values. It is proposed to find the change in the apsidal 
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angle of the herpolhode. Let the release and fixture be made at any 
moment when the component angular velocities are p,q, r. The principal 
axes at G' are known to be the normals to the confocals to the ellipsoid of 
gyration at G which pass through G'. The mass of the body being unity, 
the equation of this ellipsoid is 


We find for the new values of the principal moments of inertia 
A= AtP+E, в=в++ё, с=с+ё+ў,; 


and for the new values of the components of moment of momentum 


pus == En <3 
L' = Ap Вав +С" 


А — В B—C’ 
pc 44 n¢ 
[2 
and since ар T 


the value of D for the new motion will be 


, D ы. ôT 
D x mr 
for the resultant moment of momentum remains unaltered when the point 
of support is moved from the centre of gravity to any other point. 


Also ёт = (1. +7 4%) 
= — Ў(уф— rn? = — wP, 
where l із the distance of (2, n, С) from the instantaneous axis, and 
wo = ptr. 
The small changes in 4, B, C, D are therefore given by 
ôA = PH, 9B = CHEN 90 = EH, 
ôD = эч, 
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Substituting in (4), we have 


2 
SHY = XPH УСЕ) UBS, 


If the expression on the right-hand side vanish, we shall have oY = О. 
Hence, if the point of support be moved from G to a neighbouring point 
on a certain cone of the second degree, whose apex is at G, the apsidal 
angle of the herpolhode will remain unchanged. Regarding these terms 
as the first approximation to the equation of & certain surface, we may 
gurmise that, for given values of p, q, r, the locus of the point P, which is 
such that, when the centre of gravity is released and the point P fixed, 
the apsidal angle of the herpolhode is unchanged, is a surface which has 
& conical point of the second degree at G. 

When we substitute for p/u, q/u, r/u, X, Y, Z, U, we obtain the value 
of б\Ё in terms of the time and the dynamical constants of the motion. 
The resulting expression is rather long, and we confine ourselves to a 
particular case, in which the moving body is a lamina (A = B+C, and 
B > О), and the release and fixture are made at the instant nt = O (that 
is to say, when the instantaneous axis is in the plane of A and C). 

The equation of the cone then becomes 


KAP EZ (Bi C6) + (к 5—55) y (46 5-6) = 0. 


When the same work is carried out for the case in which the polhode 
surrounds the axis of 4 the corresponding equation is found to be 


B . C D—C 
кар р 0(Е— в pape) 87—00 


- (к 55°) /(4c 75) ге = о. 


The equation of the lines in which these cones cut the plane of the 


lamina (£ = 0) is 
ВС = 0, 


this is to say, they coincide with the equi-conjugate diameters of the 
momental ellipse of the lamina at G, no matter what polhode, defined by 
D, is being described. Hence we may state the particular theorem :— 


Let the principal moments of inertia of a lamina about axes in its 
own plane through its centre of gravity G be B and C (B >C), and let 
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A (= B+C) be its moment of inertia about а perpendicular axis through 
the same point. Let the lamina be moving about G as a point of support 
under no external forces. At а moment when the instantaneous axis 
lies in the plane of A and C, let the point of support be displaced from 
G to & neighbouring point. A new Poinsot motion will begin, and the 
apsidal angle of the herpolhode in the new motion will be the same as 
that in the old, to the first order of small quantities, provided that the 
displacement of the point of support be made in the direction of any 
generator of a certain quadrie cone, one of whose principal axes is the 
axis of B, and which cuts the plane of the lamina in two lines which 
coincide with the equi-conjugate diameters of the momental ellipse of the 
lamina at G. 
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ON THE MAXIMUM ERRORS OF CERTAIN INTEGRALS AND 
SUMS INVOLVING FUNCTIONS WHOSE VALUES ARE NOT 
PRECISELY DETERMINED 


By E. A. Mirne and S. Porranp. | 


[Received February 6th, 1921.—Read February 10th, 1921.) 


Experimental Setting of the Problem. 


1. A type of problem occurring not infrequently in practice may be 
illustrated by the following example. It is required to determine the 
path of a sound ray in a moving medium such as the atmosphere. It can 
be shown that the effect of the motion of the medium (т.е. the wind) on 
the ray largely depends on the mean value of the component of wind in a 
certain horizontal direction, taken with respect to height between the | 
extreme points of the ray. This mean value is thus the principal physical 
constant to be determined in the course of a practical solution. But the 
mean value of the wind depends on the values of the wind at intermediate 
points. These values may not be exactly determined; they may be sub- 
ject to errors of observation and instrumental errors, or they may be sub- 
ject (for example) to day-to-day variations. The mean value derived from 
them will also be subject to errors or variations. It is with this mean 
value and the errors and the problems arising out of them that this 
paper is concerned. 


Theoretical and Practical Determination of Mean Values. 


2. Let A and B be respectively the initial and final points of the ray, 
and AB the straight line (not the ray) joining them. Take any point P 
on АВ and let v be the velocity of the medium at P. If AP/AB = x, 
then the theoretical value of the mean required is 


1 
и = | га. (1) : 


Now in practice v is not known at every point of the range (0, 1); in 
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the majority of cases it can only be determined at a limited number of 
points of this range, say 


Lo = 0, 11, Lo; ...9 Ls, 6..9 Th = 1. 


То obtain the mean value we make use of some approximate formula 
giving the value of the integral (1) in terms of the values v, Vis ..., Ua of 
v at the points taken. 

A rough and ready approximation is got by treating v as linear be- 
tween the points z, This gives 


u = j ~ (0, + V1) (Ls — 2,1) 
= i СИЛЕ ЯУ (01 + 03) + Va (034-03) +... + Un ôn), (2) 
where бу = Lj — Лу, ба = 05—20, ..., On = La— Fan 


Better approximations can be obtained by using one or other of the 
various rules for approximating to the integral (1). Simpson's rule, for 
instance, gives 


и = E [vot v4 + 2 (006+... Ho) +4 Qu ++... о), (9) 


it being assumed that » 1s even and the z's at equal distances apart. 
Both (2) and (8), and indeed all the values of u obtainable by the 
ordinary rules for approximating to an integral, are of the form 


и. = ос HU Cy... ос, (4) 


where the c’s are constants, depending on the choice of 2'8 and the mode 
of approximation, and such that 


Cottey ... te, = 1. (5) 


We have now obtained two forms for u : one, a theoretical form, giving 
u as an integral; and the other, a practical form, giving u as a finite sum. 


Error of the Mean Value due to Inaccuracy of Measurement. 


8. Take first the mean value as given by (4). It is subject to two 
kinds of error. There are the errors due to the deviation of the functional 
form of v from that required for the particular rule taken in making the 
approximation to (1)—these are errors about which we can say very little; 
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and there are the errors due to inaccuracies in the values of vg, 2, . 
—it is these with which we are immediately concerned. 
To investigate them let 


9 Un 


Qo, а, e.. (0 


be the deviations of the measured values of v, Vi, ..., v, from their true 
values. The error in д due to inaccuracy of measurement is evidently 
given by 

Au = суа, + са) +... 045. (6) 


This gives us the definite mathematical expression with which we shall 
presently be concerned. 


Preliminary Assumptions as to the Nature of the Inaccuracies in the 
Values of v. 


4. The deviations of v from its true value will not usually be com- 
pletely arbitrary. If the errors (instrumental or observational) are of the 
usual type occurring in practice, then we say (а) that they will all be 
within a certain standard, 2.e. there is some positive number p which the 
absolute value of a never exceeds ;* aud (6) that they are just as likely to 
occur one way as another, and so if our mean is based on & good many 
determinations (i.e. we take a fairly large value of n), then their total 
will be nil, т.е. 


atat... а, = 0. 


* It may be pointed out here that in this paper we are not concerned with mean Gaussian 
errors: we are attempting to find out the worst that is likely to happen in practice. 
There is no question of random distributions of error, and so on. We assume that what we 
find happening in practice is so, namely, that we hardly ever make very big errors. And 
what we want to know is the worst that may happen if these small errors occur in bad places. 
We allow ourselves certain limits of individual error and then determine the worst that may 
happen, subject to these limits. In the Gaussian theory it is assumed that big errors are not 
so likely to happen as the smaller ones. We assume that they do not happen at all Of 
course exceptional cases will occur when our maximum values are exceeded. But for a good 
many practical purposes we may allow ourselves exceptions. If our gun does shoot badly now 
aud again it does not matter. What we really want is to know that apart from these exoep- 
tions it is quite certain to shoot up to a certain standard; and it is precisely this kind of 
information that work based on our lines gives. See also, N. R. Campbell, Physics, The 
Elements, p. 487. 
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Mazimum Error of the Sum. 
5. We have to tind the maximum value of (6) subject to the conditious 
(i) [al <p, 
(ii) Ха, = 0, 


where s takes all integral values from 0 to л inclusive. 

To do so we observe that in virtue of (ii) the value of (6) is unaltered 
by an alteration in the c’s, provided each c is altered by the same amount. 

Choose this amount so that half the resultant c’s are greater than or 
equal to 0, half are less than or equal to О and (when n is odd) the one 
left over is equal to 0. The maximum value of (6) is now evidently ob- 
tained by taking a = p for the c’s of the first set, a = — p for the c's of 
the second, and a — O for the odd one over if it exists. 

Let us consider one or two particular cases. 


I. The c's are all equal. 

The sum (6) reduces to chats, 
which is zero in virtue of condition (ii). This shows that, with the instru- 
ments working as assumed above, the error to be expected due to in- 
accuracies of observation is zero, when the values of z for which the 


observations are made are so chosen that the factors c are the same 
throughout—a fact of no small practical importance. 


II. The c’s are obtained by making use of the approximation (2) wtth 
the points 20, жу, ..., Ln equidistant. 


We have Co = 59, 


The maximum is best obtained as follows. 


By (ii), Xda, = 0. 
Therefore са + Са, +... слав == — 46 (a+ as), 


the maximum value of which is 


= 0$ = Ё. 
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showing that for this case the maximum error is directly proportional to 
the distance between the points £o 21, ..., Ln 


ПІ. The c's are obtained by making use of Simpson's rule. 


r is even in this case, = 2m, say. The c’s are given by 


БЕ _ 1 
Co — Com = 6m’ 

И _ _ 1 
Ca — с, =. == Com-2 = 9m 
€1 = Cg =. == Com-1 = Sm 


To obtain the maximum by the standard procedure, decrease each 2 
by 1/3m. We get m new c’s greater than or equal to 0, namely, 


1 3 ' 2m-1 — 8m 
and m less than or equal to 0, namely, 
1 
t | __ aoe uu TERME ғ o ГА m 
Су == Са ==... == yg = 0, Co = Com = — бл? 


and an odd c over, which is zero, namely суњ 2. 


The maximum is given by 
p leites... е) — p (+... teint cot com) == + 4 - 


In this case there is in the maximum error & constant term of value 
p/8, together with a term varying inversely as the number of intervals be- 
tween the points of observation. The term p/8 shows that Simpson’s 
rule, though excellent from the point of view of avoiding errors due to the 
deviation of the form of 2 from the standard, is rot at all 7 for avoid- 
ing errors due to inaccuracies of observation. 

The approximation (2), although inferior in the usual way to that ob- 
tained by Simpson's rule, is here very much better: the maximum value 
error of (2) is p/n; that of (3), obtained by Simpson's rule, is 9/8 4-2p/3n, 
which is considerably greater. 


Po r — А 
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The Analogous Problem for Integrals. 


6. There is no question of obtaining the errors of (1) because the 
analogue of (ii) gives 


1 
| adz = 0, 
RU 

and this is equivalent to saying that the error of (1) is zero. 


(1) is, however, only the physical analogue of (4). If we omit alto- 
gether the way in which (4) was derived and consider it merely as a certain 
kind of sum, we find that its analogue (which we may term the mathe- 
matical analogue) is 


и = | v(2) y (2) dz, (т) 
0 


where v(x) is a function subject to variations, and у(х) depends only on г. 
If а (х) is the variation in v(x) at any point т, then the variation in и 
is given by 


Au = j а(х) y(z) ах." 
0 


This is the quantity whose maximum we wish to find. 
The appropriate restrictions analogous to those of § 5 are, of course, 


(i)’ | alz) |< p, 
(ii)’ | aco dx = 0. 
0 


To find the maximum value of Au we increase or decrease у(х) by a 
constant amount adjusted so that the function у, (х) obtained is such that 
the interval (0, 1) can be divided into two sets E, and Е, of equal measure 
in the one of which у; (с) > О and in the other у(х) < 0. The maximum 


* It may be remarked that this expression is not altogether devoid of practical significance. 
Suppose we are concerned, not with the mean value of v (z) but with the mean value of some 
expression based upon v (x), $.e. with that of some function F [v (z)], which is 


| 
|, Fle (0142. 
• 0 
The variation in this due to a variation a (x) in v (x) is approximately 


| a (2) F [9 (2)]dz, 
0 
which is of the form given. 
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value of Au is then given by 


e| v. (dz | yi(z) dz. 
E, E; 


It is not, however, obvious that E, and E, can be obtained as stated. 
To establish their existence let E(t) be the set of points in (0, 1) for which 


y (x) +t > 0. 


у(х) being supposed a measurable function," E(t) is a measurable set 
and its measure gives us а function m(t) of t. 

m(t) evidently increases with ¢. Thus there is a unique value т of t 
such that 
| m(t «4 for t-«r, 


m(t) >} for tr. 


Let us now make use of the idea of the limit of a variable set. Just 
as numbers depending on a variable parameter may tend to a limiting 
number as the parameter tends to some particular value, so sets of points 
depending on a variable parameter may tend to a limiting set as the 
parameter tends to the particular value. As in the case of numbers, when 
the set either increases steadily or decreases steadily as the parameter in- 
creases, the limiting set always exists. t 

In the case in point 


lim E(t), te. E(r+0), 


t—T40 
exists. 
Since mE (t) = m(t) 2-34 for t7, 
mE (r-+0) > 1. 
Also, since E(t) includes Е(т) for t>r, 


E(r+0) , Е (т). 
Now let € be any point such that 
y (€)+7 < 0. 


* In all modern work dealing with integrals it is almost invariably assumed that the 
functions concerned are measurable functions (in Lebesgue's sense). 

| + De la Vallée Poussin, /ntégrales de Lebesgue (Borel Tracts), p. 9; Carathéodory, Vorles- 

ungen über Reelle Funktionen, pp. 113-119. 
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Then there is a value ¢, of ¢ greater than 7 for which 
Y (£) - & « 0. 
Hence £ does not belong to E(t), and therefore does not belong to 
Е(т+0). | 
Thus in E(r+0), у(х) + 7 > 0. 
But every point for which у(х) +т > 0 
belongs to Е (т). Thus in the difference E(r-J-0) — E (т), 
у(х) +т = 0. 
If we take E, to be Е (т) together with sufficient points of 
E (T 4-0) — E (т) 


to bring its measure up to 4 it is easily seen that E, has the required 


property. Æ, is then the remainder left after taking E, from the interval 
(0, 1).* 


Example on the above. 


7. Ав а simple case take that in which y(x) steadily decreases.t E, is 
evidently the interval (0, 3), and E, the interval (4, 1), 4 being included 
in either E, or E, but not in both. y,(z) is у(х) — (3). The maximum 
value of Au is 

à ; 1 h 1 
p | ly) — y (Q] dz—p |, (y —yQ] dz = p NS dz—p |, y ()dz, 
the terms in y(4) cutting each other out. 


Imposition of an Additional Restriction. 


8. In the above nothing has been said about the total numerical error 
which may be committed, i.e. Z|a|. In extreme cases, when the maxi- 
muin error p is made at every observation, this will be either np or 


* The above result being of a certain amount of interest we formulate it as a general 
proposition. It runs as follows :—4f f (x) is measurable in any measurable set G, then a con- 
stant k can be found and G divided into two parts of equal measure in such a way that 
f(z) > k in the first and f(z) < k in the second. | 

1 For instance, when 7’ (x) is negative. 
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(x—1)p, when n is the number of observations; пр being taken when n 
is even, and (2—1)р when n is odd. But in a good many cases it will be 
nothing like as much. So it is not without interest to consider what 
happens when the additional restriction is made that the total RHONE 
error is not to exceed a fixed amount с.“ 

The a’s are now subject to (i), (ii), and 


(i) Zlal<o 


To find the maximum error we may, in the first place, proceed exactly as 
in § 5, obtaining new c’s which divide into two groups, the first containing 
uo negative members and the second no positive. Only we do not take 
a = p for the first group and a = — p for the second. This is prohibited 
by the new restriction. Instead we take a — p for the greatest positive 
c, then a = — p for the greatest negative c; then a = р for the next 
greatest positive c, a — — p for the next greatest negative c; and so on— 
proceeding in this way until another step would make the total numerical 
error exceed c. 

We are now left with the problem of distributing the remainder R of 
the permissible total numerical error (of an amount less than 2p, as other- 
wise we could take another step) among the remaining c's. To see how it 
must be distributed, observe that from (i) it follows that half of it must go 
to the positive group and half of it to the negative group. This being so, 
the maximum is evidently obtained by taking a = R/2 with the greatest 
positive c’s yet unused and = — R/2 with the greatest! negative. 

Since the c’s used above may be altered back into the original c's with- 
out affecting the value of u, we can state a practical rule as follows :— 

Arrange the c’s in descending order of magnitude. Take a = p with 
the first and — — p with the last, then a — p with tho second and — — p 
with the last but one, and so on, until another step would make the total 
_ numerical error exceed c. Let q be the number of steps taken. Take 
a = o/2—qp (i.e. R/2) with the (да +1)-Ећ and = —(¢/2—qp) with the last 
but q. The maximum value of и is obtained. 

The actual value of the maximum, it should be noted, is 


g—1 я 
Е Са. = > | 3 + fp(cy—Cn—q)s 


з=>—4+ 


where g is the greatest integer such that 29р < о, 1.e. the greatest integer 
in c/2p, and f = с[2р— 4, a positive proper fraction. 


* c is evidently less than (n + 1) p. 


f ‘“ Greatest °’ is used here as above, as is evident from the context, in the sense of 
greatest numerically. 
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Maximum Error of the Integral subject to the New Restriction. 


9. The analogue of (iii) for integrals is 
1 
(ii) | | a(x) |dz <a, 
0 


where т is some positive number less than p. 


To find the maximum value of Ад we first of all obtain the sets E, E, 
as before, in the first of which y,(z) is never negative, and in the second 
of which it is never positive. If, now, we can establish the existence of 
sub-sets e, of E, and e; of E, such that 


те, = рте, = 40 
рне, Preg , 


and no value of у, (2) in E,— e, exceeds any value in e, nor is any value 
іп E4— e, less than any value in e, then the maximum of Ди subject to (1), 
(ii)’, and (11) is given by taking а(х) =p in e, = —p ine, and = 0 
elsewhere. Its value is 


А yi(z)dx—p | yi) d, 


i.e. since у, (7) — y (x) is constant, 


e| yo)dz—p | у(х). 


The existence of the sub-sets e, and е, is established as follows :— 
Take any positive number e and form the infinite scale 


О, e, 2e, ..., (v— De, ve, .... 
Let S, be the sub-set of E, for which 
(у—1)е x y, (x) < ve. 


The sets S,, Sz, ... so obtained do not overlap and together make up the 
set E,. Since, as we have already supposed, y(x) is а measurable func- 
tion, so 15 y, (z), and these sets S are measurable. This gives, from the 
above, by means of a well known theorem in the theory of measure, 


mS, 4- mS; +... A- mS, ... = тЕ,. 


Every term of the series on the left is positive, and so there is a first 
number N such that 


p i{mSyaitmSyiet...} < lc. 


SER. 2. VOL 20. ко. 1394. T 
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Write now Sui Sys... =, 
S,+S,+...+Sy = К, 
Sy = в. 
Then рти < lo, (8) 
р(тЈ+ то) > За, | (9) 


and no value of у (х) in К exceeds апу value in J. 
Now let e assume in turn each of the values 


1/2, 1/22, ..., 1/2", ..., 
and let J,, К,, о, be the determinations of J, A, w, where e = 1/2’. 
From the inequalities 


1 1 1 1 1 
MM ILES Ln Das 1) == ue. 
(v — 1) rai 2 (v--1) or < (Зу— 1) 97 < ду от "3r 


it follows that the sets S for e = 1/2" are all sub-sets of the sets S for 
e = 1/27. No one of the former overlaps two of the latter. And it is 
quite easy to show that 


«ОФ K,CÉ,;4 о, Con.” 
Thus the sequence of sets 
das ay oti d ey cod 
is an inereasing sequence, and those of sets 
I dig ss Kiss 
05, Go, ..., Wry oc) 


are decreasing. АП three, therefore, by the theorem quoted in § 6, tend 
to limits, whieh we will denote by 


J’, К', w, 


respectively. 
From (8) and (9) it follows that 
ртј! < 3c, (10) 
p (mJ' то) > do. (11) 


€ — denotes ‘‘ contains '' and C ‘‘is contained in.” 
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Also y, (x) is constant in о". For its oscillation in w, does not exceed 
1/2". Since о, decreases, w’ is contained in о,, and therefore the oscilla- 
tion in w does not exceed 1/2", т.е. it must be zero. 

Let us now show that no value of y,(x) in K’ exceeds any value in 
either J' or w’. 

The first part is evident, for no value in K, exceeds any value in J,. 
Therefore no value in K’ exceeds any value in J,, for K’CK,. But every 
value in J’ is a value in at least one J, Therefore no value in К’ exceeds 
any value in J’. 

For the second, no value in K, exceeds any value in w, by the defini- 
tion of K, and e. But о Cw, Therefore no value in K, exceeds any 
value (which is really the value) in w’. As before, every value in К’ is a 
value in some K,. Thus no value in K' can exceed any value in о’. 

It follows from the above that if we take e, to be J’ together with any 
part of о’, then no value in E,—e, (which is contained in K’) can exceed 
any value in еу. It is now only a matter of choosing the portion of w’ so 
that pme, = 4с to obtain e, as required. And this can be done in virtue 
of (10) and (11). e, is thus obtainable. 

In exactly the same way so 18 е. 


Example. 


10. Suppose y(x) is decreasing. Then e,, e; are evidently given by 


е = (0, a) ба — (1— 2 1), 


and the maximum value of Ди is given by 


c [3p 1 
Jp 


1-с 


" у(х) dz. (12) 


Alternative Method for Sums, based on Abel’s Transformation. 


11. The maximum value of the sum (6) can also be obtained in an 
entirely different way, as follows. 


Write As = a+a+...+as 
Then, by Abel’s transformation, 
Au == Cody + €, a+ ... + Cra, 


= А (о — c) А (с, — с) +... + А л— 1 (Cai — Cn) + А»сл. 
т2 
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As in §8 let q be the greatest integer such that 
gp < c[2, 
and f —c[2p—4. 
We have, by (1), 


the latter since |Ал_„| = | An— А, | < 14,11. 
Also, in all cases, 2|A,| = |A,—(A,—A))| 
<141+14,—А, 
< lap] +] а | +... es] 
$ о. 


Now, supposing, as ме may, that the c’s are arranged in descending 
order of magnitude, во that the factors cy—c,, C1—Cas ..., Cn-1— €» affecting 
the A’s are all positive or zero, we have 


| Ди | S p(co— c) + 2p (cy с) +... +90 (4-1 — Cg) +40 (са — 044) +... 
+ Ја (Ca—g—-1— 04-4) H- qp (cn -4— Cn— ga +... Fp (Cu-1— 02 
< ploy... е) (0/2—qp) с, (619—4) Ong 
— p(cu-4414- €» -442- -.. + Cu) 


9—1 n | 
= p (= C. — 2 с) + 7р (с, — Сп). 


г=0 3=8——93+1 
Taking ау = ар =... = A — p, 
Ап—аљ1 == 04-2449 =... = On = — р, 
a, = Јр, 
ап–, = — Јр, 


which values evidently satisfy (1), (ii), and (iii), we see that Au actually may 
be equal to the bound given above. This bound is therefore its maximum 
value. This is the result of § 8, and it has been obtained by an entirely 
different method. 
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Alternative Method for Integrals, based on Integration by Parts. 


12. For the special case in which у(х) has a derivative of constant 
sign the result of § 9 can be obtained as follows. 


Write А(8 = NS 
As in § 11, we can show that 
|A(E)| < pé for 0 < ё < a/2p, 
< p(1—£) for 1—0/2p < € <1, 


« 5а in all cases. 


1 1 1 
Now | a(z) y(z)dc = | 4 @ y @ | -Í A (x) y' (x) dz 
0 о Jo 


1 
= |, AG) у (г)д2, 


since A(1) = 4(0) = 0. 


To fix the ideas, take the case in which y’(x) is constantly negative or 
zero. We get 


1 
дш ж fae rade | 


c[2p 1 l-—o/2p 
<p M zy (dr | (1—2) у (2) dz |4 | y! (z) dz. 
0 1—c/2p c[?p 
c] 2p c [2p o/2p 
But -| zy'(x)dz = — zy) | +| y (x) dz, 
| 0 0 0 


1 | ; 1 ; 
-| „а-ә (2) de = -[a-2y | -| y (dz, 


—a/2p J1-ofp 


c [2p 1 
and these give |Ди| <р [| y (x) iz-| " убода | 
0 1—o/2p 


As before, we show that Au may take its bound, whichis therefore the re- 
quired maximum. This is the result of § 10. 


The Constants K, and K,. 
18. For the integral 


Au = fate y (xz) dx, 
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the maximum value is, by S 9, given by an expression 
pk, —pk,, 


where A, and K, are independent of а (x), i.e. for any given function y(x) 
they are constants. 

Now we have shown that these constants exist, but we have not ex- 
hibited in any very obvious way their relation to the function y(z). This 
relation we proceed to investigate. 


Тнковем I.—Jf e is any sub-set of (0, 1) of measure o/2p, then 


К, > | y (x)dz > Kg. 


Since y, (2) differs from y(x) only by a constant, it is sufficient to show 
that 


| у (2) dx > | уда: > | yi (х) dz. У 


For this gives | y (x) dx > | y (x) dx > | y (x)dz, 


Since 61, €, e are all of the same measure, and these inequalities are the 
inequalities required. 

Let CE denote the complement of any set E with respect to the in- 
terval (0, 1), т.е. the points of (0, 1) which do not belong to E. 

From the definition of e, it is evident that no value of у; (х) in ce, 
exceeds any value in еј. Thus, if ee, is the common part of e and e, no 
value of y,(x) in e—ee,, the remainder of e, exceeds any value in е — ее]. 
But e— ee, and e; —ee, are of the same measure. Hence 


| y(z)dz > | y1(z) dz, 


1.€. | yi(z)dzz | y.(x) dz. 


In exactly the same way 


and the theorem is proved. 
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From this result it follows that K, and К, can be defined as follows : 


Derinirion.— Let È be the aggregate of values of | у(х) х where e 


is any sub-set of (0, 1) of measure o/2p. Then K, is the upper and К, 
the lower bound of 2. 


Elementary Determination of K, and К,. 


14. Тнковем II.—ZI» forming the aggregate È we пева only consider 
such sets e as consist of a finite number of non-overlapping intervals. 


For since e, is measurable there is a set G consisting of a finite number 
of non-overlapping intervals such that 


e, = G+e'—e", (18) 


where e’ and e" are measurable sets of measure less than any positive 
number e given in advance.* (18) gives 


| mó —me, | < те + me" 
== де, 
i.e. | mE —oc/[2p | < де. 


Thus we can make 6 of the right measure by the addition or subtraction 
of intervals of total length not exceeding 2e. Let F be the set thus ob- 


tained. Then scu det 


and therefore, by а well known theorem on summable functions, ? 


| | y) dz—| y (x) dx 


is arbitrarily small with e, t.e. | y(x)dx can be made as near К, as we 
please. И 

It follows that К, can be obtained by considering only sets of the 
manner described. Similarly for К,. The result is obtained. 


* De la Vallée Poussin, Cours d' Analyse Infinitésimale, t. 1, 3rd ed., p. 63. 

+ E ~ F із the complete difference between E and F, i.e, the points of E which do not 
belong to F together with those of № which do not belong to E. 

* De la Vallée Poussin, ibid., p. 260. Also, Intégrales de Lebesgue, p. 48. 
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Application of an Approximation Theorem. 


15. The result of the preceding section may become a little plainer if 


we make use of the fact that we can approximate to summable functions 
in а certain way. 


Call a function which is equal to a constant in some interval and zero 
elsewhere a function of zero type, and a function consisting of the sum of 
a finite number of functions of zero type a function of simple type. Then, 
if f(z) is any function which is summable in a measurable set E, we can 
find a function of simple type Y (x) such that 


NITET 
is as small as we please.* 


Take Е to be (0, 1) and f (x) our function y(x), so that 
1 
|; |y (2) — У (2) | dz < e. 


Let К! and K$ be the constants for (x) corresponding to K, and К, 
for у (х). Then K; differs from K, and К; from К, by less than e.t But 
K; and K: are evidently of the form 


| vds 


where e’ consists of a finite number of intervals of total length o/2p. 

Now an integral of the form | у(х) ах differs from an integral of the 
form | у(х) їх by less than e. Thus К, апа К, can be approached to 
by арй of the form 


| y (c) dz, 


within the standard 2e. This is substantially the result required. 


— ——M—————— — 
4—2 MM ——— M ee 
i i ————— (a ——- – 


* This result is substantially obtained by de la Vallée Poussin on p. 106 of the second 
volume of his Cours d’ Analyse. 

+ To every member of the aggregate of which K, is the upper bound there corresponds a 
member of the aggregate of which К} is the upper bound differing from it by less than e. 
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Converse of the Fundamental Theorem. 
16. We shall show: | 
Тнковем III.—7f K, and K, are the upper and lower bounds of 
| у(х) їг for all possible sub-sets e of (0, 1) with measure o/2p, then the 
arum of Ди is pK,—pK;. 


For suppose it is not. Then it differs from pK,— pK, by an amount 
of positive absolute value о. By properly choosing ү (x) we can ensure 
that 


1 
(a) The maximum of Au, = | а(х) Ÿ-(x) dx differs from that of Au by 
less than w/8. j 


(b The constants Ki, K; for y(x) differ from those of y(x) by less 
than w/8p. 


Now p(Ki—K;) is evidently the maximum of Ашу. Thus the maximum 
of Ад differs from pK;,—pK; by less than 


ње. w << о, 
which is impossible. 


Remarg.—The proof given above may at first sight seem unnecessary, 
as the converse follows at once from the way in which the theorem was 
proved in $ 9. There we showed that the maximum was given by 


e| y(v)de—p| y (x) ах, 


where e, and e, are sets obtained in a certain way. In $18 we show that 


| y (r)dr, | y (x) dx 


are the bounds by which К, and К, are subsequently defined. Thus the 
eonverse must be true. 

But if we examine the proof of 5 9 we find that it depends on the two 
following propositions :— 


(À) If 5,+5,+... - S, 4... == E 
mS, +mS,+...+mS,+... = mE, 
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(B) If Ј,, Jz, ... increase to J’, then 
mJ, > md". 


Neither of these propositions have yet been demonstrated apart from 
the use of the so-called Multiplicative Axiom,* a result which as far as can 
be seen does not follow from the ordinary axioms of mathematies and 
whose truth at present we do not know how to ascertain. 

It is desirable, if possible, to establish the existence of & solution of 
the problem apart from this axiom. And this is precisely what the proof 
of $16 enables us to do. For K, and К, can be defined as upper and 
lower bounds apart from the Multiplicative Axiom. And the approxima- 
tion theorem of § 15 can be established without it. The problem is thus 
solved without it. 


Determination of K, and K, when y(x) ts Riemann-integrable. 


17. When у (х) is integrable in Riemann’s sense then K, and K, as 
we are about to show, can be obtained by a direct process as limits of cer- 
tain approximative sums, just as a Riemann integral can be obtained as a 
limit of sums. From a theoretical point of view, of course, this fact is 
not of any great importance. But from a practical point of view it is the 
one thing that matters, because it provides us with a reasonable means of 
calculating the constants required. | 

Contrast, for the moment, a limit of a sequence with a bound of an 
aggregate as regards practicability of calculation. Suppose that a number 
L is given | 


(a) As the limit of the sequence 


0j, gs ep Чу, ... o 
(b) As the bound of an aggregate of numbers a; 


where the a,'s and the a's are not explicitly given, but have to be calculated 
according to certain rules; and that we try to find L approximately by 
calculating the a’s. 

We are at once faced with the fact that we can only calculate a finite 
number of the a’s. Consequently, as far as (b) goes, we cannot in general 
get anywhere near determining L. For there is no reason at all for 
supposing that the greatest of the a’s calculated is anywhere near L. If 


* See Russell, Introduction to Mathematical Philosophy, Ch. xii. 
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the a’s in (b) form a more than enumerable set, the odds are that we shall 
never hit on a’s near L. For instance, if the a’s consisted of all the num- 
bers between 0 and 1, together with the number 100 aggregated together 
in some random manner, the likelihood of our calculating the u which is 
100 is nil. We should almost invariably deduce from our calculations 
that L was some number not greater than 1. Even if we could calculate 
an enumerable infinity of a’s we should not in general include 100 and 
would still get L < 1. 

But when we come to L as given by (a) we are on different ground. 
We know, by the definition of convergence, that by calculating sufficient 
a'8 we can get as near L as we please. It is always possible to determine 
L* by calculating a finite number of a’s, and the only difficulty is, when 
we have obtained some likely value, to verify—by means of the law de- 
fining the sequence—that this value is a proper approximation. Whereas 
before we were outside the bounds of even probability, now we are within 
the bounds of the actually possible. The only difficulty that remains, is, 
as we have stated, the difficulty of verification. 

Consequently if we can show that K, and K, are capable of exhibition 
as the limits of definite sequences, then, from the practical point of view, 
we have made enormous strides towards numerically obtaining them.* 


Approximatwe Sums for K, and Kg. 
18. Take any set of dividing points 
о Оу. wh ocu Pei a Ti dl 


in the interval (0, 1). y(x), being Riemann-integrable in (0, 1), is bounded 
іп (0, 1), and therefore bounded in each of the intervals (x:-1, z;). Let 
M,, m, be its upper and lower bounds in the representative interval 
(41, £k), Which we will denote by ô. 

Rearrange the intervals д, so that the corresponding upper bounds M, 
form a descending series. In their new order let the intervals be 


Ni, Па) sees Why sory Nns 


the corresponding upper bounds 


P, Р,, ...) Ре ...) P 


* Approximately, that is to say. 

+ It may make matters clearer if we state that one of the great advantages of the Riemann 
integral is that the value of any given definite Riemann integral is within the bounds of 
practical calculability. That of a Lebesgue integral does not in general seem to be so. 
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and the corresponding lower bounds 


Dr» Do * 3 рк, ...)» Pn- 
Find the first integer satisfying 
љ+љ+... tmn Bl 


where | = o/2p, and form the sums 
S = Pim+ Pont... + Pam, 
8 = рт + Pan +... + pim 


Avain, rearrange the intervals 6, so that the corresponding lower 
bounds m, form an ascending series. In the new order let the intervals 


be Qs Qn out О ас Gas 


the corresponding lower bounds 
91, Qao :: Qo +.) Ans 


and the corresponding upper bounds 


Qu Qos SO Qi» way Qn- 
Find the first integer u satisfying 


А а+... +6 <! 


and form the sums 


T= 1+ qot --- + даб, 
> = 016 + 0,6 +... + Qu- a-a 


The sums S, s are approximative sums for Ку, aud È, с approxima- 
tive sums for K, analogous to the approximative sums for an se 
obtained by Darboux in his account of Riemann integration.* 

We proceed to show that, as the length of the maximum Гек. б 
tends to zero, S and s tend to К, and 2 and с to K, First of all, how- 
ever, we shall prove one or two subsidiary results. 


ae ———— = ——— -— ee =. Е wu uctus — ——— —— ——— 


* Goursat, Cours d'Analyse, t. i, 2nd ed., pp. 171-176; Whittaker and Watson, Modern 
Analysis, 3rd ed., p. 96. 
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Inequalities for the Approximative Sums when у (x) satisfies certain 
Conditions. 


19. Тнвовкм,—// yG) > 0 throughout, then Sz Kyzs. If у(х) ts 
negative throughout, then o < К, < У. 


Let us prove the first. 
In the first place, if w is the set consisting of sy 3а, ..., m-1 together 


with any part of (0, 1) outside the intervals of length such as to make 
mw = l,* then 


K, > | y(x)dx >| yG)dx 


nitet... th | 


=Í y ede | убода +... + | y (de 


> рт pad ed p-wuna 
= $. 
Again, denoting by F(E) the integral of у(х) in any interval E we have, 


if e is any sub-set of (0, 1) of measure J, 


| y (c)dz = I(e) 


= I iem Фет +... фер ђе (пауза +... + па) | 
< Р,т(еп) + Рт(еп) +... + Pymem) + Pam | е(пу,1+... + 22]. 
Now SP, aie Peay 
Thus | 
s-| y (x) dx >> Р, пи —em)+ Pom (g— eng) +... + PA mGn — em) 
— Pym |eGmaai +) 
> Py[m(n,y—en) +... + m(m—em)—m 1 е (пуча 422i] 
= Р,[ђ ++... –Фт—т(ет ет +... d- 6] 
= P, ++... m — me] 
> Р,[1— П 
> 0, 


* m is here the sign of measure. 
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and so S > | y (x) dz, 


whence, e being arbitrary, S> K1. 


This completes the result. 


The Fundamental Property of the Approximative Sums. 


20. Lemma.—As the maximum interval tends to zero, S—s and Ў — о 
tend to 0, | 


For let A be the difference between the Darboux upper and lower sums 
1 
for | у(х) dx for the same mode of sub-division, i.e. let 
0 


Ac (AG, — ту) ду. 
Then evidently |S—s|, |2-c|< A+G.6, 


where С is the upper bound of | y(x) | in (0, 1) and ô is the length of the 
maximum sub-interval. Darboux's theorem* in the theory of integration 


states that A —>0 as 6 — 0, and we have our result at once. 
Cor.—If y(x) is positive, S, s  K,; if y (x) ts negative, È, o — Ka. 
Тнвокем. — Whatever be the sign of у(х), S,s К, and È, с > K2. 


For suppose y(x) is not positive. By the addition of a suitable con- 
stant C we can make it positive. 


If Ki, Кз, S', 5' are the respective constants and sums fcr у(х) +С, 
then, by what has gone before, 


S', 5 > К]. 
But Ki = K, +C. 


Also S’ and s’ evidently differ from S and s by an amount which tends to 
Cas ó—0. Thus 
S+C, s+C>K,+C, 


l.e. S, s> K. 
In exactly the same way we show that 


>, а > Ko. 


* Goursat, loc. cit. 


— Rond ————— .—- 


— а — — 
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Generation of K, and K, as Limits of Sequences. 


21. Although we know that S, s — K,, this is not yet sufficient for the 
exhibition of К, as the limit of a sequence of calculable terms. For S 
and s being expressed in terms of bounds are not themselves calculable. 
But if we replace them by a sum of the form 


T = у, +уг0+... Бу, 
where Ye = у (2), 


the intervals being rearranged in descending order of у; and 2; being some 
point in б, then T is calculable ; and if T — A, as à (the maximum sub- 
interval) — 0, then what we set out to do, namely, to exhibit A, as the 
limit of a sequence of calculable numbers, has been achieved. 

To show that we can get a sequence of T's tending to K, observe that 
for any given sub-division of (0, 1) we can find three sums: 


(а) By rearranging the s in descending order of upper bounds; this 
gives a sum S. 


(b By rearranging them in descending order of lower bounds; this 
gives а sum we will call s. 


(с) By rearranging them in descending order of y(£) ; this gives the 
sum T. 


In each case, of course, we take just enough sub-intervals to obtain a 
total length not less than /, and in forming the sum the length of each 
sub-interval is to be multiplied by the appropriate factor, whether upper 
bound, ав in (а); or lower bound, as in (b); or y(£), as in (c). 

Now make the sub-division so that all the sub-intervals areequal. Then 


s«T«xS. 


For, if 6 be the length of a sub-interval, s consists of 6 multiplied by the 
sum of the A greatest upper bounds, s of ó multiplied by the sum of the 
greatest lower bounds, and Т of 6 multiplied by the sum of the A greatest 
intermediate values. But S, as has been shown, tends to K,. $, in a 
similar way, tends to К;. Thus T — K,. Our objective is reached. 


NorE.—On the Solution of the Problem by Elementary Methods. 


It should be stated that the method given above, depending essentially 
on the theory of sets of points, for the solution of the problem in the case 
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of an integral is not the only one. When the functions concerned are 
Riemann-integrable the solution can be obtained, in a form not differing 
in any vital way from that actually given, by means of arguments which 
are throughout of an elementary character. The problem was, in fact, 
solved first in this way ; the solution by means of sets of points and-argu- 
ments in the Lebesgue theory only occurring to one of the writers after 
he had become acquainted with the original solution. We omit theczele- 
mentary method, which formed the subject of the paper as first commu- 
nicated,* simply because the paper is already long enough. 


* By the first author alone. 
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ON THE RECIPROCITY FORMULA FOR THE GAUSS’S SUMS 
IN THE QUADRATIC FIELD 


By L. J. Мокреш. 


[Received September 21st, 1920.—Read December 9th, 1920. ] 


Some account of the Gauss’s sums, that is series of the type 


a 101—1 
G (+) = = PN 2 
where @ and b are integers, not necessarily positive, is to be found in 
text books on the theory of numbers as part of the fundamental elementa 
of the subject. It is well* known that (if b or a is even, or if the summa- 
tion for s extends to 2| 5| — 1) 


a\ [bi b 
e (2) = (a) e(-2)- @ 
where the radical is taken with a positive real part, and that this formula 


contains implicitly not only the sum of the series (1) but also the ordinary 
law of quadratic reciprocity. 


2. The last twenty-five years, however, have seen the laws of not only 
quadratic reciprocity, but also of Lie reciprocity (where l is any prime) 
for the general algebraic field, investigated with complete success by 
Hilbert and Furtwangler, in a series of memoirs of the greatest importance 
in the advancement of mathematical knowledge.t The latter writer, de- 


* See Bachmann, Zahlentheorte, Vol. 8, p. 160. 

+ For an interesting résumé of the subject and references, see the paper by Fueter ‘‘ Die 
Klassenkérper der komplexen Multiplikation und ihr Einfluss auf die Entwicklung der 
Zahlentheorie," Jahresberichte der Deutschen Mathematiker- Vereinigung, Vol. 20 (1911). 
Hilbert's chief papers are his well known ‘‘ Bericht über die Theorie der algeb. Zahlkórper," 
of which there is a French translation published by A. Hermann, ‘‘ Uber die Theorie des 
relativ quadratischen Zahlkorpers," Math. Annalen, Vol. 51 (1898), and ‘‘ Über die Thoorie 
der relativ-Abelschen Zahlkórper," Gutt. Nachr., 1898, or Acta Math., Vol. 26. Furt- 
wüngler's chief papers are in the Math. Annalen, Vols. 58, 63, 67, 72, 74, and in the Gott. 
Nachr., 1911. 
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veloping and extending the ideas initiated by Hilbert, proved the general 
law for any algebraic field about ten years ago. 

Under these circumstances, it seems rather surprising that the Gauss's 
sums were not also generalized for an algebraic field at the same time. 
This, however, was done as follows, only in the last few years, by Prot. 
Hecke, in a very interesting paper,* reminding us what vast mathe- 
matical treasures are still at hand if we could only find them. 

Let K be the quadratic field of discriminant —d, and suppose „а is 
taken with a plus sign if d is positive, and with a positive imaginary part 
if d is negative. If Q is any number in К, we write 


SQ) = 9+0’, 


where Q’ is the conjugate of О. It is easily seen then that S(w/,/d) is a 
rational integer if w is an integer in K. If, however, w is fractional, we 
remove the common ideal factors from its numerator and denominator, put 


w = A/B, 


and refer to the ideal В as the denominator of о. It is now clear that if 
b is any rational integer divisible by the ideal B, then bS(w/4/d) is an 
integer. Hence if k is any integer in К, 659 У is а b-th root of unity 
depending upon the residue of k (mod В). 

The Gauss's sum for the quadratic field 18 then defined by 


G(w) = > e2nis(pre] vd) 


where p takes all the values of any complete set of residues (mod В). 
Prof. Hecke then proves a number of results very similar to those for 
the ordinary Gauss’s sum, and in particular that 


Glok) = (=) G (o), (8) 


if the ideal B is prime to 2, and k is an integer in K prime to B and 
where (3) is the symbol of quadratic reciprocity in the quadratic 
field K. 


* * Reziprozitätsgesetz und Gauss’sche Summen in quadratischen Zahlkérpern,’’ Gött. 
Nachr., 1919. 
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All this, of course, applies to the general algebraic field; and it is 
all the more surprising that it has not been discovered sooner, when we 
note that sums involving an exponent similar to S(w) had already been 
considered by Stickleberger* in a paper of exceptional beauty, wherein 
he generalized some results of Eisenstein, who had provedt some formule 
such as: if p is a prime of the form 77+ 2, then from 


a +7 = p = T+ 2 


(87)! 


we have г = } n1 n! 


(mod p), 2=8 (mod 7). 


Having defined the Gauss's sum, Prof. Hecke, who had previously 
discovered a method of associating a theta function! with an ideal, an 
idea through which he has already considerably enriched mathematics, 
deduced in the case of a real quadratic field, from the transformation 
formula for the theta function with two variables, the formula 


b 


С (>) = giri(sgnab—sgnat) 9 bb, 
a 


aa, 


(4) 


* N(A) G (- 45) 

М(В)) р 
where A is the denominator of b/a, апа В, the denominator of —a/4b. 
Also N(A) is the norm of the ideal A, while воп ab = +1 according as 
ab is positive or negative. He then applies this formula to the proof 
of the law of quadratic reciprocity in the real quadratic field K. 

In a recent paper,§ I gave a very simple method for summing the 
series (1) in the particular case when a= 2. The same method, how- 
ever, applied to the general series (1) gives at once the reciprocity 
formula (2), as I noticed when writing that paper, though I did not 
mention it at the time. In reading Prof. Hecke’s paper, I saw at once 
that my method gives immediately the reciprocity formula for any quad- 
ratic field, real or imaginary. This I shall now prove. 


Let a function f(z) be defined by 
(e — 1) f(z) = > exp 715 [(2 +р) w//d], 


* *' Ueber eine Verallgemeinerung der Kreisteilung," Math. Annalen, Vol. 87 (1890). 
t Crelle's Journal, Vol. 37, or Н. J. S. Smith, Collected Works, Vol. 1, p. 280. 
+ It seems difficult to realize that as long ago as 1845 Hermite, in his first letter to 


Jacobi (Hermite, Œuvres, t. 1, p. 100), gave a method for associating a definite quadratic form 
with an algebraic number. 


n-) 
$ ‘On a Simple Summation of the Series 3 e?'*5/"," Messenger of Mathematics, 
Vol. 48 (1918). dii | 
u 2 
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where m = +1 will be fixed later, and 
p = + 90, 


where the numbers (1, 0) form the base of the quadratic field K, so that 


Ө = 34/4 if d= 0 (mod 4), 
ог 6=3(—14+/d) if а = 1 (mod 4). 
Also S((e+p)? О] = (e+p)P?O+(@+py)* О, 


where pı, Q, are the conjugates of p, Q respectively. 


The summation is extended to the values 


€=0, 1, 2, ..., wane: (5) 


n = 0, 1, 2, ..., 97M—1 
where м = |1 ab айу at, 


b, is the conjugate of b, a, the conjugate of a, and w = a/b, т = |aa,bb,|. 
Consider now the integral 


| f(z) dz 
taken around the parallelogram ABCD where the parallel sides AD, BC 
cut the real axis of z at z = — Ф, 2 = 1, respectively, and are inclined 


to its positive direction at an acute or obtuse angle, according as S(w/4/d) 
is positive or negative. The sides DC and AB respectively are at an 
infinite distance above and below the real axis. The integral around the 
sides АВ, DC obviously* vanishes, since if we put 2 = 2 +5у, 


|е va | = в-к Sol va), 


and the direction of the sides DA, BC is such that zy S(v/A/d) is positive.* 
The only singularity of the integrand is a simple pole at z = 0. Hence, 


—— ee 


* Provided that w is not rational, for then S(w///d) = 0. The results of the paper are 
trivial in this case, 
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by Cauchy's theorem, 

D 

j А1) —f()]dz = и È exp тї (рој ма). (6) 


We now take the standard expression for the Gauss’s sum in a form 
slightly different from that used by Prof. Hecke, and write 


G (+) = > exp ті S(p*w|A/d), 


where p runs through a complete set of residues (mod B), and B is the 
denominator of w/2 = a/2b. Hence the right-hand side of (6), when we 
adopt the limits of summation given by (5), can be written as 


9 ; 
eh G (2), (6a) 


N(B) 


The success of my method depends upon the fact that /(z4- 1) —f(z) is 
an integral function of z, really & sum of exponentials of the form 
exp (mz?+nz). Hence as the path of integration can be deformed into 
the real axis of z from either — œ to © or © to — o» according as 


573) = yt 


is positive or negative, we can evaluate the left-hand side of (6) which 


then becomes, except for unimportant factors, a sum which is symmetrical 
in a/b and — b/a. 
For we have 


(e —1) [f(z 4-1) —f(2] = Z exp тї [S(z 4-27 | bb, | 4-50? wyd] 


—E exp [wiS(e-+76)? әу), 


where the summation refers to у = 0, 1, ..., 97M —1. The general term 
on the right-hand side is the product of two factors of which the first is 


exp [7S (z 4-50)? ој /d ], 


while the second 1s 


—1+exp ri S [47 | bb, | (4-50) w//d+ 420991] а). 
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But 8(4 | bb, | @w/,/d) and S(4b*b? ој Ма) 


are even integers. Also 


_ , bb, |(ађ—а,ђ) __ 
8(4т | bb, | wz/4/d) = 4r —— or 2 = 4uTMz, 


if we take u = sgn [bb (ab, —a, b)/ vd]. 
Hence since exp(4riurMz)—1 is divisible by exp(2riuz)—1, we have 


+1) 6) = P exp im?S[(4- 50? ој /ај+ тіки |} = 2, exp riy say. 
(7) 
where 7 and ¢ also take the values 0, 1,2, ...,2тМ—1. 
Now it is well known that 


| c? +202 dz == (—) e. 


where the radical is taken with а positive real part. In evaluating the 
left-hand side of (6), we = z into 2+37 when 20 = —1+4/d, and 
hence we have 


п(ађ, +а,5) , n*(ab,—a, бума 


A05 —а10) + 2 bb, + 4bb, + 2uz фу, 


Ee vd 


where у = ил or 0 according as d = 1 or 0 (mod 4). Hence the integral 
(6), remembering that the path of integration is deformed into the real 
axis from — œ to © or © to —@, becomes 


Tee) | PLAY 5 /_1\ 
sen ( Md Jabra eS Y 


, ab bd _ ya u+ (аб, +a, b)n/2bb j 
1 


AOXD | тї 4bb ab,—a,b 


and this reduces to 


d oa") | tbb, ма ) 
im ( WU Mone E Д 


5 


X exp (==) [аа + ила, +a, 0) + 60,67]. (9) 


Now it is clear, by putting С+ 2тМ for С, that the summation for ( (also 
for 7) need only refer to any complete set of residues (mod 27M), that is to 
say we can replace 6 in the summation by иф. | 


1920.] RECIPROCITY FORMULA FOR GAUSS'8 8UMS IN THE QUADRATIC FIELD. 


~ 


295 


It is then obvious that the sum of the series E is unaltered if we re- 
7 


place а, b by —b, a. Hence noting (6), (6a), and (9), we have at once 


a 


3! [cun = 


sen (bb,) bb, 6 ( 
NB) 


sgn (aa,)aa,G ( — 2) 


ibo, а 
where A is the denominator of —b/2a. Since 


(mice 2] = | (ia?) | : е 4"! san (bb, vd)J(ah,—a9)] 
ibb, d TW. , 


as the left-hand radical is taken with a positive real part, we have 


DALT: (+) giri sen н) (аһ 9,29) N (B) 


= |aa,|* G(— 57 sri sen Gm vey Gb а) {М (А), 
a 


for the final result. 


In the case of an imaginary field, aa, and bb, are both positive, 
we have 


106,1 6 (+) [vw = jaa, |^ 6 (— +) [Nw 
In the case of а real field, if aa, and bb, have the same sign 
LAR: (в) [vw = jam |} G (— а) Хи). 
If, however, aa, and bb, have opposite signs so that 
sgn (aa, bb) = — 1, 
that is sgn(ab,) = — sgn (a,b), 


and hence sgn (m) = 
1 1 


bb, МАМ _ n 
eon ) = воп(а0), 


„аа уч — sen (у — oo 
sgn (22007 = sgn ( a ) = sgn(«0;), 


we have 


(£o) 
N(A) 120, уа / ' 


(10) 


and 


(11) 


(12) 


bb, | G (F) = еі" 0960 00-а) a |: С (=) v (18) 
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This formula, which also includes (12), is equivalent to Prof. Hecke's 
formula (4). 

I need hardly remark that we can prove the law of quadratie recipro- 
city in the imaginary field just as Prof. Hecke has done in the case of the 
real field from (18). "The details are now rather simpler (as is known to 
be the case in the general investigations of Hilbert and Furtwüngler) be- 
cause of the absence of the factor exp[477 (sen ab—sgn a,b]. Thus if 
a and b are two co-prime numbers of odd norms (?.e. aa, and bb, both 
odd), and if one of them is a primary number, that is a quadratic residue 


(mod 4), then 


where (=) ів the symbol of quadratic reciprocity in the imaginary field. 
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SUR UNE SERIE DE POLYNOMES DONT CHAQUE SOMME 
PARTIELLE REPRESENTE LA MEILLEURE APPROXIMA- 
TION D'UN DEGRE DONNE SUIVANT LA MÉTHODE DES 
MOINDRES CARRÉS * 


Par CHARLES JORDAN. 


[Read November 11th. 1920.—Received in revised form February, 18th 1921.] 


1. En statistique mathématique on rencontre souvent le problème 
suivant: étant données certaines valeurs 10, Lis -.: En-1 par ordre de 
grandeur de la variable z auxquelles correspondent respectivement les 
fréquences Yo 21, ·:., Yn- le nombre x étant généralement grand, il 
s’agit de reproduire ces résultats aussi bien que possible à l’aide d’un 
polynome f,(x) de degré m plus petit que n. Les écarts ou erreurs 
étant 0; = yi—fn(x), il faut déterminer les coefficients c, du polynome 
falz) = 2 с,1" conformément à la théorie des moindres carrés, en rendant 
la somme des carrés des erreurs д; minimum. 

Les calculs ne présentent pas de difficultés, mais ils sont longs et 
pénibles ; en effet, les valeurs de m+1 déterminants du m-ieme ordre 
doivent être calculées. 

_ Les constantes c, évaluées, on peut, pour se rendre compte de la pré- 
cision obtenue, déterminer d'apres la théorie des moindres carrés, la somme 
des carrés des écarts ó; par la formule suivante: 


26? = Ly?—cy. Xyi—c, Ху 24 — Co. 2gizl— ...— c4. DY к. 

Si l'on trouve que l'approximation obtenue n'est pas suffisante, pour 
en avoir une plus grande, on est obligé de refaire le calcul, et de déterminer 
les coefficients d'un polynome de degré m, > m; le grand inconvénient 
de la méthode est que dans ce сав, tout est à recommencer, car les m+1 
eonstantes obtenues précédemment ne conservent pas leurs valeurs. 


аи лома — — P - — 


* L’origine de ce travail est dans un cours de statistique mathématique et de probabilités, 
que j'ai fait en 1919 à l'Université de Budapest. 


298 CHARLES JORDAN [Nov. 11; 


Si, au lieu de développer le polynome fm(x) suivant les puissances de x, 
on fait ce développement suivant les factorielles de x, x (r— h), ete. c.-à-d. 
si l'on pose: | 
fn) = Le, z(z —h)(z—9h) ... (zx —vh +h), 


et qu'on détermine les coefficients c, d'apres le principe des moindres 
carrés, on rencontre les mêmes difficultés. 

Par contre, si l'on fait l'approximation à l'aide d'une série de Fourier, 
cette difficulté ne se présente pas ; en effet dans une telle série les 2m 4- 1 
constantes étant calculées, si l'on veut obtenir celles d'une série à 2m,4- 1 
termes (m, > т). il suffit de déterminer les constantes supplémentaires, 
car les premiers 27: +1 coefficients restent les mêmes. 

Tchebichef a considéré la premiere fois une série de polynomes tels 
que le développement d'une fonction suivant ces polynomes possede la 
propriété précieuse des séries de Fourier." 

Etant données les valeurs Jo Yı» +. Yn-ı qu'une fonction y prend 
pour les valeurs Zo, £i, ..., z, i de la variable x, il s’agit de déterminer 
une suite de polynomes (z), ф(х), ..., ф(х), le polynome ¢,(z) étant de 
degré v, tels que 81 l’on représente y par la somme de degré m (m « n) 


fule) = CoA 6 фи (1) + Co ф (2) +... + Сапфа (2), 


? 


~ 


M 


la quantité* [y;— f (r2 |, 


1 


|| 
о 


soit minimum pour toutes les valeurs de 7п. 
Tchebichef а montré que les polynomes ф,(х) sont proportionnels aux 
dénominateurs W,(c) des réduites de la fraction continue suivante : 


аз 


%— byt w—bs+... 


* ' Sur une formule d'Analyse, Bull. Phys. Math. de l'Académie Tinpériale des Sciences 
de St, Pétersbourg, t. 13 (1854). p. 210; ‘‘ Sur les fractions continues, Journal de mathé- 
matiques pures et appliquées, 2 série, t. 3 (1855), p. 289; '' Sur l'interpolation par la méthode 
des moindres carrés," Mémoires de l'Acad. Imp. des Sciences de St. Pétersbourg, 7 série, 
t. 1 (1859), p. 1. 


+ Dans co travail, conformément aux principes du calcul des différences finies, la variable 
т ne prend pas la valeur de la limite supérieure de la somme définie, c.-à-d. 


= fle) =F (1) +f (2) +... +/(%). 


хе! 
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Le facteur de proportionnalité étant queleonque on peut choisir : 


n Д ss пене“ 


t 


so Se Xs xs Se 
ia) eser |2 “Жы 2 


v-1 2,—2 
2,7; jx T >; 


Alors еп déterminant les réduites on trouve 


2 8 


1 T x x x” 
n Уту DE У мы Xx 
p(x) = | 22; ri Xx Ут, Der 
=l 2v—1 
àr eee ee eae 21 


Tchebichef a obtenu la formule suivante donnant les coefticients c,, 


v nS 
E 24; фест) 
Хфі (x) 


Dans le mémoire de 1859, mentionné ci-dessus, il a traité en outre le 
cas particulier dans lequel les valeurs 2, Zi, ..., Z,-1 sont équidistantes, 
dans ce cas entre les fonctions $,(r) définies dans son mémoire et les poly- 
nomes Ÿ,,(r) précédents il y a la relation : 


(2r)! 


y! 


p(x) = y, (x). 

Tchebichef a donné de plus une formule de récurrence pour déter- 
miner les polynomes $,(z). 

Poincaré dans son Calcul des Probabilites,* а repris la question et il 
est arrivé, par le développement de È 1/(2—2,) en fraction continue, à des 
polynomes D,(x) proportionnels aux polynomes $,(r) de Tchebichef. 

A. Quiquet, dans les Proceedings of the Fifth International Congress 
of Mathematicians, Cambridge,* a indiqué une méthode d'application de 
ces polynomes aux fonctions de survie. 

L'emploi de ces polynomes est certainement avantageux, malgré qu'il 
nécessite la détermination préalable des valeurs de ¢,(z;) et de Z$2(r) qui 


* 1 éd., 1896, p. 251; 2 éd., 1912, p. 280. 
T Cambridge Press, Vol. 2 (1913), p. 385. 


800 CHARLES JORDAN [Nov. 11, 


est généralement laborieuse. Leur avantage ressort surtout dans le сав 
ou l'on a plusieurs approximations à faire, dans lesquelles les grandeurs 
Zo, £4, ..., Гы Sont les mêmes, en effet les valeurs de ¢,(.r;), ete., peuvent 
etre calculées alors une fois pour toute. C’est ce qui a lieu si les valeurs 
de 20, T1, ..., ete., sont équidistantes, ce qui arrive tres souvent en statisti- 
que mathématique. 

Dans ce travail nous allons déduire directement la forme générale des 
polynomes possédant les propriétés mentionnées des séries de Fourier, et 
étudier leurs propriétés; puis en supposant les valeurs de x; équidistantes, 
nous allons donner des formules simples et des tables permettant de 
déterminer les valeurs de ces ројупотев ; enfin, on va montrer sur un 
exemple l'emploi de ces formules et de ces tables. 


2. Déduction des polynomes.—Etant donnés n points de coordonnées 
Lo, Yo; Lis У); -..; En-1, Yn-1, 8016 Y = }„_у(гт) l'équation d'une courbe de 
degré n—1 passant par ces points. Développons f,-:i(r) en une série de 
polynomes : 


(1) y = fn-1(x) = Ў A,G,, 
v=0 


où A, est un coefficient constant, G, un certain polynome de degré ». 
Considérons une somme partielle de l’expression précédente 


m+) 


у = f(x) — > A,G,. 
у= () 


Disposons des coefficients 4, de manière que Ја courbe у = f(x) de 
· degré m passe aussi pres que possible des 2 points donnés, suivant le 
principe des moindres carrés c.-à-d. que la somme (2) des carrés des écarts 
soit minimum : 


(2) 2 [yi— fn (xi) ). 
A cet effet, il faut égaler à zéro les m+1 dérivées par rapport a 


Ao, 41, ..., Am de cette somme. 
Cela nous donne les m+1 équations : 


(8) Ы [у —(4 4,6, + 463+... + AnGa) ] G, = 0, 


pour v = 0, 1, 2, 8, ..., m. 


| Si les polynomes С, sont des polynomes quelconques, les valeurs de 
A, obtenues à l'aide de ces équations dépenderont en général du degré m 


- es iR ER 


Se D mem a = 
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de la courbe. Notre but est de déterminer les polynomes G, de manière 
que les constantes À, soient indépendantes de m. 
La résolution des équations précédentes pour т = 0 donne: 


Ay = ZyilnGo; 
en remplaçant A, par cette valeur dans les deux équations obtenues de (8: 
en posant m = 1, on а 2G,G, = 0 (équation de condition) et 
A, = 2yiG,/ZGj. 
Si nous posons dans (8) m = 2 et si nous y remplacons A, et A, par 


les valeurs précédentes, nous trouvons : 


EGG = 0, 2G,G,=0, A, = £XyiG,XGÀ. 


И ы : m. . 
En procédant de la méme maniere, on arrive aux (5) equations de 
conditions 


(4) Pea G,(ri)G,(r)-—O0 pour vy. 
=0 
Les polynomes Go, G,,..., С, contiennent en tout (2) con- 


stantes arbitraires, on peut donc satisfaire à ces équations et, en plus, on 
peut choisir arbitrairement dans chaque polynome un des coefficients. 
Outre les équations de condition, on trouve encore: 


A, У (G(x)? = х yi ба). 
i=0 =0 


Par suite, le développement en série de polynomes G possède non 
seulement l'avantage, vis à vis d'un développement suivant les puissances 
de x, qu'en poussant l'approximation plus loin, les coefficients déjà ob- 
tenus conservent leurs valeurs, mais encore l'extréme simplicité de la 
détermination de ces coefficients А,. | 

On peut donner une autre expression aux équations de condition (4); 
en supposant u >> у on peut mettre à la place de G, un polynome quel- 
conque F,(r;) de degré v. Еп effet ce dernier peut être considéré comme 
la somme de plusieurs polynomes G, tels que s <v; il en résulte que 
les conditions (4) sont équivalentes à 


(4) > РХ) 6,00) =0 si gc». 
=0 


Les polynomes mentionnés de Tchebichef et de Poincaré satisfont a 
cette équation. 
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3. Nous nous proposons de résoudre les équations (4’) en supposant 
les valeurs de r; équidistantes : 


Ty = а (=) t = a+ hi. 


C'est dans ce cas, comme nous l'avons remarqué que l'utilisation de 
ces polynomes est particuliérement avantageuse. Dans ce cas particulier 
nous désignerons les polynomes G, par Q,. Pour abréger l'écriture dans 
la résolution des équations (4, introduisons une notation nouvelle; les 
sommes indéfinies de Qm seront désignées, comme il suit : 


XQ,A—!Q, ХХ = (УОЛ) ҺА ="Qm, ete., 


de manière que 1а u-ième somme indéfinie de Q, sera “Qa; et la и-істе 
différence de Qn sera 


QUI = A" On 


Pour déterminer les polynomes Q,,, nous allons partir de la somme 
indéfinie qui correspond a (4’), 


LP, (x) Qn(x) h. 


En utilisant la méthode de la sommation par parties, de manière à prendre 
la somme de Q,, et la différence de F,,* puis en répétant l’opération s—1 
fois, jusqu'à arriver à F® = constante, notre somme indéfinie deviendra : 


(5)  EQ,F.h = 19), Е, —Q,(z-- 1) FO--3Q, Gc 4-25) FO... 
HOI **!Q,G T sh) FP. 


Les sommes ”Qn ci-dessus ne sont pas complètement déterminées ; en 
effet, on peut leur ajouter sans inconvénient un polynome arbitraire de 
degré v—1 sans changer Qm; nous pouvons donc disposer de ces poly- 
nomes arbitraires de manière à annuler les expressions "Q,(x--vh— А) 
pour = а оп t = 0 c.-à-d. pour avoir quel que soit у, 


(6) ‘On (афућ—ћ) =0, vem. 


П y aura ainsi m conditions et m constantes arbitraires disponibles dans 


"Om 


* Q(z) F(z) h ='Q (2) F (2)— 2! (2 +h) F” (2) h. 
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Comme dans ces conditions la somme indéfinie précédente est nulle a 
la limite inférieure de (4"), pour que cette condition soit satisfaite, il faut 
que (5) soit aussi nulle à la limite supérieure, c.-à-d. pour z = b ou t = n; 
le polynome F, ainsi que ses différences étant arbitraires, la somme (5) ne 
peut être nulle pour x = b que si chaque terme est séparément nulle. П 
faut donc avoir pour toutes les valeurs de у, 


(7) "Qu (b-- vh — h) h = 0. 


De (6) on conclut que l'on а !Q,(a) = 0, ce qui veut dire que (2—а) 
doit étre un facteur de !Q,(r) c.-à-d., 


Qu) = (x—2a) faz). 
De cette relation on arrive, en appliquant la méthode de la sommation 


par parties, à фл (2), 


1 1 
On) = 3, (z—a)(z—a—H) f (2) — ataa) f (2) h. 
Pour abréger les formules, nous allons adopter la notation suivante 
pour la factorielle* : 


(z-Y(rJd-k—MBzc4d-k—9h)(z4-k—3)... (cth—mhth) = (z4- ®Е)„. 


Revenons à notre expression de 20, et répétons la sommation par 
parties m— 1 fois pour avoir : 


à ау), y 
Фа (2) = = (=I 64-2) fe). 


On en conclut que (z—a) et (r—a—h) doivent être des facteurs de 
#@„(ж) de manière que 


20 „ (х) = (—а)(т—а—7) gm (Z) = (x—a),ga(z). 
Par sommations successives on démontre de la méme maniére que 
"Qm(L) = (£ — а)» еп (2). 
Cette grandeur satisfait a la condition (6) pour qu’elle satisfasse aussi 


* Cette notation fait bien ressortir l’analogie entre les puissances et les factorielles ; 


р. ех. опа: 
1 


т +1 


1 | 
+ Am = ie S à та = k mel, 
Z(z+k)hnh Etk) ı et fak) x = (x +k) 
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à la condition (7) on part de !Q,(b) = 0 et en procédant de la méme 
maniere on est conduit à la formule | 


"OS (z) = С (x тт Q) mn (x re 0), 


С étant un facteur constant arbitraire. Le polynome Q, se trouve done 
déterminé, c’est la m-1ème différence de l’expression ci-dessus, c.-à-d., 


Qn = C. A" (z—a), (z—b),. 


En prenant successivement les différences de С (х2 —а)„ (2 — 0), on est 
conduit sans difficulté à la formule suivante où v < m, 


(8) А"С(т—а),(2—6), = vt h’C 5 qm (т) а)... 


s=0 


La méme formule peut servir pour les différences d'ordre supérieure à 
m p. ex. pour у = ти, mais dans ce cas s ne varie que de и à m+1; 
en effet, les termes sous le signe È sont nuls si s < и ou si s >n. 

Si nous posons y = m et С = 1/2". т!. Л", les polynomes cherchés 
deviennent: 


m+l 2 
(9) Que = H" > (™) @—atsl, —b,.... 
8=0 $ 


La formule (8) donne les différences des polynomes Qm; citons comme 
exemple : 

| mp . 2m!" 

(10) ATQ, = от" 


De la relation (9) on peut déduire les valeurs des polynomes Q, corres- 


pondant à des cas particuliers; p. ex. en posant а = —1 et b — 1, il 
résulte : 

Qo = 1, 

Qi = z+th, 


да = i 3 aH, 


чы ыш 8h(h?—1) 


да = 5) 254 1) halt rp 


4. Pour pouvoir effectuer les calculs indiqués au commencement du 
no. 2, il faut encore connaitre la valeur de 


b 
S, = > 0? (х) №. 


1920. ] SUR UNE SÉRIE DE POLYNOMES. 805 


On peut déterminer cette somme par la méthode des sommations 
suceessives par parties, on trouve un résultat analogue à celui obtenu par 
Tchebichef dans son mémoire Sur une méthode d'interpolation deja cité. 


п." са 2 2 92 22 
(11) Sac (n3 — 1) (3 — 2) (n1 — 8?) ... (5—2). 


|. A" (2m 4-1) 


5. 81 l'on veut calculer les valeurs des polynomes Ол correspondant à 
des grandeurs données de л et de z, on peut bien se servir de la formule 
(9), mais il est préférable de déduire d'autres formules plus commodes 
et plus maniables. Pour y arriver nous allons développer (r—a), (2—6) m 
en série de factorielles de (2—0), (2—0), (х — b), ... etc., en employant 
la formule d'interpolation de Newton, qui remplace la formule de Taylor, 
lorsque au lieu de développer suivant des puissances оп veut développer 
suivant des factorielles. On a: 

2m +1 (x — D), 


(z —a), (x — D) m = a y! he [A"(z—a), (£ — b). lo». 


D’après notre formule (8), la v-iéme différence de (2—а), (2 — Б), est 
égale à zéro pour z = b si v «Cm; par contre, si v > m cette différence 
est égale pour x = b à: 


y! i ( а ) Фат)... 


y—n 
Il résulte de là 


2m+1 
(1 2) (r—a), (z = ф) = > ( 


у—т 


m 
y — n 


) (b— a+ Mons (r— b),. 


De la méme manière en développant Q,(x) suivant les factorielles de 
(r— b), on aura 


m 


ad Que) =" фи (2) (E) ат, 2—0), 


Comme (г—а)„ (х — 0), est symétrique par rapport à a et b et par 
suite Qn aussi, il existe un développement de Qm en factorielles de (z—a) 
analogue à l'expression (13); on l'obtient de cette derniere en changeant 
a en b et inversement. 

De (18), on peut déduire directement la différence d'ordre u de Qn; 


(14) А"О (2) = Ф)" (mtu)! he Py b үл (0—а+ т), (z — D)... p 


m! ven \V/ NP —H 


RER. 9. voL. 20. No. 1396. X 
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Voici оо ев valeurs particulieren de Om иш de (18): 
a= 310— —a--h)--(«—), 
Q = а а a сва Sea 


©з = §$(b—a+ 8h), +3(b—at+8h)(ce—b) 3-1 (b — аа Ds SG Bh 


| | 6. Les polynomes Qin montrent une certaine symétrie. En effet, si 
dans la formule (9) on remplace z par a+b—h—z, on obtient: 


| Qn =(@" 2 b du) (b—z-J- sh — 1), (a — МЕ e" 


et en changeant ЈЕ signe de chaque facteur, on 1 trouve 


т+1 


Qin = (— 4)” 2 ve y EDs atmi sin- 


résultat identique à (9), seul le signe est devenu 1": ; on en conclut 
(15) | Quilt) = ( 1)" Qn(a-+b—h—2) 
et si nous introduisons une nouvelle variable £ telle mus : 
x = 2 +4 (@t+b—h) 
nous aurons Qs(z) = (— 1)" @„(—х,). 


Раг" conséquent,-sizm est paire, le polynome Qm ne contient que des 
puissances paires de zn; et ві m est impaire, Qs (21) ne contient que des puis- 
sances impaires де z,. Dans le cas particulier de а = —1, b = 1, ona 


Qi = Tis 
Qa = 3r+ 4h04, 
Q3 == $23 +3(7h?+12)2,. 
97. Nous allons maintenant introduire au lieu de z une nouvelle variable 


£,:cette derniére=prendra les valeurs entières 0, 1, 2, 8, ..., ^ —1 définies 
par la relation 


—€a 


(16) eh gz == а+ hé ou h = i m 


- — — — ко es н 
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Nos formules établies précédemment deviennent : 
; | 1 ml m 2 ў | | 
0) = =O" > (;) EH, Em. 


їз) gu = ди = 62, (DP) ones (En, 


y — (e 


18”) Im = xs (а = (3 È (7 [m — x 


(15') qu£) — (—1)"q«.(n—1—£). 


La relation (18" donne immédiatement le développement de q4(£) 
suivant les factorielles de é [Remarquons que dans сез factorielles, la 
différence étant l'unité, (£), signifie £(€—1)(€—2)...(€—v+1). ] 


qı = à30—»-£, 
да = 1(8—7),+3(2—7)2 + 8 (4g, 
9з = #8—7, +} 8— 0, E+E (8— (2 + $ (£s. 
En remplaçant dans la formule (18") les factorielles par les puissances 
de ё, on trouvet 
ја = 3€ —3(—1) E44 (n?— 8n 4+ 2), 
ТА EH 569 —1£&(n—1) É HE (64:—15п + 1)2—1 (029—652? + 112 — 6), 
Фа = FE —8$(n—1) É +5 (On —21n--17) E 5 (22? — 9? 17» —10) £ 
+ 33; (n* — 101? 4-855? — 50п + 24), 
q; = EPE —325 (n —1) + 38 (4n) — 9n 4- 8) £$— 105 (n9 — 4n3 -- 8 — 5) 23 
+ 25 (05n5— 1050? + 865n?— 525n.4- 974) £ 
— 2. (n5 — 15n* -- 85»? — 22515 --2774n — 190). 


* On obtient la formule (13’’) en partant de (13), si, avant d'introduire la variable £, on y 
change a en b et inversement. 


1 Cette substitution est faite par la formule connue: 
mol ree 
(2) m = 5 (—1)'"”-” С P s 
pel 


où les coefficients C4 ^ sont les nombres de Stirling de première espèce (Voir Nielsen, 
Gammafunktionen, p. 67). 


x 2 
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8. Maintenant nous sommes en état de pouvoir développer un poly- 
nome F(x) de degré п —1 en séries de polynomes Q,(z), ou un polynome 
f (€) en séries de polynomes q, (2) : | 


a^ Ро) = 24,00), fO= aq. 


Pour déterminer les coefficients A, il suffit de multiplier la premiére 
équation par Q, et de faire la somme des quantités obtenues, z variant de 
a à b, ou x; de др à 2.1. D’après la formule (4), tous les termes du 
second membre disparaissent sauf le terme en A, et l’on trouve: 


4 —g È Fe) Ql) ой 8, = È [Qe 
De la meme maniere, on aura 
(167) a,. > [F = = у) 9,0). 
£=0 £=0 


Remarquons en passant que а, = A". A, et que g,h” = Q.. 

Si la fonction F(x) est donnée par n points de coordonnées 2p, Yo; 
Lis io; Za- Yn-1 OD peut considérer (1') comme une formule d'inter- 
polation que l'on pourrait appeler formule d'interpolation de Tchebichef ; 
cette formule présente de grands avantages sur les autres formules sem- 
blables ; les calculs sont plus simples et plus rapides, surtout dans le cas 
considéré dans ce mémoire ou les grandeurs x; sont équidistantes. Alors 
non seulement on peut utiliser les formules simples que nous venons de 
donner, mais encore comme nous le verrons, on peut construire des tables 
abrégeant beaucoup les caleuls. 

Il n'est pas sans intérét de comparer les diverses formules d’interpo- 
lation : 


(1) La formule de Lagrange : 
y= Ey , Li), 
w(x) 


w 
(с— =, FIM 


Si nous considérons une somme partielle de y, dans laquelle v varie de 
О ù k, l'équation obtenue représente une courbe de degré л —1, passant 


ou L(x) = et wlx) = (r— Zo) (x — Ti)... SE 50021). 


виа == 
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par les premiers / points de coordonnées £o, yo; 21, 01; ...5 Lk- Yk-a et 
par les points de coordonnées 24, 0; 241,03 ...; 2,1, 0. 


(2) La formule d'Ampère : 
y = wt È Ba—a)(—2)... (22.9. 


Les coefficients B, sont déterminés suecessivement en remplacant z et 
y par les valeurs correspondantes de Zo, yo; 24, yi; ...; 23-1, Yn-1 La 
somme partielle de y, ou v varie de 0 à k, représente une courbe de degré 
k—1 passant par les premiers Ё points. 


(8) Formule de Tchebichef : 


ou A, est donnée par: 
A, È [G, (1) |? = Xy iG,(z,), 


et ou G,(r) est le dénominateur de la »-ième réduite de ајах [log w(x)] dé- 
veloppé en fraction continue. La somme partielle de y, ou » varie de 0 
à k, représente une courbe de degré k—1 passant aussi pres des n points 
donnés que possible selon la théorie des moindres carrés. 

Nous avons vu que cette dernière formule ne devient réellement prati- 
que que si les valeurs de z sont équidistantes. Dans ce cas, on a 


у = 2 ауф, (5), 


où g,(£) est donnée par la formule (18"), et а, par (16’) ; la valeur de s, 
est conformément à la relation (11): 


(117) 8, = EE [g (P = блк —1)(n?--2?) ... (п2— 2). 


En outre, on peut construire une fois pour toutes des tables donnant 
les valeurs de q,(£) et s,. 


9. Les tables les plus importantes pour le travail statistique en vue 
de l'utilisation de nos formules sont les suivantes : 


(A) Des tables à double entrée donnant les valeurs de çq, (n, £); une 
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table pour chaque valeur. de v variant de 1 а 6 ou tout au plus jusqu'à 
10. L'interpolation à l'aide de polynomes de degré ‘supérieur à 6 .ne ве, 
fait que très rarement. On fera varier dans ces tables x de У+1 à 20 ou 
& 50 selon les besoins. б : 

Nous avons vu que £ doit varier de zéro à n, mais on peut réduire les 
tables de moitié en tenant compte de la symétrie des polynomes q,(£) 
selon (15’). 

Cette formule, comme celle de _ 


> 4,49) = 0, 
{=0 7 Е 
peut servir comme vérification aux calculs des tables. · Pour déterminer 
les valeurs numériques de q,(£) on se servira de la formule (18"). 


(B) Une table à double entrée donnant les grandeurs s,(x) pour les 
valeurs de v et de » qui figurent dans les tables précédentes. On utilisera 
la formule (11^. 

A titre d'exemple, nous avons joint à ce mémoire six tables. Les 
Tables I-V donnent les valeurs de q,(n, Ê) pour v = 1, 2, 8, 4, 5 et pour 
n jusqu'à 20; la Tabie VI donne s,(1?) pour les mèmes valeurs de v et 
de n. | | 
Nous allons montrer sur un exemple la facilité avec laquelle les con- 
stantes a, se déterminent en se servant de ces tables. 

La somme des carrés des erreurs mesurant la précision obtenue est 


Уб, = (уг ао 19, — 25 qs — ...)" 
= Ху: — Wy Ly~— да, Ху: — Hantal д? а 241, +.... 
En y substituant Zyeq, à a,. Zq; on trouve: 
(17) Zô; = £yi—asZyiqi— а Буг да — .-. — Am LYE то 
dans ces sommes, £ varie део ал. De la relation а 


Zytq, = 8,8, 


il résulte : 
- м н т +1 
(17!) > 6;== Xy Ese. 
· =0 £20 v=0 


Notons que tous les termes du second membre sauf le premier, sont 
négatifs, ce qui n’était pas nécessairement vraie dans le cas de la formule, 
du no. 1 donnant la somme des carrés des erreurs. C’est un point im- 
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portant, en effet: si l'approximation obtenue à l'aide d'un polynome de 
degré m est insuffisante, pour avoir une meilleure approximation à l'aide; 
d'un polynome de degré m+ 1, les constantes ау, а, ..., ал obtenues pré- 
cédemment conservent leurs valeurs et il suffit de caleuler la constante 
бал. La somme des carrés des erreurs sera diminuée de а2,1.355-+1. 

Par suite, en calculant ces termes au cours des ealeuls on se rend tou- 
jours compte de l'approximation déjà obtenue, cela permet de juger, si la 
nécessité de continuer s'impose. 5 ow 

Les calculs sont si simples et peuvent être exécutés si — que 
méme lorsque un développement suivant des puissances de x est nécessaire, 
il y a avantage à passer par les polynomes q,. 

Les polynomes q, sont utiles non seulement aux statisticiens, mais 
encore aux physiciens, quand il s'agit d'interpréter par un polynome les 
résultats numériques des expériences. 


10. Nous allons montrer un exemple d'interpolation appuyé sur les 
polynomes q,, en partant des données empreuntées à Bowley, Elements of 
Statistics (3-icme éd., p. 91). 


TABLE DES SALAIRES JOURNALIERS DANS L'ANNÉE 1891 EN AMÉRIQUE. 


Salaires. Nombre d'ouvriers. [1 y 
0.50 317 0 100489 
1.00 1472 1 ~ 2166784 
1.50 _ 1297 2 1682209 
2.00 970 8 940900 
2.50 506 4 256036 
3.00 198 б 89204 
8.60 254 6 64516 
4.00 | 96 7 9216 
4,50 4 8 16 
5.00 9 9 81 

Ey = 5123 Dy? = 5259451 


Dans l'exemple ci-dessus а = 50 cents, Л = 50 cents, x = 10. Onen 
tire immédiatement 


а = žy = 5128. 


Si l'on s’arrétait а ce terme, la somme des carrés des erreurs serait : 


Zôo = Xy;—aQXyi-— 2634938. 
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Pour déterminer la constante a, écrivons en utilisant la Table I pour 
q1(10, £) et la Table VI pour s,(10), 


E y (&)—y (9-2 qi (6) да (2) [y (0 — y (9 — à) 
0 808 —4°5 — 1886 

1 1468 — 8:5 — 5188 

2 1201 | —2°5 — 8002°5 

8 716 –- 1'5 — 1074 

4 308 —0'5 — 154 


Худ = —10754'5 
П en résulte: 


a, = а = — 130'857 et Ys? = 26:—а Худ = 1283015. 
1 


Pour déterminer a, et Zó?, on procède de la méme manière : 


t у (E) + у (9—:) да (8) q2 (0) [у (2) + у (9—)] 
0 326 18 5868 

1 1476 6 8856 

2 1898 — 8 — 4179 

8 1224 — 9 —11016 

4 704 — 12 — 8448 
On en tire 


а, = — 7°51, 26? = 1166981. 


Détermination du coefficient аз et de la somme 276, 


t y()-y(9-0 ' gs (€) дз (ë) [у (0 — y (9—0)] 
0 808 —68 — 19404 

1 1468 21 80828 

2 1201 52°4 680525 
8 716 46°5 83294 

4 308 18 5544 


Худ, = 118814:5 


аз = 5°87, 26: = 500879. 
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Détermination du coefficient a, et de la somme 26°, 


y(t) + y (9—8) q (0) qa (Ly (0*y (9-0) 
0 826 189 61614 
1 1476 — 981 — 840956 
2 1898 —178°5 — 248650°5 
3 1224 81°5 88556 
4 704 189 183056 


Худ, = —356880'5 
ац = —118, 56? = 98597. 


Détermination de а; et de X6?, 


t y (t) - y (9—8) 9s (€) qs (8) [y(&)—y (9— 0] 

0 808 — 472°5 — 145580 

1 1468 1102'5 1618470 

2 1201 — 785 — 94578 75 

3 716 — 866°25 620235 

4 308 — 472°5 — 145530 
Ууф = 612596°25 

par suite a; = 0'1268, S62 = 20850. 


П en résulte que si nous nous arrêtons à a, l'erreur moyenne e sera: 


= = | = 457. 


€ = и 


La fonction у cherchée est la suivante : 
(a) у = 512°3-+ 180°49,—7°519,+5°87q3—1°139,+0°1279;, 


ou en substituant aux polynomes q leurs développements suivant les 
puissances de £, on trouve : 


(b) y = 820°5442144°76£—1271°25£?+ 28085 £* — 21745 £* + £*. 


Comme vérification, déterminons à l'aide de la formule (a) et les 
Tables I-V les écarts ô correspondant aux valeurs de £ = 0, 1, ..., 9; оп а 
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très rapidement : | 
5 
8'54 
— 24°05 
63°71 
— 67°15 
— 629 
19:99 
— 68°27 
16:35 
4'59 
— 2°44 


12, 


~ 


© о -10 лњ OD но 


La somme de ces erreurs devrait étre égale à zéro, et la somme de leur 
carré à 20810 ; effectivement nous avons 26 = — 0°02 et Хд? = 20565, ce 
: qui prouve que les calculs ont été exécutés avec une précision suffisante. 


П PARTIE. 
Propriétés mathématiques des polynomes Q, (x). 


11. Examinons la limite des polynomes Q,(x) lorsque l'intervalle A 
tend vers zéro. Comme 


| > AM МЕ 
lim (r—a),-— (r—a? et lim mf = = 
n conclut : lim (x) = 1 ae ( )" (x — b)". 
on conclut: im (0,„ (г EZ "а 
Posons а = — 1, ф = 1, nous trouverons lim Qm = Pm; ou P, est le 


m-ième polynome de Legendre. 
En égalant dans nos formules (9) et (18) Л à zéro, nous obtenons des 
expressions donnant les polynomes de Legendre. 


"EC CRY ET 
48) - 2 inne ny me) (ez: zy 


|р = m Des I (===), a d А 
жр vu а=б. Ы Кн И 


А 
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Si nots remplacons 2 dans les formules (18) par cos S elles devierinent 
identiques aux développements des polynomes de Legendre suivant leé 
puissances de tan? 19, de sin? $$ et de cos? 49 donnés par Dirichlet.*. 9 

Remarquons que l'on a aussi d'apres Ja formule (11), 


Pp А г) 


i^ ~ vs 9 
: 2 = 2 ==. . 
lim > (Qn) h g E |: mto +1 . 


ie rs Mu ues seek 
А 


12. Nous allons déduire maintenant une éyuation aux différences 
finies, dont la solution est le polynome Qm. Désignons (£— a)n (х — b), 
par u4(r) et déterminons la premiere différence de пл +1 (x) : 


Aus 100) == (m-4-1) A [2z — mm ћ+ћ—а—0] ил (2). 
Ecrivons la différence де m-ième ordre де ce produit en utilisant la 
formule suivante analogue a celle de Leibnitz | 


n+l ` ' 
(80  A'[U(G) Vu] = X (2) A'V(c-+nh—sh) A^ И (а), 
г=0 » 


d'apres cette formule on a: 
(19) АД", = (n4-1) A [0240 mAh 4- A —a— 0) A" tin 29mh A" lun]. 


On peut encore exprimer cette quantité autrement, en considérant 14441 
comme le produit des deux facteurs и, (х) et u,(x—mh). On trouve alors 
à l'aide de (18a), | 


(20) A™t ung = м (БЛ) A"*!u, Eon +1) Ди (2) А" un(z) i 
+ ee A*u (e — h) A" 7 u, (a). 


En remarquant que Au (2) = (2r--À—a-—0)h et que Д?и (х) = 2h? 
on tire de (19) et de (20), 


wle +) A** u (z) —m(m4-1) A” unl) mimt hA- uu (x) = 0. | 


La premiere différence de cette expression donne, si l'on remplace A", (с) 
par 1/C. Да léquation aux différences cherchée : 


(291) (2—а+ 2h) (x — b + 2h) A!Q, [24-3 m Gn + 1)—a—5] h. AQ. 
—m(m+1)h?.Qn= 0. 


i a А 


* Crelle Journal, Bd. 17, pp. 39, 40. 
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Si nous posons a = — 1, b = 1 et si nous faisons tendre À vers zéro. 
l'équation (21) est transformée en une équation différentielle du second 
ordre admettant comme solution le polynome de Legendre de degré m. 

En introduisant la variable £ au lieu de z d’aprés (16) on a: 


(22) (€+2)(€—n+ 2) Aqn + [2£—n 4-8 —m(m--1)] Aq —n(m--1)9, = 0. 


La solution de cette équation est donnée par la méthode de Boole (Treatise 
on Finite Differences, 1860, p. 176), 


m+1 


Jnl) = > b, (£ d-»),, 
b, = (—1)’ (7) wg re 


où b, est une constante arbitraire. De la première de ces deux relations 
il résulte que bọ = q4,(—1). En remplaçant 2 par —1 dans notre formule 
(9") nous obtenons : 


( by = (—3)" (m+n) 


(23) | eee b (—1)"-' 4)" (7) ed (m+ n), .., (+), 


C'est une formule semblable à celle de (13); elle est aussi trés commode 
pour le calcul des polynomes q,(f). En y remplaçant n par 2/h, la 
variable € par (z--1)/h, et q,(£) par Qn(x)h™ et en faisant tendre h vers 
zéro, la formule (28) coincide à la limite avec la troisieme formule (18) 
donnant les polynomes de Legendre. 


18. Pour établir l'équation fonctionnelle qui relie les polynomes Q de 
divers degrés, il suffit de développer z.Q, en séries de polynomes Qn > 
d'aprés ce que nous avons vu, ce développement ne contient que les trois 
termes suivants : 


(24) Ом — Am- Qm- tAn Qn Amt Qm. 


Les autres termes étant nuls conformément à l'équation (4^) ; et l'on a: 


1 b 
Am-1 == S ки > 2.0. Qnu-ih, 
А МЕ - з 
1 b 
Avi = S a ‚> ж. Qm Qni. 
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La détermination des coefficients 4,,-1; et Ans, ne présente pas de 
difficultés, en répétant sur (24) la sommation par parties, on est conduit à 
la grandeur Z(rJ-mh—a)4(rJ-mh-—b), que l’on peut évaluer à l'aide 
d'une formule analogue à celle donnée par Cauchy pour le dévelop pement 
де (2 + y), en factorielles de « et y. On trouve enfin: 


y m+1 ү т (ф—а)+#?—жт?Л? 
m-—1 E ELS и - паге 


т+1 отт B 2m--1 4 


La détermination du troisieme coefficient, par la méme méthode, con- 
duirait à des diffieultés. Elle nécessiterait l'évaluation de 


> (r-d-Àm-4-h—2a),(rJd-hm-4-h—0), 


ce qui est difficile, par contre on arrive directement au résultat en re- 
marquant que l'équation (24) doit avoir lieu pour toutes les valeurs de z 
donc aussi pour z — 5, mais de (9) il résulte que 


(6) = 4)" (b—a--mA),. 


En remplaçant dans (24) 4,1, 45.1, ©һ(ф), Qu 1(0), et Qm+1(0) par:les 
valeurs correspondantes, on peut déterminer la seule inconnue Án, 


Am = з(а+ф—"7). 
Finalement on a 


(25) 
4(m+1)Qn4i— 2(2m+1) (22 —a —b +h) Qutm[(b—a?—mh?]Qn_1 = 0. 


En posant a = — 1 et b = 1 nous obtenons l'équation de Tchebichef 
mentionnée au no. 1; si en outre nous posons Л = 0, l'équation (25) coin- 
cide avec l'équation bien connue vérifiée par les polynomes de Legendre, 


(m-4-1) Ping im (9m-F-1) с. P,, 4-71. Py) = 0. 


14. La méthode des fonctions génératrices de Laplace appliquée à (25) 
eonduit à une équation différentielle dont la solution est la fonction 
génératrice des polynomes Qm. 

En désignant par С [4 (m)] la fonction génératrice de (n), on a: 


с [уот] = 2 y. (n) t". 


Posons G(Q4) = ф et i Ва A 
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nous aurons: E TM 
[090] = + (P Glan] = + 00), 


GLmM+DQnnl = 94^ ^ Gm Qu] = te, u 
G[m?*Q,] = P9"-Ftoó', | G[m*Q,] = 6ф" -3P9"-Ft. 
En écrivant dans (25) m-+-1 au lieu de m et т, au lieu de x — (а 4-5 — Л), 
on obtient à l'aide des quantités précédentes la fonction génératrice du 
premier membre de l'équation (25); en égalant cette fonction génératrice 


à zéro, nous obtenons une équation différentielle linéaire du troisieme 
ordre dont la solution est la fonction génératrice cherchée : 


(26) ФИЛА 6ф 03 + Ф [(Th? —0* --2ab —a?) ?--8z, t—4] 
+ 6[(h?—b?+ а —– а?) +421] = 9—2; Qo 


Remarquons que dans le cas particulier des polynomes Q,, cette équa- 
tion se simplifie, car Qa = 1 et Q, = х, 00, donc le second membre de 
l'équation (26) est nul. 

Si nous posons dans (26) Л = 0, а = — 1, b = 1, l'équation se trans- 
forme en une équation différentielle admettant comme solution la fonc- 
tion génératrice des polynomes de Legendre, 


ф'(Р— 27, #+1) 3-9 (t—2)) = 0. 
On еп tire: ф = (8— 2r, t+ 1). 


Dans notre cas, il est possible de donner une forme plus simple à 
l'équation (26) en posant 


patty 
et n (43 — (b —a)?] B--82,t—4] = R. 
Il vient 
(27) V" VIR yp & = о. 


La résolution de cette équation donnerait la fonction génératrice des 
polynomes Qn. 


Notes. 


Ce mémoire ayant été communiqué à Mr. L. Fejér, il a démontré les 
propositions suivantes : | | 
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1. Étant donnés n points dont les abscisses sont par ordre de grandeur 
Zo, Фу, Loy ..., T4-1, parmi tous les polynomes g&(z) de degré m, dans les- 
quels le coefficient du terme en 2" est l'unité, le polynome Gu(x) qui rend 
minimum l'expression 


(28) = [да mij (т « n) 


est proportionnel au polynome Wy de Tchebichef, mentionné au no. 1. 
Si les différences x;—2;_, sont constantes, G,(r) est proportionnel à 
notre polynome Q,(z). 
Cette proposition présente une analogie avec la suivante: Parmi les 
polynomes considérés précédemment, celui qui rend minimum l'intégrale 


|| [ga (x) P dz 
ES 


est proportionnel aux polynome P,, de Legendre.* 


2. Les racines de l'équation С„ (х) = 0 et par suite aussi des équations 
Ма = 0 et Qu = 0 sont toutes réelles et comprises dans l'intervalle 
(20, 23-1). : 


4 


8. L'équation G,,(z) = 0 n'a pas de racines multiples et dans tout in- 
tervalle (24, 2,1) il y a au plus une racine de cette équation. 
Pour prouver ces propositions, nous allons poser avec Mr. Fejér : 


Jml) = Cote Hear? H- 433 +... 0, ir" Har". 


Proposition I.—En vue de rendre minimum l'expression (28) égalons 
à zéro les dérivées de cette dernière par rapport aux coefficients c,, 


(29) > 2:д (2) = 0 Ogv<m).” 
+=0 


Ces conditions sont identiques à nos conditions (4) qui déterminent les 
polynomes Ym et Qm, on peut donc définir ces dernières comme rendant 
minimum l'expression (28). | ДР i 


Proposition II.—Cette proposition est la conséquence immédiate d'un 
théorème plus général dû à Mr. Fejér. 


* Voir Runge, Praxis der Reihen, p. 112. 


ai 
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Étant donnés n points 2, 2;, ..., 2n-1 dans le plan de la variable com- 
plexe z, soit Ga(z) le polynome de degré m (т < n), dans lequel le coeffi- 
cient de 2" est égal à l'unité, et qui rende minimum l'expression suivante : 


(30) X 1g«(z21*. 
4=0 


Théorème: Si a, b, c, ..., sont les racines de G,,(z) = 0, aucune de ces 
racines ne peut représenter un point extérieur au plus petit polygone 
convex contenant les points 2, 2), ..., 24.1. 

Démonstration: Supposons que l'une de ces racines, p. ех. 2 = а 
corresponde à un point extérieur au polygone mentionné.  S'ilest possible 
de déplacer le point а en a, de manière que toutes les distances |2;—а | 
diminuent, (2 = 0, 1, ..., 1 — 1), c.-à-d. que 


| zi—a, | < | #—а | 
pour toutes les valeurs de 2, nous obtiendrons un polynome 
H,, (2) = (¢—a,)(e—b)(z—c) ... 
tel que  . | Hal) | < | С(гӘ| 


pour toutes les valeurs de i pour lesquelles G(z) 0; aux autres valeurs 
Ha(ci) = G(z), par conséquent on aurait 


У | Hn) |? < Z|G.G2l* 


се qui serait contraire à la supposition que G,,(z) rend minimum Гех- 
pression (80). 

Il reste encore à montrer que, le point a étant un point extérieur au 
polygone mentionné ci-dessus, il est effectivement possible de déplacer ce 
point de manière à diminuer toutes les distances |z;:—a |. En effet, si le 
point а est un point extérieur, il est toujours possible de mener une droite 
D de manière que le polygone soit situé d'un coté de la droite, et le point 
a de l'autre. Menons par le point a une perpendiculaire à D, si le point 
a se déplace sur cette perpendiculaire vers la droite D, on peut voir aisé- 
ment que toutes les distances | 4—а | diminuent ; on en conclut qu'aucune 
des racines de G,,(z) = 0 ne peut être située en dehors du polygone con- 
sidéré ; la démonstration du théorème est donc complete. 

Dans le cas particulier où les n points donnés sont tous situés sur 
l'axe réel, le polygone est réduit au segment de droite (zy, z, 1), par suite 
d'apres le théorème que l'on vient de démontrer, les racines de G, (x) sont 
toutes situées entre ces deux points, done elles sont toutes réelles. 


— — le — ——— 0 _ 
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Proposition III.—Nous allons démontrer qu'entre deux points con- 
sécutifs quelconques z; et z;,; le polynome Y = G,(z) ne peut changer de 
signe plus d'une fois. 

D'abord dans la suite Ү,, Y,, ..., Y,., correspondant à 2p, Zis ..., 23-1 
la quantité Y; change de signe m fois. 

En effet G, (=) étant de degré m, il est évident que la série ci-dessus ne 
peut présenter plus de m changements de signe. Supposons, qu'il y ait 
moins, p. ex. u (и « m), dans ce cas il serait possible de mener une courbe 
de degré и soit у = ў, (х) telle que pour toutes les valeurs de z les grandeurs 
yi = f,(xi) et Y; aient le méme signe, lorsque y; et У; sont différentes de 
zéro. 

Supprimons les points x; correspondant aux valeurs nulles de У;; 
supposons qu'en suite les changements de signes de Y; ont lieu entre les 
points 2; et z,, entre x, et z, etc., alors la courbe suivante de degré y, 


(31) y = f,(zx) = (—1Y* Ү, (г т, фир) (2-0 32)... 


change de signe au milieu des mémes intervalles que Y, et l'on voit facile- 
ment que le signe de f,(z;) et Y; est le même pour toutes les valeurs de à 
pour lesquelles y; et Y; sont différentes de zéro. Or il y a de telles valeurs, 
car d’après notre supposition Y, est différente de zéro et à cause de (81) 
ук l'est aussi. On en conclut que | 


X f. (x?) Gars) > 0, 
i=0 


ce qui contredit notre condition (29). Le polynome G,,(x) ne rendrait pas 
l'expression (30) minimum, donc en supposant qu'il y a moins de m change- 
ments de signe dans la suite Y,, У,,..., Y, оп arrive à une contradiction. 

Ainsi nous avons démontré que le polynome Gm(x) change de signe m 
fois entre x, et r, i, comme il est de degré m toutes ces racines sont 
simples. La première partie du théorème est done démontrée. Pour 
montrer qu'entre deux racines consécutives de G;(x) = 0 se trouve placé 
au moins un des points z;, il suffit de remarquer que dans le cas contraire 
la suite Уб, Y,, ..., У„—1 présenterait nécessairement moins de m change- 
ments de signe, ainsi dans l'intervalle z: S z < ба il y a au plus une 
racine de G,,(x) = 0. 

En résumé : étant donnés n points, dont les abscisses sont par ordre de 
grandeur: Хр Lis ..., 24 1, parmi tous les polynomes m(x) de degré m, 
dans lesquels le coefficient de z” est l'unité, soit G4(x) le polynome qui 


SER. 9. VOL. 20. мо. 1397. Y 


822 


rend minimum l'expression : 


NL 


i 


[9m (x) P 


CHARLES JORDAN 


(m << n). 


[Nov. 11, 


Le polynome G,,(z) est proportionnel au polynome Ym de Tchebichef, 
de plus toutes les racines de ce polynome sont réelles et comprises entre 
т, et z, 1; en outre, cette équation n’a pas de racine multiple et parmi 
les п —1 intervalles il y a m intervalles (zi, 2,41) renfermant une racine 


de G,, (xz) = 0. 


Dans le cas particulier où m = n—1, chacun des intervalles men- 


tionnés contient une racine. 


I. TABLE DES VALEURS DE 0) (1, è). 


2. 

8 : 

4 | 

5 

6 

7 

8 0-5 | 1:5 | 25 | 85 

9 0 1 2 8 | 3 | 

10 –05 | 05, 15 | 25! 35' 45 

11 —1 0 1 2 | 8 4 5 

—2°5 —r5 |-0°5 | 05 | 1:5 | 25 35 495 |55 

13 -2 |-1 0 1 2 3 4 5 

14 —9-5 |-1'5 |-05 | 05 15 25 35 | 4-5 
-3 deg |—1 0 1 2 3 4 

16 -8:5|—9:5|-15 '—05 05 15.25 |35 
E -8 |-2 |-1 | 0 1 2 3 
—4:5 |-9:5 |-9:5 '—1°5 —0'5 05 15 2:5 
-5 |-4 |-8 |-2= -l1 | 0 ;1 2 
—5°5 |-45 -85-95 |-1°5 ,-05 | 05 | 15 

Remarques : Ф (п, n—1—14£) =—gi(n, Ф). 


La table а été calculée à l'aide de la formule: 


qı = E-k(n- 1). 


~ = — 
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3| 05 |.-1 
1:5 —1'5 


I-1:5 


-15 


laa 


0 
| 10:5 1:5 
| 14 3:5 

18 6 

22:5 9 
27:5 
88 | 16°5 

39 | 21 

45°5 . 26 
| 62-5 | 81:5 
| 37:5 

44 

51 
58:5 


T: 5 


Remarque : 


—4 
–4'5 


12:5 | 0:5 |-85 |—14:5 


| 
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II. TABLE DES VALEURS DE 0,(п, £). 


0:5 | 
1:5 

-8 |-15| 8 

a4 jsi 

-$. |- 25 | 0 
-T6 |- 76 |- 45 
-85 |-10 |- 85 
-9 |-12 |-12 
—9 |—18-5 |—15 
—17-5 
—19:5 
-21 
– 22 
– 295 
— 99-5 
– 92 
~21 
-19:5 


10:5 
3:5 


1:5 
E 
-9 -8 
-19:5 |- 9 
|—17:5 |-14:5 
—21 |—19°5 
—24  |—24 
—265 |- 28 
— 28:55 |—81:5 
—80  |—84:5 
-81 |-87 
—31°5 |—39 
—81:5 |—40:5 


—4°5 
—4 
-3 
—1°5 
— 8:5 
—15 
—21 
— 26:5 
— 31:5 
— 36 
—40 
—43°5 
—46°5 


—15 
—15 
—14:5 
—13°5 
—12 
— 10 
— 7:5 
— 4°5 


ie 
6 —6 
9°5 P 
135 —15 
18 1'5 
23 5 

28:5 9 

34:5 | 18:5 


q« (n, n—1—) = 43 (n, é). 


La table a été calculée à l'aide de la formule: 


= 3(2—n)2 + 3 (2—n)E+ 3 (ez. 


III. TABLE DES VALEURS DE 093 (7, £). 


= 15° 


9 


0°5 | 
_ T5! 


—15 
|_99 


|-98:5 | 


|—34°5 
1—40 
— 45 


-49:5 | 
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| 2 | 5 | 6 7 8 9 10 
fs es UE Жыр ЖА a ee | 
| | a n 

4 — 075 2-25 - 2°25 | 0:75 

5 – 8 6 |-0 |- 6 3 | 

6 — 75 10°5 6 — 6 —10°5 7:5 

7 — 15 15 | 15 O 1-15 . 1-15 15 

8 — 2625 | 1875 | 26-25 | 11:25 |—11-25 |—26:25 |—18:75 | 26°25 | 

d |= 4 21 39 27 0 |-27 |-389  |-21 42 | 

10 — 63 | 21 52:5 46:5 18 -18  |—-465 |—5295 |— 21 63 | 

п — 90 18 66 69 42 0  |-49 |-69 |— 66 |- 18 | 90 
12 –123:75 | 11:25 | 7875 | 98°75 | 71°75 | 26:25 |—26-25 |—71-25 |- 93:75 |- 78-75 |- 11:25 
13 —165 0 90 120 105 60 | 0 — 60 —105 —120 Ж 90 
14 -2145 |— 16:5 99 147 142°5 | 100:5 36 — 86 —100°5 /|—142:5 —147 
15 ~273 — 39 105 174 183 147 81 0 — 81 —147 ,— 183 
16 —341:95 s 68:25 | 107:25 | 200:25 | 225°75 | 198:75 | 134-95 | 47:95 |- ^ 25 |—194:25 |—198:75 
17 —120 |—105 105 225 270 255 195 105 | 0 -105 —195 
18-510 |-150 97:5 |9475 |315 | 315 | 2605 |1725 е 60 —172°5 
19 —619 —204 84 | 267 360 | 378 | 336 249 | i 0 —132 
20 ~726'75 |— 26775 63°75 | 282°75 oras :95 | 443-25 | 414'75 | 333-75 | 215:95 | 74°25 — 74:25 

| | 
Remarque : qs (n, n —1—4) = —q (n, 8). 
La table a été calculée par la formule : 
ду = $ (3—n)s +3 (8— л), g + 48 (8—"п)(Е) +2 (8). 
ү 2 
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IV. TABLE DES VALEURS DE q,(n, 2). 


5814 |—306 |—3366 |—4206 pP 


| 


q(n»,£ = g (n, #—1—:). 


La table a été calculée à l'aide de la formule: 
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5| 15|- 6 9 |- 6 15 
6| 75|- 225 16 15 — 225| 75 

7| 225|- 525| — T5| 45 Т5|— 525| 225 

8| 525|- 97°5/— 98:5]  6T5' 6T5|— 295 — 97-5] 52:5 

9|105 |-1515|- 825] 675 185 | 675|- 825|— 15751 105 

10 | 189 |—231 |— 178:5| 31:5 189 | 189 | 315|- 1785 — 931 | 189 

11|318 |-315 |- 315 |- 525 210 | 815 | 210 |- 525 | 315 |— 315 | 815 
19 | 495 |—405 |— 495 |— 195 180 420 | 420 | 180 |— 195 — 495 |— 405 
13 | 742°5|—495 |— 720 |— 405 89-5. 480 | 680 | 480 82:5|- 405 |— 720 
14 |072-5|—577-5|— 990 |— 690 — 97:5 4725| 810 | 810 | 4725 — 97:5|— 690 
15 [1501-5|—643:5/—1303:5|—1056 .—378:5! 376-5] 931:5| 1184 | 9375 376:5 — 3735 
16 [2047-5 | — 682:5 | — 1057-5 |— 1507*5|— 151-5 | 172:5 | 967:5| 1417-56) 14175| 967:5' 1725 
17 [2780 |—682'5 |— 20475 |— 20475.— 1260 | 157:5 | 892:5| 1627°5| 1890 | 16275 8925 
18 8570 |—630 |- 24675 | 2677:5 |—1890 |-630 | 6825| 1732:5| 2810 | 2810 | 17325 
19 4590 |- 510 |—2910 |—3397-5:—2655 |-1900 | 315 | 1702:5| 2640 | 2970 2640 

– 2061 |-331 | 1509 | 2844 | 8564 8504 


a(t) = 15 ((&—7), + 20 (4— п), Е + 90 (4— n): (2); + 140 (4—п) (8); + 70 (2), ). 
V. TABLE DES VALEURS DE q,(n, è). 
n, & 0 1 | 2 3 | 4 Б 6 7 8 9 10 
| | ipe И Е | 

6 8-75 | 1875.— 87:5 | 37:5 — 18-75 3:75. 

7 99-5 90 12: 5 0 1125 |- 90 | 225 

8 78:5 . 9258751—19125 —168 75, 168-75 191-95 — ` 958775. 78:75 

9 |— 210 5775 |-910 |—472°5 0 479:5 210 |— 577:5 | 210 

10 '— 4725 11095 |— 78°75!-866:25 — 4725 472:5 866-95 78:75 |— 1102:5 | 4725 

11 = 945 1890 315 —1260 |— 1260 0 1260 1960 |- 315 |—1890 945 
19 —1732-5 29925 | 1109:5 [- —1522°5 —9310  |— 1050 ы 2310 1592:5 ;—1102°5 |—2992% 
13 —9970 4455 | 9430 |—1485 |-s510 — 2700 2700 | 3510 | 1485 – |-- 2430 
I4 —4826:25 631125 4455 |— 945 :—4691:25|— 4893-25 | е | 2025 1893-25, 4691-25] 95 
15 |—7507°5 8580 | 7349-5 | 330 '—5632:5 |— 7500 — 506255 0 5062:5 | 7500 | 56325 
16 -11261-25 1126125 11261-25 | 2598-75 — 6063-75 | — 10316:251— 9050: 95|— 8543- 75 | 8548-75| 9056-25 1031625 
17 |- 16380 143395 116380 | 6142:5 |—5670  |—13072:5 |— 13860 |- 86625 | 0 8662°5 |13860 
18 |—93905 17745 (29808-75 11961-95,—4095  |—15135  |—19241:25 —15303-75 |- 5775 5775 [15303 
19 1—32130 21420 30870 |18270 |— 945 |—17010 .—24885 |—23310 |—13860 0  |13860 
90 |—43005 259245 40585 27495 4207°5 |—17947:5 |—30397:5 pu j-24210 |-8910 | 8910 

Remarques : On а q; (n, Е) = —q; (n, n—1—£). 


Les valeurs ci-dessus ont été calculées à l'aide de la formule 


qs (n, Е) = » (5 


=n); + +8 


(6—n),E н 257 (5— т (0 + 32 (65). (@ + VE (5 — M+ S9 (Oe 
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VI. TABLE DES VALEURS DE 5 [qm (л, &)]°. 
£50 


‚т 1 2 3 | 4 5 

ar c a a 2. 

2 0:5 | 

3 2 1:5 | 

4 5 9 11:25 | 

5| 10 31:5 90 1575 | 

6 | 175 84 405 1575 3543-75 
7| 28 189 | 1350 8669-5 | 42595 

8| 42 378 37125 | 34650 276412°5 
9| 60 693 | 8910 | 11261255 | 1289925 
10| 825| 1188 | 19305 | 315315 4837218:75 
11 | 110 1930-5 | 38610 788287-5 | 15479100 
12 | 143 3003 72393715 1801800 | 43857450 
13 | 182 4504-5 | 128700 3828825 119736300 
14 | 921:5 | 6552 218790 7651650 267843637:5 
15 | 280 9282 358020 14549535 595208250 
16 | 340 | 12852 566865 20153700 | 1249937325 
17 | 408 | 17442 872100 46293975 | 2499874650 
18 | 484:5 | 93256 | 1308150 78343650 | 4791426412°5 


19 | 570 | 30523-5 | 1918620 198707495 | 8845710300 


20 | 665 39501 2758016:25 | 205931880 pore 1250 


Remarque : La table a été calculée à l'aide de la formule suivante : 


"п | (n° — s?). 


> À | nu}? = On pe 
Que mei П, 
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AN EXTENSION OF TWO THEOREMS ON JACOBIANS 


By С. W. Синам. 


(Received January 25th, 1921.—Read March 10th, 1921.] 


1. Two well known theorems on the reduction of Jacobians are here 
extended to forms involving any number of variables. 
The theorems are :— 


I. The Jacobian of a Jacobian is reducible. 


II. The product of two Jacobians can be expressed as the sum of three- 
term products. 


The extensions depend on the reduction of a certain covariant of 
weight 2. 


2. Reduction of (а;азаз... Aq) (а1 6263 ... by). 


Let Ks = a = (а 12, Таља tars 24 +... ај) 
[rm 1, 2; ЕА 
and de = 05 == Dazu Брета d bysty +... Б)" 


[и 1, деси) 
be 2g quantics in the q variables гүл... 24. 
The fundamental identity for g-ary quantics is 


| = 
Gu ay) азі ... Qa ба — 0, 
| 
| ад A Ag ... dy бог 
| Aig Qa Оза ... аз dag 


а ly 227, аз, eve Qu bs, | 
i 


ау Аг аз, ·.. ам boy | 
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Le, (ауаз... ал) boy = (bg Gq аз ... ау) длу+ (а, баз... Aq) day 

+ (a, Ay 03a, ... Aq) Asy +... (ааз... а, 15904. 
Let 5, = (а) 6,6; ... 69. Then 
алу = 0, азу = (ај даба ... 0), азу = (а Agbg ... ba), ..., ау = (ај а, bg... бу). 


Hence we get the following identity between covariants (as usual, only 
writing the bracket factors) 


(040503 ... Aq) (A, 030, ... by) 
= (0,043... а) (a, ааба ... Dg) +(ајаабгад ... Aq) (Ag bg ... bg) +... 
+ (ај 42 ... 4,–1 6) (а) Aq bg ... Ьу). (I) 

But (а, bag... a4) (ај Ag dg ... bj) = (420aQ 8 ... Aq)(A, Aq bg ... ba) 

= (dg bq dg... Ay) (a4 bg bg ... 5) = — (ај аза ... а,) (a4 0203 ... бу) 
reducible terms being omitted. Similarly, 

(ал a454a, ... a4) (ај а ба ... 5) = — (аааз... Aq) (A, bg bg ... bq), ete. 
Hence, substituting in (I), we have 

(аааз... а) (ai 665 ... bj) = 0, 


i.e. it is reducible. 


9. Let pool 29. 
Dida Pa 90123. 2) 
Then 


1 9 Е eee € 
FE сае = (р, — 1) (9143... Ay) (41 bg bg ... bq) 


+ (Pa — 1) (ај a, ... ay) (446; bs eee 2+... 


= (a, a4 ... a4). 


+ (р, — 1) (0, 45... Aq) (Aq 6205 ... 6), (П) 
where A = psps ... Py 


But each term of (II) is reducible by § 2. Hence the Jacobtan of a 
Jacobian is reducible. 


_ __1 (fifa... Јо — 
4. Let Е, от (0404 ... Ag) 


| 1 О(фуф, ... py) 
а === — | 5 rr? — ... • 
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Then ЊЕ, = (diag... ay) (b, ба ... 04) | 
= (Aq... а) (а16; ... b,) — (аа... ay) (A, b: b, 550) 
+ (аа... A) (a4 by by b, ... 0) — ... | 
| +(—1)1-! (ауа« ... Q4) (ay 0,0, ... b,-1). 
By § 2, each of the terms of this expression can be expressed as the sum 
of terms, each of which only contains (2g — 2) of the symbols in its bracket 
factors; 7.е. as the sum-of terms each of which is the product of three co- 


variants. Hence the product of two Jacobians can be expressed as the 


sum of three-term products. 
It is assumed in the above work that each quantic is of order 2 at 


least. 


5. In general, the evaluation of the reduced forms leads to somewhat 
complicated expressions. In particular cases, however, the results may 
be more compact, as, e.g. for the square of a Jacobian. Thus, if 


ы A . NR — м = — a'n 
fpHa,=a,, јал=0;=6-/, ј= 0 = с, 


are three ternary quantics, I find, with the customary notation, the follow- 
ing result in terms of the fundamental covariants :— 


If J= EN o ( fo fa) = (abc), 


— inn d (a, 2224) 
J? = (ahbc)*?+(baca+cgag+a,b,) — 3 (аза, +b) + 0; 4- 01 +) 
++ {(8yx) + (уах) + (aBx)*}. 
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THE GROUP OF THE LINEAR CONTINUUM 
By NonnERT WIENER. 


(Received September 28th, 1920, —Read November 11th, 1920.] 


1. The linear continuum has already received a complete characteriza- 
tion in terms of order* and of limit.! Now, the author has shown that 
over a wide range of cases the notion of limit may be defined in terms of 
that of bicontinuous biunivoeal transformation.t It is the purpose of this 
paper to develop a categorical theory of the structure of the line in terms 
of bicontinuous, biunivocal transformations, or, in other words, to give a 
complete postulational characterization of the analysis situs group of the 
line. 

The set of postulates will be so framed that only one will have any 
direct effect on the dimensionality. All the other postulates together 
determine an analysis situs property of space which is sbared by a large 
number of systems of a finite or infinite dimension number. A number 
of necessary conditions and a sufficient condition for a system to possess 
this property will be formulated. 


INDEFINABLES. 


2. Our indefinables are two in number—a set A of elements and a set 
У of one-one transformations of the whole of K into itself. 


DEFINITIONS. 


8. A sub-set E of K is said to have a limit-element A if A is invariant 
under every transformation belonging to 2 that leaves invariant every 
member of E except possibly 4. 


* Cf. E. V. Huntington, '* A Set of Postulates for Real Algebra," Trans. din. Math. Soc. 
(1905); O. Veblen, ‘‘ Definition in Terms of Order alone in the Linear Continuum,” ibid. 

+ В. L. Moore, “The Linear Continuum in Terms of Point and Limit," Annals of 
Mathematics (1914-15). 

+ N. Wiener, ‘‘ Limit in Terms of Continuous Transformation," Bull. Soc. Math. de 
France (1921-22). 
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A set E is closed if it contains all its limit-elements. 

A set E is connected if, whenever it is divided into the two non-null 
sets, F and G, either F has a limit-element in G or G has a limit-element 
in F. | 

E is the set of all elements in K but not in E. 

An interior element of E is one that is not a limit-element of E. 

An element A is exterior to E if it is interior to E. 

An element A is a boundary-element* of E if it is at once a limit- 
element of E and of Е. 

A segment is a closed, connected set with at least two boundary ele- 
ments. 

A componenti of a set Е is a greatest connected sub-set of E. 

The transformation Б is the inverse of R. R|S is the transformation 
which consists in performing first S and then R. 


PosTULATES. 


4. I. K contains at least three distinct elements. 


II. If E is a biunivocal transformation of the whole of K into itself 
that turns all closed sets into all closed sets and only into closed sets, then 
R belongs to È. 


III. If R aud S belong to È, so does R|S. 
IV. If E belongs to 2, so does R. 


V. If there is a transformation from 2 changing A aud leaving 
every member of E invariant, while there is a transformation from X 
changing A and leaving every member of F invariant, then there is a 
transformation from È changing A and leaving every member of E+F 
invariant. 


VI. If A, B, C, and D belong to A, and A Æ C, BÆ D, then there 
is a transformation from Z changing A to B and C to D. 


VII. If E is any sub-set of A and А is an element of A not a limit- 
element of E, then there is a segment of which A is an interior element 
and which contains no element of F. 


VIII. There is an at most denumerable sub-set A’ of K such that no 
member of = except possibly the identity transformation leaves every 
member of K’ invariant. 


* Cf. F. Hausdorff, Grundzüge der Mengenlehre, p. 214. The notions of boundary ele- 
ment and Randpunkt are not identical. 
і Ibid., p. 245. 
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IX. If E and F are two connected sets, and two boundary elements 
of E are boundary elements of F, then every other element of E is an 
element of F. 


DEFINITIONS or SYSTEMS. 


5. A system satisfying postulates I-IX inclusive will be called a system 
(Li. A system satisfying postulates I-VII inclusive will be called a 
system (Sp). 

A system (Ту) will be defined as in the author's previous paper in the 
Bull. Soc. Math. de France, as a system satisfying Postulates II-IV. A 
system (R) will be defined as by Fréchet,* as a system satisfying the 
conditions of F. Riesz. 


1. Every limit-element of a set E is a limit-element of every set con- 
taining E. 

2. Every limit-element of the sum of two sets E and F is a limit- 
element of at least one of the two sets. 


8. A set containing a single element has no limit-element. 


4. If A is a limit-element of a set E and B is distinct from A, there is 
always at least one set which has 4 for a limit-element without having B 
for a limit-element. 


It has been proved by the authort that in the case of a (Tj), the necessary 
and sufficient condition that the system should also be an (R) is that it 
should satisfy the tollowing three conditions :— 


2'. This 1s verbally identieal with V. 


8’. Given any two elements, A and B, there is a transformation from 
У changing A but leaving B invariant. 


4'. If there is a set Е not containing the element 4, but such that 
every transformation from È that leaves all the elements of E invariant 
leaves A also invariant, then, given any element B distinct from A, there 
is а set F not containing A such that there is no transformation from È 
changing A but leaving each member of F invariant, while there is a 
transformation from 2 changing B but leaving F invariant. 


ms ы —— —————————————— ——— = 


* "Sur la notion de voisinage dans les ensembles abstraits,” Bulletin des Sciences Mathé- 
matiques, May 1918. 
t Loc. cit. 
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A system (H) is one in which neighbourhoods are so defined as to 


satisfy Hausdorff's “ Umgebungsaxiome ” :* 


(A) Given any point x, there is at least one neighbourhood U,, of 
which z is a member. 


(B) If U, and V, are two neighbourhoods of z, then there is a neigh- 
bourhood W, contained in both. 


(С) If y belongs to U;, there is a neighbourhood of y, U, contained 
in U,. 


(D) If z and y are two points, then neighbourboods U, and Y, can be 
80 chosen as not to overlap. 


In a system (H) a set E is said to have a limit-point A if every neigh- 
bourhood U, of A contains an infinity of points of E.t 

A vector-system, or system (Ve), is defined as in my previous paper! as 
a system К of elements (represented by capitals), associated with entities 
called vectors (represented by Greek letters), real numbers (represented by 
lower case letters), and the operations ©, Ө, and || || by the following 
laws :— 


(1) If € and у are vectors, £ Ф л is a vector. 

(2) If £ is a vector and л > 0, n © £ is a vector. 

(8) If £ is а vector, || £ || is a non-negative real number. 
(4) nO (£ Фу = (nO £) Ө (n O о). 

(5) m © (n © £) = mn O ё. 

(6) (m © £) Ө (n 02) = (m+n) О 2. 

(7) тог = mil Ell. 

(8) | £& лї <I I+II» I. 


(9) If A and B belong to К, there is associated with them a 
unique vector AB. 


(10) | AB || = || BA |. 


(11) Given an element A of K and a vector £, there is an element 
B of K such that AB = £. 


* Loc. cit., p. 218. 
T Ibid., p. 219, definition of g-Punkt. 
t Loc. cit. 
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(19) AC=ABO ВС. 
(13) "АВ | = 0 when and only when А = В. 
(14) If AB = CD, DC = ВА. 


A system (Vr), or a restricted vector system is a vector system of at 
least two elements in which the sum of two vectors is independent of their 
order, and in which, if A, B, and C are any three distinct elements such 
that | AB | = | AC |, then there is a finite set B,, B,, ..., В, of ele- 
ments such that 


(1) B, = B, B, = C. 
(2) For all k, | AB, | = | AD |. 
(8) For all k, || ВВ; 1 | < 1 AB |. 


We shall say that a set E has 4 for a limit-element if, for all the B’s 
that belong to E, the lower bound of || AB || is zero. 


RELATIONS OF SYSTEMS. 


6. We shall say that a system of one of our classes belongs to another 
of our classes if a translation into the language of the second class is 
always possible in such a manner as to keep limit properties invariant. 
We have already seen that every (Sp) or (Li) is a (Tj), and every (Li) is 
clearly an (Sp); we shall prove the further relations : 


(1) Every (Sp) is an (R). 
(2) Every (Sp) is an (H). 
(8) Every (Vr) 18 an (Sp). 


Proof of (1). 

All that we need to prove is contained in propositions 8' and 4’ of § 5. 
If there are at least three elements, 3’ is a consequence of VI. Now, there 
are at least three elements, by I. 

As to 4’ it is enough to show that, given any two elements A and B, 
there is a set E having A but not В as a limit-element. It follows from 
VII, I, and 8’, that there is at least one set F, which has limit-elements 
without having the whole of A for the class of its limit-elements. 

Let A, be a limit-element of this set, and B, an element not a limit- 
element of the set. By VI, there is a transformation from 2 changing A, 
to À and B, to B. Let this transformation change F, to F. Then, as a 
result of III and IV, F will have A for a limit-element, but not B. 


884 Моввевт WIENER [Nov. 11, 


Proof of (2). 

Let a neighbourhood U, consist of all the interior elements of some 
set E of which А is an interior element. By I, 3’, and VII at least one 
element has a neighbourhood, and by the use of VI, III, and IV, as above. 
every element will have at least one neighbourhood. Indeed, it may be 
shown by I, 3’, and VII that there is at least one set with both interior 
and exterior elements, го that this same argument may be used to show 
that any two elements will have two mutually exclusive neighbourhoods, 
thus proving that Hausdorff's conditions (A) and (D) are satisfied. (C) is 
an obvious result of the definition of neighbourhood, for a neighbourhood 
is a neighbourhood of any of its elements. As to (B), the interior ele- 
ments of a set E that are also interior to a set F are interior to the 
common part of E and F; this follows from condition 2 that our set be a 
set (R). 

It remains to show that limit in a system (H) corresponds to limit in 
a system (Sp). It is a result of our definition of neighbourhood that if E 
is a set having A as a limit-element, every neighbourhood of A contains 
some element of E other than A. It results from Riesz’s condition 2 that 
every neighbourhood of 4 contains a set of elements of E having A as a 
limit-element. From 2 and 8 together it follows that every such set is 
infinite. Hence every (Sp)-limit is an (H)-limit. The converse relation 
follows from VII. 


Proof of (8). 


Let È consist of all biunivocal, bicontinuous transformations in our 
system (Vr). That this will give the same notion of limit as that defined 
іп a system (Sp) I have proved in my previous paper.  Postulates I, П, 
III, IV, and V demand no discussion. VII will be obvious if we consider 
that a “© sphere" with its boundary-elements will answer to our definition 
of a segment, for it is closed, bas at least two boundary-elements, and is 
connected, for any point is connected with the centre by a radius. More- 
over, the centre is an interior point. VII will then follow from our defi- 
nition of limit. 

There remains only condition VI. It is clear that any element 4 of 
K can be changed to any other member B of K by a transformation from 
Z, for it will follow from II and the various properties of vectors that the 
transformation which turns C into the element D such that CD = AB 
belongs to 2. In a similar way, it may be shown that the transformation 
which consists in holding an element A fast and “ multiplying ” all the 
vectors AB by the same numerical factor also belongs to 2. We shall 
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establish our theorem, then, if we show that if АВ and AC are two vec- 
tors such that | AB | =` AC ||, there is а transformation belonging to 
У holding À fixed and changing B into C, for every transformation of a 
point-pair into another may be reduced, as in ordinary geometry, into a 
* translation,” an “© expansion," and a “ rotation." Our special hypothesis 
for a (Vr) enables us, moreover, without essentially limiting our problem, 
to suppose || BC | < | AB |. 
Let us consider the vector transformation which turns £ into 


f be. 
ED TAB] o BC; 
This transformation is clearly univocal; it is, moreover, biunivocal. To 
prove this, let us make use of the fact that it results from our assumptions 
that if 20у = 9, у is uniquely determined by 9 and £, and may be 
written 9 Ә £. Now suppose that 


ЕФ! EE o BC! 


= NEM oe 
a ae | 
jt resalis th On= 4E = "i ове 
results that с Вл = -IB © BC, 
EE TUNER py een 
or |4911 = 112. ilt vor 


Now, by our hypothesis, || BC |] ! АС, < 1. Hence either 
|i£9O51 20, or 1261] «ll£i—imi. 
If we write this latter proposition in the form 
£95 ü-Flinl се O»»nG:x», 
it will be seen to contradict (8) in the definition of a (Ve). Hence 
| £O ni = 0, | 
or what results from (18), £ = 7. à 


Let us consider the point-transformation which retains À invariant 
and changes every other element P into the element P’ such that 


|| AP |, | 
ивр)" 


AP = AP | 


It results from what has been said and the properties of vectors that this " 
is biunivocal ; let us consider how it affects the magnitude of vectors. [f B 
P is transformed into P' and Q into Q' by our transformation, we wish to ii 
determine a relation between PQ and P'Q'. 
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Now, as an immediate consequence of the commutative law and the 
definition of our transformation, 


AQ 'i— | AP: | 
Ps зө | PAL eM NE _. 20x 
P'o = Poa |A о BC. 
As a consequence, 
А ГА , | r BC | І 
РО tL PQU трт |. 40. – АРІ | 
<2' РОГ. 


On the other hand, it may readily be proved that 


^na. ТВС |. | 
РО! > |! РО 1 ' АО! — AP} | 
| | | ВО | 
> | PQ: IE : 


It follows from these inequalities that, to put it roughly, P'Q' is small 
when and only when PQ is small, and that a set of elements approaching 
indefinitely close to a given element is transformed into a set approach- | 
ing indefinitely close to the transform of the given element, and vice versa. 
In other words, our transformation leaves limit-properties invariant in 
both directions, and so belongs to 2. Moreover, our transformation 
leaves A invariant and changes B into the element D such that 
( AB 


Ар) = ALB OD: 


| = AB ® BC = AC, 


or, in other words, into C. We thus have completed our proof of the 
equivalence of point-pairs by the consideration of “ rotations." 


ExaAMPLES OF Sers (Vr). 
7. (1) The system consists of all #-partite numbers (2, 22, ..., a). 
If A = (cy, 2, ..., Za) and B = (у, Yo, ..., Yn), AB shall be the 2-partite 


number (21— Yı, Yo— Yar +. Ln — ул), and every n-partite number shall be 
a vector. If 
£x diss) and: ове its е: 


(£4 = Убиј фи +... Би), КОВ = (Ки, Ки ..., kw) 
and ED n = (uv Uata ..., Un FU). 


* (—n) © UV is to be understood as n © VU. 
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The independence of addition on order is immediately obvious. The other 
specifically (Vr) property results from the fact that any arc of a circle can 
be traversed with a finite number of chords each less in length than e, for 
any given e. 


(2) The system of elements and that of vectors alike consist in all 
œ -partite numbers (2, Za ..., Ту, ...) such that there is a finite X such 
that for all k, |a,|< X. If 


А = (Пру ty oy Cis wd) and В = (у ју Ja: Ye so), 
АВ = (1 — у, La Yas но Th Vio г). 
If Ê = (и, Ug, oo. Ups...) and y = (Vi, Vas TG 
| € || = least upper bound | 2; |, 
т © E = (mu, Ти ..., mug, ...), 
апа | СВу= (doy 1040, ..., из ty ...). 


The commutative law is obvious; the other condition for a (Vr) can be 
demonstrated if we show that given 2 and у such that |21 = ||| #0, 
there is a chain of vectors, & = 2, £5 ..., & == у, such that for all 7, 


Ili —i£i and Gn og l<i él. 


Such a chain may be constructed as follows; let ¢ be the vector 
(Zis 24, ..., 2, ---), Such that for all k, 2, is the larger of the two quanti- 
ties и; and v, if they differ, and their common value, if they agree. Then 


"Сћ=|2!. 
Права А i. "Ont _ 
{ы С i £l | 
Let r be any integer larger than both р and д. Then the sequence of 
vectors 


Let 


p, and 


(h 


OUR}, £01, 0690]. ... 


RS 
TTE 
Eca завој, tel LOWED), sn 


may readily be shown to satisfy the conditions for a chain {6}. 


(8) The system of all points and the system of all vectors consist alike 


SER. 2. voL. 20. ко. 1398. Z 
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in all oo-partite numbers (zi, Ta, ..., књ ...) such that the series 
2:+22+...+х:+... 
converges. AB, т © ё, and €@ у are defined as in (2). If 
£m (nda Has v); 
LÉ == AS (++... Њи1+...). 
To show that our system is a (Vr), let us introduce a few considera- 
tions from the trigonometry of infinitely many dimensions. If 


ё = (и), ну ..., Mg, ...) and y = (Up Vas -s Uks ...), 


let us define < 2) as 


nn Uu oT и, +... фи, in 
l € IE, | 


The first question to arise is under what circumstances < £y will exist. 
It may easily be shown that if Zw; and Ур, converge, L(u,+v,)? and 
X(u,—v,? will eonverge.* It results that E} (и, +) —(ил—0,) | will 
converge, or that Zu,v, will converge. Furthermore, it is obvious that 
to multiply £ or у by a positive constant will not affect the magnitude or 


COs 


existence of < £y. We may thus assume £, =,» , which gives us 
u,v 163 0, "n UnUn Tr 
deer ая и на faa ad 
w tit.. Fu, 


Now, consider the inequality ZX(u,—v,) > 0. We may write this 
Zu—2Eu,v,+Ev > 0. | 
Making use of the fact that Zu? = Zv°, this becomes 
ФУ па ба [L 2Xuj. 
It may be proved in precisely the same manner that 
—2Xu,v, << Aue. 


Hence < 2у is the anticosine of a number not greater in absolute value 
than 1, and consequently exists. 
As in ordinary geometry, 


LEG ni? = Eu Hi ni’, Ê . л соз < £s. 


* Cf. Hausdorff, loc. cit , p. 287. 


— -— РШЕ НЕЕ 
— —— 
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This may be proved by writing the formula out at length, when it will 
reduce to an identity. All the series involved will be absolutely conver- 
gent, so there is no difficulty about changing the order of terms. 

Let us suppose, as above, that ||£! = || n", and let us consider 
eos < $ !Е Фп]. This will be 


u (Uy v) usus + Da) +... Би, (и, + Dr) +... 


VHE... Five) М Таб Ho) + (3-09 +... Lun teat... 2 


By our previous remarks this is an essentially positive quantity. We 
shall moreover get the identity 


сова < 12 Ф л! 
= 2с08 < £ {ÉF 1] —1 
[Du] [2 (ил + v] 
25и Бир FAL UE Un Vn 2E Un Un ио БИ, DU, 
— 23 u? > Un Un — Уц? > vi, 
[2 už] [Z(u,4- Um) | 
[502] [2 (ил + v9] 


_ [2ttnvn] (Eu; + 22 u,v, + Z v2] 
2 Umm 
= ST = cos £3. 


m 


It results from this that < 2(2 Ф 7) is the half of < 2) in the first or 
fourth quadrant. 


Now, let £ and 5 be any two vectors of equal magnitude, provided only 
that neither is made up entirely of 0’s. Form the vector £, which shall 
be a positive multiple of Ê» with the same magnitude as 4. Ina 
similar manner, interpolate 2, between £ and £, and £, between £, and у, 
and let us know £ and у as 2, and £j, respectively. We have 


, сов < #83 = сов < n = У (3 (14-сов < £p] > 0. 
Hence 


сов < #12, = cos < £44, = cos < é, = cos «£6; 
=y [30 -4-eos < 25)! > Ma. 


75 


ЈЕВ = а n 
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It follows from the law of cosines that 
ll ёла | = OL E 1241 Sear 112—9 [а | | Да || cos < & $e) 
< | £l /(2—4/2) 
< 11. 


(4) The system of all elements and the system of all vectors both con- 
sist of all continuous functions of a real variable defined over a given 
closed interval. The vector fg is the function f(z)—g(z). If Ê= f(x) 
and у = g(z), 12! = max [f(z)|, ko Ê= kf(z), and £8 n = f(x) +g(x). 
The proof that this system is a (Vr) proceeds as in (2). 

It may be noted that systems (1), (3), and (4) satisfy VIII.* 


CowsisTENCY OF Postuuates I-IX. 


8. The following system satisfies Postulates I-IX : К consists of all 
the points on a line, and Z consists of all bicontinuous, biunivocal trans- 
formations of the whole line into itself. 


DepucTioNs FROM PosruLATES I-IX. 


9. Тнеовем I.—If A and B are any two distinct members of K, there 
is a unique closed set (A, B), completely characterized by the facts that it 
is connected and that А and B are boundary elements of it. 


Proof. 

` It follows from Postulates I, VI, and VII that there is at least one set 
with at least two boundary elements. By VI, these can be transformed 
by a transformation from È into A and B, and by III and IV, this trans- 
formation will leave every connected set connected. By IX, this set is 
uniquely determined except as to whether it contains A and B. Adjoin 
to it its limit-elements, and it will elearly remain connected, while it will 
contain À and B. 


TukonEx II.—4 and B are the only boundary-elements of (A, В). 


Proof. : 
Let D be any element not in (A, B). Consider the component! E of 


* Hausdorff, loc. cit., pp. 288, 289. 
1 Since we have proved that our system satisfies Hausdorff's axioms, we may take ad- 
vantage of his proof of the existence of components. 
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(4, B) to which D belongs. This must have a limit-element P in (4, B), 
for otherwise the segment (D, A), which exists, by Theorem I, would not 
be connected. P is then a boundary-element of (4, B) which is the limit 
of the connected set E in (4, B). 

Now, let C be any boundary-element of (A, B) other than A and B. 
If C were the limit of a connected set F in (A, B), then F would either 
have A for a limit-element, or B for a limit-element, or neither A nor B. 
In the first two cases it results from IX that F must coincide with (A, B), 
which is impossible. In the third case, it follows from V that 4 and B 
are boundary-elements of the connected set (A, B)+F, which hence must 
coincide with (A, B), by IX. This is again impossible. It follows that 
there is no such set as F. 

Let Q be any boundary-element of (A, B) other than С and P. By 
IX, we may write (A, B) as (Q, C) or as (Q, P). Now, by VI, there is a 
transformation from 2 leaving Q invariant and changing P into C. By 
III and IV, this changes (Q, P) into (Q, C), and changes every connected 
set in (Q, P) having P as a limit-element into a connected set in (Q, C) 
having C as a limit-element. As the existence of sets of the latter sort 
has been disproved, while the existence of sets of the former sort has been 
proved, it follows that either our assumption of the existence of C or our 
assumption of the existence of P is inadmissible. If either assumption is 


incorrect, (4, B) has only two boundary-elements, which must be A 
and B. 


Тнеовем III.—Zf (A, B) and (A, C) have an element in common other 
than A, either (A, B) contains (A, C) or vice versa. 


Proof. 

Let E consist of all elements in (4, B) but not in (4, C), and let F be 
the component of E containing B. As (A, C) is connected, F has some 
limit-element D in (4, C). If A is the only limit-element of F in (A, C), 
A-+-F is a connected set containing the boundary-elements A and B, and 
hence coincides with (4, B), which hence, contrary to assumptions, con- 
tains no other term than A in common with (A, C). By Theorem II, the 
only other value which D can have is C. Now, consider the set F+(4, C). 
It 18 connected, and, by V, has A as a boundary element. By V, either B 
is а boundary-element ог B belongs to (A, C). If B belongs to (4, C), 
theu every element of (4, B) does likewise, for otherwise, as (4, C) has 
only two boundary-elements, Ё can have only A and C as limit-elements 
in (А, C). If B differs from C, this is clearly impossible, while if B coin- 
cides with C, (A, B) = (A, C). 
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The only other possibility is that E contains no elements. In this 
case, (A, C) is contained in (A, B). 


THeorem ТУ.— 17 С is interior to (A, B), (А, B) = (А, C)+(C, В), and 
(A, C) shares with (C, B) no other element than C. 


Proof. 

By Theorem III, (A, B) contains (A, C) and (C, B). If B belonged to 
(A, C), by Theorem III, (A, C) would contain, and hence coincide with 
(4, B). This contradicts our assumption. Hence, by Postulate V, B is 
a boundary-element of (4, C)+(C, B). The same argument applies to A. 
Moreover, being the sum of two overlapping, closed, connected sets, by V, 
(4, C)-+(C, B) is closed and connected. Hence, by Theorem II, 


(4, C)+(C, B) = (А, B). 


If (A, C) and (C, B) had in common any other element than C, then, 
by Theorem III, either (A, C) would contain (C, B), or vice versa. In 
this case, either (А, C) or (C, B) would contain (A, B). Hence, by 
Theorem II, C would coincide with either A or B, and would not be an 
interior element of (A, В). 


Definition.— If C is interior to (A, B), we shall write ACB. It is 
obvious that if ABC, A, B, and C are all different, and it 1s also obvious 
that ABC and CBA are equivalent. Furthermore, by Theorem III, ABC 
and ACB are incompatible. 


Тнковем V.—If ABC and ACD, then BCD. 


Proof.—By Theorem IV, ABD. Hence, by Theorem IV, either ACB 
or BCD. ACB, however is incompatible with ABC, by Theorem III. 


· Тнеовем VI.—ABC, ABD, and CBD are incompatible. 


Proof.—By Theorem IV, either ACB, В = С, or BCD. As Theorem 
HI excludes the first two suppositions, which are incompatible with ABC, 
there remains only the last possibility, which, by III, is incompatible with 
BCD. 


'TH&oREM VI.—Either ABC, BAC, or ACB, if A, B and C are distinct. 


Proof.—Suppose the first two alternatives are not fulfilled. Then, by 
Theorem III, (A, C) and (B, C) have only C in common, (A, C)+(B, С) 
is connected, and by Postulate V, has А and B as boundary-elements. 
Hence (А, C) (С, B) = (A, B), or, in other words, ACB. 
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THEOREM VII.—7f ABC and BCD, then ACD. 


Proof.—By Theorem VI, we have DAC, ADC, or ACD. If DAC and 
ABC, then by Theorem IV, DBC, which, by Theorem III, contradicts 
BCD. If ADC, then, by Theorem IV, 4BD or DBC. DBC, by 
Theorem III, contradicts BCD. If ABD and BCD, then, by Theorem 
IV, ACD. 


Definition.--AB|CD shall mean any one of the following sets of re- 


lutions : 
(1) ACD, ABD. 


(2) ACD, B= D. 

(3) ACD, ADB. 

(4) A=C, ABD. 

5) A=C, B=D, AFB. 
(6) A=C, ADB. 

(7) CAD, CAB. 

(8) A= D, CAB. 

(9 CDA, CAB. 


Тнеовем VIII.—Z7f AB|CD and BP|CD, then AP| CD. 


Proof.—This involves merely the tabulation of the 81 possible cases 
and the application of Theorems III-VII in the instances in which they 
are appropriate. 


Тнковкм IX.—Z7f AB|CD, А +В and СЕ D. 


Proof.—This follows from the fact that if ABC, A + В + С, and the 
definition of AB | CD. | 


Тнеовем X.—If A = B, С = D, then either AB|CD or BA|CD. 


Proof.—This follows from Theorems VI, IV, V, and VII, as may be 
shown by tabulating the relations between 4, B, C, and D, which are 
possible on the basis of Theorem VI. 


Тнвовем XI.—If AB|CD and APB, then AP, CD and PB|CD. 


· Proof.—As above, by tabulating the possible cases, and making use of 
Theorems IV-VII. 


Тнковем XII. —f AP|CD and PB |CD, then APB. 
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Proof.—As above, by tabulation. 


Тнеовем XIII.—7f M and N are two classes of elements exhausting К, 
and such that there are two fixed elements C and D such that if A belongs 
to M and B belongs to N, AB|CD, then there is an element P such that 
if Q belongs to M and R belongs to Nand Q Æ P Æ R, QPR. 


Proof. 


Suppose that X and Y belong to M, and that XZY. Either XY| CD 
or YX|CD, by Theorem X. Similarly, either XZ| CD or ZX|CD, and 
either YZ|CD or ZY|CD. Making use of Theorems XII and VI, it 
turns out that the only admissible combinations of hypotheses are 
XZ|CD, ZY|CD, XY|CD and YZ|CD, ZX|CD, YX|CD. Since we 
have XB|CD and YB|CD forall B in N, we have, by Theorem VIII, 
ZB|CD in both cases. It follows then from Theorems VIII and IX that 
Z does not belong to N, so that it must belong to M. In other words, if 
M contains X and Y, it contains every element in (X, Y), so that M is 
connected. Likewise, N is connected. 

It follows from Postulate IX and Theorem I that there is just one 
element P which is a limit-element of M belonging to N or a limit-element 
of N belonging to M. Let Q belong to M and R to N. As (Q, R) is con- 
nected, it must contain P. 


Тнковем XIV.—There is a denumerable set K' of elements such that 
if A and B ате any two elements, there is an element C from K' such 
that ACB. 


Proof. 


Let É' be the set to which reference is made in Postulate VIII. Then 
every element is a limit-element of К’. It follows from the fact that a 
single element has no limit-element and Postulate V that & segment has 


interior elements. Hence every segment contains at least one element 
of K'. 


Тнковем XV.—There 15 no element A such that for all BA, 
AB|CD, and there is no element A such that for all BÆ А, BA|CD. 
Proof.—This follows directly from Postulate VI. 


THEOREM XVI.—K can be put into (1, 1)-correspondence with the set of 
all real numbers, in such a way that two elements C and D can be selected 
such that AB|CD when and only when the correspondent of А ts larger 
than the correspondent of B. | 
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Proof.—By Theorems VIII, IX, and X, order as defined by AB|CD is 
serial. Ву Theorems XI, XII, and XIII, it is what Russell calls *' Dede- 
kindian.” By XI, XII, and XIV, it contains a denumerable “ median 
elass." Hence, by a well known theorem,* it is ordinally similar to the 
series of reals. 


Tagores XVII.—Zn the correspondence of Theorem XVI, È goes over 
into the set of all bicontinuous biunivocal transformations of the series of 
reals. . 


Proof.--In the transformation of Theorem XVI, a segment goes over 
into a segment (Theorems XI, XII). Now, by Postulate VII, and 
Theorem I, the limit of a set E consists of all those elements A such 
that every segment (C, D) of which A is an element other than C and D 
contains a member of E. Hence limit goes over into limit, and in virtue 
of Postulates II, III, and IV, a transformation from Z, which is precisely 
a transformation keeping limit-properties invariant, goes over into a 
bicontinuous, biunivocal transformation of the number-line, and every 
bicontinuous, biunivocal transformation of the number-line may be thus 
obtained. 

Theorem XVII is equivalent to the statement that our set of postulates 
is a categorical set of postulates for the analysis-situs group of the line. 


CONSIDERATIONS OF INDEPENDENCE. 


10. Up to the present, the author has been unable to solve the ques- 
tion of the independence of Postulates IV, V, VII, and VIII. Each of 
the other postulates is independent of all the rest. The examples given 
below satisfy all the postulates except the one whose number they are 
given. 


I. K consists of one element; 2 contains only the identity trans- 
formation. 


II. K consists of all points on a line; 2 consists of all biunivocal, 
bicontinuous transformations that preserve direction. 


III. K consists of all points on a line; È consists of all biunivocal, 
bicontinuous transformations, together with the transformations that 
displace all points with rational coordinates » rational distance in one 
direction, and all points with irrational coordinates a rational distance in 
the other. 


* Whitehead and Russell, Principia Mathematica, Vol. 8, X 275. 
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VI. K consists of all points on two mutually exclusive lines; 2 con- 
sists of all biunivocal, bicontinuous transformations of K. 


IX. K consists of all points on a circle; È consists of all biunivocal, 
bicontinuous transformations of K. 


It may be said that the independence of VIII would be proved if we 
could produce a closed homogeneous* series with a number of terms 
greater than 2%», Homogeneous series with more than 2% terms are 
known, but they are not closed. 


t — 


* Hausdorff, loc. cit., p. 178. 
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ON THE DISTRIBUTION OF ENERGY IN AIR SURROUNDING 
A VIBRATING BODY 


By J. E. Jones. 


[Read December 9th, 1920.—Received, in revised form, April 18th, 1921.] 


1. If a fluid be subject to a periodic disturbance, it is known that 
within regions whose maximum distance from the source of disturbance 
is small compared with the wave length, the fluid may be treated as if it 
were incompressible. This principle has been of great service in the 
approximate treatment of many acoustical problems, which do not lend 
themselves to rigorous solution. We infer that within such regions the 
potential energy may be neglected compared with the kinetic energy.* 

In particular, if we consider the waves in an infinite medium, due to 
the vibration of a body, we deduce that there is a certain region in the 
neighbourhood of the body within which the energy is mainly kinetic. 
On the other hand, at large distances from the body, the waves tend to 
become plane, and, in а system of plane progressive waves, the potential 
energy is equal to the kinetic.t In one case the ratio of the potential to 
the kinetic is a minute fraction, in the other case it is unity. The ques- 
tion is, what is the law of distribution by which this ratio changes from 
its lower to its upper limit ? 

The case which is here considered in detail is that of a sphere, vibrating 
in an infinite medium. [п the first place, the calculations have been 
carried out for the simplest type of vibration, viz. that of a pulsating 
sphere where each surface element vibrates radially in the same phase 
and with the same amplitude. A similar analysis is next carried out for 
a sphere vibrating in a straight line in the manner of a pendulum. 
Lastly, the problem is treated for the general vibration represented by a 
surface harmonie of order », of which the two cases mentioned are, of 
course, particular examples. In particular, the case of n = 2 is examined. 


* See Rayleigh, Scientific Papers, Vol. 4, No. 230; Theory of Sound, Vol. 2 (1878), 
. p. 158, et seq. | 
t That is, if the mean be taken with respect to time. 
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2. Summary of Results. 


Denoting the mean potential energy of the fluid enclosed between the 
sphere and any concentric spherical surface by V, and the mean kinetic 
by T, it is found that the ratio V/T depends on 


(1) The ratio of the dimensions of the sphere to the wave length of 
the disturbance (ka).* 


(2) The extent of the region considered (r/a). 
(8) The type of vibration n. 


A table has been drawn up in order to illustrate the variation in V/T 
when any one of the above factors is varied.! 

Two facts emerge from an examination of the table. In the first place, 
when ka is small, there is a finite extent of the medium in which the ratio 
V/T is very small. This is the region referred to in the opening para- 
graph. Some idea, too, is gleaned of the relation between the extent of 
this region and the type of vibration. It is clear from the table, for 
example, that the simpler the type of vibration (i.e. the lower the value 
of n) the less extensive is the region. The question as to how the dimen- 
sions of the region change with the type of vibration is investigated and 
а formula is evolved giving the relation between the two.1 

The second fact is this: the ratio of V/T tends to the limit unity when 
the extent of the region is made infinitely great. In the case of plane 
waves, the value of V/T is always equal to unity, i.e. provided that the 
region so considered includes an integral number of wave lengths. It has 
been pointed out that, in the case of a system of divergent spherical waves, 
the total kinetic energy (i.e. reckoned throughout infinite space) is, under 
certain conditions, equal to the total potential energy.§ The condition 
mentioned is that r.$? shall vanish over the inner and outer boundaries of 
the system ($ denoting as usual the velocity potential). In the system 
of waves considered in this paper this condition does not hold, but a 
theorem is developed which gives the relation between V and Т: and, in 
particular, it is found that the limit of V/T tends to unity when infinite 
space is considered.!| It is interesting to note the change of V/T from а 
very minute fraction to its limiting value unity. 


* a denotes radius of the sphere, and À = 2x/A, where À is the wave length. 

t 811. 

t 610. 

$ Lamb, Proc. London Math. Soc., Ser. 1, Vol. xxxv, p. 160 (1902); Hydrodynamics, 
p. 481. 

| Appendix, p. 361. 
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. 8. Pulsating Sphere. | 
If the centre be taken as origin, the velocity potential 1s given by 


A | e tk(r—et) 


o> > (1) 


F 
where A is a complex constant to be determined, k stands for 27/A, where 
Л is the wave length, and c is the velocity of wave propagation. К 

To determine the coefficient in (1) let the motion of the surface be 
given by 


r= а+а.е“, (2) 
where a, the amplitude of vibration, is small. At the surface of the sphere, 
we have —дфјдт = 7, 
whence A LEG | e ^'^ = ikca = В (say). (8) 

_ 228 eik 7*9) 
Непсе ф = Гыл зе (4) 


and taking the real part, we have 


__ 8  cosk(ct—r+ate) (5) 
p— (1+ £a?) r ' à 


4. The Mean Potential and Kinetic Energies. 

If we denote the elasticity of volume of the fluid by к, and the cou- 
densation by s, the potential energy of unit volume is Àxs°. 

Remembering that c? = к/р, where p, is the density in the undisturbed 
state, and that the dynamical equation of sound waves is 


o's = д4, 


we can write 


2 
Potential Energy per unit volume = 1 9 (£). (6) 


In the present case the mean value of this with respect to the time is 
a’ 2 Д? 
їр тда? у 


Hence the mean potential energy in the region between the sphere and a 
concentric spherical surface of radius 7 is 


_ d «8° £ праз? " 
y — E LER dade = үз Юа? " —1). (7) 
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The Kinetic Energy per unit volume at a distance r from the centre 
of the sphere is 


ОфАЗ _ a* (cos?  — 9 kr sin w cos w+k?r sin? w | 
an (y map рс =. ИШ" 
where w = k(ct—r+ate). 


The mean value of this is 


а? 14-4227 


Јетра Hg c 


The mean kinetic energy in the region considered in equation (7) is 


r-:Epec-)-f). o 


5. Special Cases. 
(1) When the radius of the sphere is small compared with the wave 
length, i.e. ka is small, the expression for V and T, in equations (7) and 


(9) reduce to V = rpa°B?ka? (r— a), (10) 
Т = тра?@? (ra). (11) 


Hence in the immediate neighbourhood of the sphere, the Potential Energy 
is very small compared with the Kinetic, and the motion is practically the 
same as if the fluid were incompressible. 


(2) Consider next the case when 7 and a are both large compared with 
the wave length, ?.e. ka and kr are large but r—a is finite. 
. Then, from (7) and (9), we have 


V = «pa^? (r—a) 
= 4ra? (r—a) X 1p? 
— I (12) 


approximately. The volume under consideration may be taken to be equal 
to 4ra*(r—a). Under these conditions the Potential and Kinetic Energies 
are equal, and the mean value of each per unit volume is }o6°, as in the 
case of plane waves. 


(8) Whatever be the value of ka, we find from equations (7) and (9) 
that when r — ©, the ratio of V/T tends tn unity. This may be proved 
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independently.* Thus, we have 


0p? _ (209]* 9, | 
"(SE — | or J or rp’), (18) 


and since, from equation (1), 


rd = А cos k (ct—r--a-4- е), 


we get | 909) | е с?у252, 
since cs = EO 2 
ct 
© 2 © 4 
Hence | ip (st) 4mr!dr = | pcs? Amr'dr — тр Ea (14) 


Since the last term on th» right-hand side is finite at the surface of the 
sphere, and zero at infinity, it follows that Lt V/T tends to unity. 
г» о 


The values of the expression V/T for various values of ka and r/a, are 
given in the column n = 0 in the table.t For instance, when ka = ‘01, 
the value of r/a is 1000 before V is comparable with Т. On the other 
hand, when ka = 10, the ratio V/T is nearly equal to unity when rja = 2. 
The results are further discussed in $ 9. 


6. The Pendulum. 


The velocity potential due to а swinging pendulum, when the ampli- 
tude is small, is that due to a double source. 
Omitting the time factor, we can put 


if the axis of z is the line of motion of the sphere, and 0 denotes the angle 
between r and z. If U be the velocity of the sphere at any instant, we 
have the following equation to determine А, viz., 


9 
– 5 = U cos 0, (16) 
for r=a. If U-DBS. (17) 


* Proc. London Math. Soc. (l. c.). 
t P. 361. 
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2 2 _ 
we get ф = Ba? aS "1 ane UEM, tk (ct—r +4) сов Ө, (18) 
and taking the real part of the expression - 
ф= E {cos w—kr sin w} cos 6, (19) 
where в = k (ct—r+ate), 
: aè 
and k= UF kah . 


The Potential Energy per unit volume is given by 
ma та x 2 E 2,2 2 
3 => = } ke — (sin? w+ 2kr sin w cos w+ k?? cos? w} cos? Ө. (20) 


Taking the mean of this expression over a long period of time and then the 
mean value over a spherical surface of radius r, we get the value of the 
potential energy in a spherical stratum of the medium of radius 7 and of 
thickness ду. Thus 


2, 
OV = Атр, Rk? ла ôr 


Integrating from a to r, we get the expression corresponding to equation 
(7) for the pulsating sphere, viz., 


p= raa PEs (ве (E—a)40-4)}. an 


The Kinetic Energy of the same volume of the medium is equal to the 
mean value with respect to time of the expression 


vef (у + 9) еа 
We find 


rien а [5 (a) ei 2) 601—9). ва 


An analysis of these results for the special cases considered in § 4 leads 
to similar conclusions, but may be omitted in view of the general treat- 
ment in § 9. 


7. The General Vibration of a Sphere. 
The general equation of sound waves in the case of simple harmonic 


motion is (VIH 2) ф = 0. (23) 
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The solution of equation (23) when the waves are those produced by 
the vibration of a spherical surface is well known, having been given by 
Stokes in his classical paper ‘ On the Communication of Vibrations from 
& Vibrating Body to a Surrounding Gas".* The most general type of 
vibration can be represented by terms of the type 


pos et (24) 
The appropriate solution of (v?-- 4?) ф = 0 is then given by 
ф = Ca falk r” S, e^, (25) 
where C, is a constant determined by the boundary conditions, S, is a 
spherical surface harmonic of n-th order, and 


j^ eir n.n+1 1.23.2 4-1.24-9 


жый с e ACL „Ите Бен Бына 
f. (Kr) = (kr)**! | 1+ dikr + 2.4(ckr)? +... 


Hire ami 9 
Since —0p/or = S e” at the surface r = a, we get 
C= — po (27) 
i kaf (ka) + пл (Ка); a^^! 
The expression f,(kr) ean be written 
"EROS 
fr) = rye ign — il}, (28) 


which will be found convenient when the real part of ? is required. We 
havet 


n—1.n.n+1.n+2 129. m À 


mu ај Ер а НЕ И dido EP ара 
fn = 1 2.4(kr)* art ) 2.4...2n (kr)"' (29) 
j PE a =й к=н A 
m 9 kr 2.4.6 (kr) x 
. „ 2.3.4... п —1 1 | 
У) 
TCU аб, 2n=2 Enr” (80) 


* Phil. Trans. (1868), Papers, Vol. 4, p. 299; Lamb, Hydrodynamics (1916), p. 502; 
Rayleigh, Theory of Sound, Vol. 2, pp. 205 et seq. 

T The series for ga and h, will vary according as n is odd or even. In the above n is 
taken as even. A similar analysis for n odd leads to exactly the same results, but the series 
defining g, and ћ, are slightly different. For example, the last term in g, becomes 


(jante tact 1 


2.4.6...2n—2 (kr)" V 


SER, 2, VOL. 20. No. 1599. 2 A 
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The real part of ¢ can then be written 


cos 0 hn sin w 


ф = (|С, | 2 сое т^. Sn, (81) 


where w = k(ct—r-+e), and ke is the argument of Сл. 


8. The Potential and Kinetic Energies. 


Using the value of ¢ given by (25) and taking the mean value over а 
long period of time, we find that 


вд | 
PACS y) ОТО КЕГИ 


V-i x |С„|* с i а: 
where V, denotes potential energy per unit volume, at a distance r from 
the centre of the sphere. 

Integrating over a spherical surface of radius r, we are led to the 
following expression for the mean potential energy of a spherical shell of 
radius 7 and thickness ôr, 


га cr i: 


V = 1o, C, |? | S? йв dr. (89) 


The Kinetie Energy per unit volume of the medium is given by 


= tow À (28) + (28) mire) 1. 


We note that 9$ 


С, {kr fa (er) + тј (т) | gra} S, eit 


cr 
= Cnifn- (kr) — (n+ 1) falkr)} r ee (33) 
since kr falkr)+(2n+1) f. (kr) = fa-1 (kr). (34)* 
The real part of ў, (kr) e'** is | 
in Qn cos(ot—kr)+ ^, sin аз 
(= )* (kr)?! (85) 


and that of fí a (Kk) е“ 


(pion) las 608 (ct kr) — gs-1 sin (t kr) 


in (86) 


* Lamb (loc, cit.), p. 499. 
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Hence the mean value of (09/07)? over а long period of time is 
3 |C.l? [1G 4 - Dga tkr. ha a1? 4- {+ Dh, — kr.g, a] ?] Т а (87) 


oo? а 
Similarly the mean value of — - ^ (58) "t 35-15 (5 (70). 18 


2 | Cn |” (ga HA) | (Sa) + и (28 ) |. (38) 


Integrating the expressions (37) and (38) over the surface of a sphere 
of radius r will give ua the kinetic energy of the medium of a spherical 
shell of thickness ôr and radius r. Remembering that 


dé "f eS, = OS, “| А eee NI n 
|, |, | (22) + (s 2. | mh 0 ада о = n(n+1) o Jo S, sın 0 dO do, (39) 
we get 


= т = 103 ПГ (по Ва kr hi + {+ Dhs kr. gn)? 


+n(n+1)G2?+h?)] ar | || 82 sin 9 494 (40) 


The expressions for V and T previously obtained for a pulsating and 
vibrating sphere are easily obtained by putting n = 0 and n = 1 respec- 
tively in equations (82) and (40). 

The case of n = 2 is here calculated by this method for purposes of 
illustration. In this case, we have 


h=, фан, az D 


Ju = je 
(Ar) kr 


Assuming that the vibration is symmetrical about an axis so that S, may 
be replaced by a zonal harmonic P,, we have, using equation (82), 


С; 353 9 
па Lm eio tes 


since || Pda = 


Непсе 


r= Tica (=) CC a (0-S)} өз 
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Similarly, 


к= = рај (i) ta 2) (1-4) 


9. Special Cases. 


A consideration of the special cases mentioned in § 4 leads 19 some 
interesting results. 


Case (i).—Let the radius of the sphere be small compared with the 


wave length; i.e. suppose ka small. If at the same time Ку is small, we 


t 
dd 122 Ват 1 


2.4.6... 9n (kry'' 


= (—)* 
whilst Л,, 9,1, and h,_; аге very small compared with ga. Hence 


V = 1p, | C, p i | gid || S; du, 


Т = Тр, | С, |“ ian || (п+1) (21 +1) Tiq 2] Side ; 
| V _ Fa? 1— (a] ry! 
and therefore ">> = (п 1) (2л 1) 1 — (a] rn *1 , (44) 


which is of the second order of small quantities. 


We therefore arrive at the same conclusion as before (S 4), viz., that 
under these conditions the energy is mainly kinetic. 


Case (11).— Suppose ka to be large and r comparable with а. In this 
case we have 


h nO T 1) _ (n—1)n 


jud. к, ASL hi, 


approximately, and 


k* ыы gadr 


= ES l, (45) 
Er de 14" 
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since the remaining terms are small. We therefore have 


V=T=}pm |C? f 92 йв, 
1 


N IUS PP 
dd Cs = Ta ED f a) Oran” 


from equations (27) and (34). 
When Ea is large we get, on reduction, 


(Cal = EE a 
: 
Hence V = Т = jp, a? (r—a) | 52 (бо, 


and since the volume of the medium under consideration can be regarded 
as equal to 47a? (r—a), we have 


2 
V = T = }(vol) р, 8. || S їз, (46) 


where В is the maximum velocity, previously omitted. 
It 18 interesting to compare this with the result for plane waves of 


gound, viz., 
V = Т = { (vol) py 8’. 


The formula involves the mean value of S? taken over the surface of a 
sphere. In the case of symmetry about an axis, we replace S, by P, and 
we find that the energy per unit volume in this region is 1/(2n+1) of that 
due to plane waves of the same amplitude. 


Case (iii)—Any value for ka, r— ою. The complete expression for 
the ratio of the total potential to the total kinetie energy is 


k? | (д +h?) dr 


ji 100+ 1)9. T kr hni (OE DI — kr. gaij tnnt DHD 
(47) 


Ml x: 


5 Ao A Aon 
Now д%+А% = Itata Test "t 
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and the integrand in the denominator 


Bons 
= аррар, oo 
where Ag, Bə, etc. аге — Hence 
y k? |(т—а)+А, (— – =) +etc.. А 
Lt —= Lt ny, (49) 
де. э» — M (r—a)-- B, (—-=) ete. 


This result may be arrived at by a more direct analysis, but, for con- 
venience, this has been put separately as an appendix.* 


10. The extent of the region in which the Potential Energy may be 
neglected. 


When the radius of the sphere was supposed small in comparison with 
the wave length, we found that the energy stored in the fluid owing to the 
alternate condensations and rarefactions was very small compared with 
the energy due to the actual motion of the medium. We proceed to 
examine the extent of the region throughout which these conditions hold 
good. 

In the analysis referred to above [$ 9, Case (i)] it was assumed that 
the ratio 7/а was never very large. If we abandon this restriction as to 
the value of 7, we note that, in the expression for V/T in equation (47) 
above we may neglect Ла and h,-; in comparison with g, aud #r.g,-1, and 


write m 1.2.98 ... 2n 1 


ga = 1+(—)" 374.6 ... 2n (kr) ' | (50) 
9 4 eee 9n 9 
4(n—1) =: ON 

pei Pie) 2.4... 2n—4 ш 


For, we find that the terms Л, and Л„—у appear in the expression for V/T 


only in the form J hè dr, which is equivalent to a series 


e (1— #)+ шя (1— та) ++ aa (1— m3. 


* P. 361 


1920.] DisrRIBUTION OF ENERGY IN AIR SURROUNDING A VIBRATING Bopy. 359 


Since ka is small, it follows that the largest term, viz., the last, is small 
compared with the corresponding term in | g? dr. 


Substituting for ga and g,-1 the values given above in equations (50) 
and (50.1), we have 


V e| gadr 
ааа 
| rg, + (+ 1) n +1) 05 | T 
k (= —1) + An (1 qn-! 
: : 2n+1 , 
ka (= —1) + (T 1)4; (i- a 


a (ka)?"*! TU*! 


(51) 


Те Дадо Dit 


where Lamm 0.4.6... д 


It is now clear thst retaining more terms in the expression for g, and 
g«-1 would only introduce terms of the type ` 


1 


___ Аз | = | 
(2m — 1) (ka)?"-! | 29-1 | › 


where m < n, and such terms аге small compared with the factor of 4°. 

When v/a is not large, the first term in both numerator and denominator 
of (51) is small compared with the other, and the expression reduces to 
that obtained before in $ 9. But values of r/a may evidently be chosen 
which will make the first term, viz. kr, the predominant term in the 
numerator but yet not of more importance than the second term in the 
denominator. For, obviously, when r/a is lurge, the expression for V/T 
may be written 


.(1. 5251 2 (7. 172 
y. Ку (Ка) "+! + РНЕ А, (Ка) 
Jr kr(kay"*!-F(no-1)42  "' 
and there will be a range of values for 7 for which we may write 


V kr(kay"*! 


T = bna + ЕЮ A A 


From this expression we may deduce the range of values of v for which 
the quantity V/T has any assigned small value. Thus we observe :— 


(1) If V/T is to be small, then kr(ka)*! is to be small compared 
with the absolute term (n-- 1) 47. 
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(2) The order of the expression V/T is determined by the order of 
kr(ka)*"*!, and hence vice versa, if V/T is to be of order 107", 
then kr(ka)""*! is to be of order 107° (4-1) 4°. 


(8) Assuming that ka (or 2ra/)) is to be of order 10-° we deduce that 
kr must be of order 107*(n4-1)4? + 1079^*?*, Hence kr is to 
be of order 10€" *?^7* 4? (п +1), or, alternatively, r/a must not be 
of higher order than 10: +" 4? (n+ 1). 


A numerical example will help to make the matter clear. Thus, supposing 
that the waves propagated are such that the ratio of the cireumference of 
the sphere to the wave length is 107°, the extent of the region correspond- 
ing to V/T = 1073 is given by r/a = 10**! 4?(n-4- 1), since b —2, с = 8. 

In the three cases n = 0, 1, and 2, we get respectively r/a = 10, 
2X 10°, and 27 X 10°, in agreement with the values in the Table. 


11. A table has been drawn up showing the value of the expression 
VIT for the special cases of n = 0, 1, and 2. The case n = 0, of course, 
represents the case of a pulsating sphere vibrating radially, п = 1 that of 
a sphere moving in simple harmonic motion. The formule for V/T in 
the three cases are :— 


веса) (р) нала не 5) 


In conclusion the writer would like to express his best thanks to 
Prof. H. Lamb whose unremitting kindness and helpful criticism have 
been most valuable during the writing of this paper. 
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TABLE. 
V/T 
ka | rja |——— -- 
n = 0 n= n = 2 
O1 2 -00020 ‘00003 00001 
10 ‘00099 | ‘00094 “00001 
10? | +0098 00005 -00001 
103 ‘0909 ‘00005 00001 
104 -5000 ‘00010 | 00001 
10 | -9090 ‘00055 | “00001 
105 |  :9900 ‘0050 ‘00001 
107 ‘9990 0470 *00001 
10° -9999 ‘3334 | “00001 
10° 1*0000 ‘8333 ‘00005 
10" | 1:0000 9304 ‘00036 
10! 1:0000 :99-0 *0035 
10? | 1:0000 -9998 ‘0357 
1013 | 1-0000 1'0000 | :2703 
10" | 1:0000 1-0000 | 7884 
105 | 1:0000 1:0000 ‘9737 
aw РР р 
1 9 ‘0196 -0029 0009 
10 082 0049 0011 
10? 500 ‘0097 0011 
10 ‘999 8344 0015 
105 1-000 ‘9804 | ‘0368 
108 1:000 1:0000 | ‘7874 
10” | 1-000 1:0000 | :9973 
1 9 666 -310 135 
10 909 190 302 
10? 990 '971 | "155 
10? 999 997 967 
10 9 995 ‘9949 9944 
APPENDIX. 


On the Relation between the Mean Kinetic and Potential Energies of the 
Wave-System due to a Vibrating Body.* 


1. It is a well known property of plane waves of sound that the mean 


— 


* Inthe first draft ofthis paper, an analytical proof of the theorem which follows was given 
applicable to a spherical surface only. That the theorem was of more general application 
was pointed out by Prof. Н. Lamb, to whom the main steps of the following proof are due. 


Digitized by Google 
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kinetic and potential energies are equal, whatever be the extent of the 
medium considered. In the foregoing paper an analogous property has 
been found to hold for the system of waves due to the vibration of a 
sphere, viz. that the ratio of the potential to the kinetic energy tends to 
the limit unity when infinite space is considered. It will be shown pre- 
sently that the same conclusion holds independently of the form of the 
vibrating body. 

This does not imply that the amounts of the two kinds of energy are 
actually equal. In fact, the analysis brings to light the fact that although 
the potential and kinetic energies both tend to become infinite, yet there 15 
always a finite difference between them. 


2. The expression for the kinetic energy of the fluid contained in any 
given region is given hy 


ar = p ||] 18) Gp) +() | а. w 


By Green’s theorem we may write this in the form 


QT = —p || ф = dS—p ||| ovo dz dy dz, (2) 


where the triple integral is taken throughout the region and the surface 
integral over its boundary. The gradient Оф/Ол is towards the interior of 
the region. 

The general equation of sound waves of simple harmonic type is 


(V?+k?) ф = 0, 


where k = a/c, с being the frequency, and с, as usual, the velocity of 
propagation. Hence 


2T =—p || ф 29 qs pj ||| $? dx dy dz. (3) 


The expression for the Potential Energy is 


2 
Фу = ||| ка гдуаг = а ||| (3 dx dy da. (4) 


Now when the waves are due to a surface vibrating in simple harmonic 
motion, we can write 
p = Pocos ct - Q sin ct, (5) 


where P and Q are functions of position only. 
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Hence the value of ф? at any point in space taken over a long period 
of time is equal to 3(P?+Q’). Similarly the mean value of (09/00? is 
4o7(P?+ 02). The mean values of T and V are therefore 


9T = —ip ||| (Р - 5 5 a) AS+4pk? ||| (Р? ОЎ dx dy dz, 


Ci On 


ФУ = 3pk? ||| (P?+ О )аха уаг, 


О г 
so that A(T— V) = — || (p= em +Q A) dS. (6) 
This expression is quite general no matter what part of the fluid be 
considered. If we apply it to the infinite region surrounding the vibrating 
body, the surface integral is to be taken over the surface of the body and 
over & sphere of infinite radius. 
Now the velocity potential at infinity is of the order e^'"/r at most. 
Hence at i Fa 


__ € | соз? k(r— ct) аА a k(r—ct) sin k(r— ct) 3 


p$ = 


the mean value of which is C?/2r°. The part of the surface integral due 
to the infinitely distant spherical boundary therefore vanishes. 

On the other hand, the volume integral tends to become infinite, for 
Р? Q? is of order 1/r? and dzdydz is equal to додат. Hence, whereas 
T and V both become infinite for infinite space, T — V approaches a finite 
lower limit. 


9. In the case of the vibrating sphere, equation (6) can be written 


T—y--— bo || с | F, |? S2 г? sin 046 dw 
8 JJon 


д “ТОР 
= fs ie БАШ || в; sin 0 204, 


since, on the outer surface, t.e. the infinite one 


де, _ ФЕ, 


In the notation of S 7, we have 
4^ e-i^r 


= —7))_' 
Fa D k" (kr) (да ilnj , 
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and the mean value with respect to time of 


2 2 
a gath 


| Бе“ == 416, | Ed 


Hence in the particular cases, corresponding to n = 0, 1, and 2, we get 


n = 0, т—у = l& || siae 


4k°a Je 
2 б 
‚зз. rove раан) зне 


a 
Cal? 6 27 


These values confirm those obtained in § 8. 
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ON A GENERALISATION OF LAGRANGE’S SERIES 


Ву M. Kôsszer. 


[Read January 13th, 1921. —Received February 5th, 1921.] 


Tae solution due to Lagrange of equation (2.1) of this paper gives 
only one root of the equation. By forming the slightly modified equa- 
tions (2. 8), (8. 1), and (4.2), we get other roots, and, in some cases, all 
the roots of the original equation. 

One of the consequences of this result is that we are thereby enabled 
to solve any given algebraie equation by means of series of polynomials ; 
I therefore hope that the contents of this paper are of some interest. 
The methods are & novel application of the method of variable parameters, 
which has proved to be a powerful weapon in attacking the theory of in- 
tegral equations. 


2. Lagrange's solution of the equation 
(2.1) z—a—uf (x) = 0 
is given by the formula 


o5 m—1 
(2.2) C= ар = Ant’, Am = E = LO 
when f(x) is a function of ix, which is analytic at the point x =a, such 
that f(a) #0. The radius of convergence of the series may be deter- 
mined without difficulty. 

Two generalisations of this expansion are possible. In the case of the 
first, we take the equation to be 


(2. 8) (x—a)"—uf(x) = 0, 
Or u = eon 
~ fæ 


By writing fi) = f{a)+(x—a) f'(a)+..., 
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we get u = (т—а)" E +P(x—a) | 


where Р denotes a power series. When this expansion is reverted, z—a 
is expressed as a function of и with a branch-point at и = 0. We thus 
obtain n values of с, say £o, Lis ..., 24.1, Where 


a 


(2.4) z,—a = È anus (k=0,1,2,...,n—1), 
т=1 
uy = ull” elmin, 
and ule = |u| et (0< p < 2r/n). 


To evaluate the coefficients a4, we write equation (2.8) in the form 
tk—a— ur (ха) = 0, 
whence, by (2. 2), we have 


ig m 
eus om = Las Un] 


8. It is now possible to solve the equation 
(8.1) p(x)—uf(x) = 0, 


where (x) and f(z) are functions of 2 which are both analytic in a well- 
defined region of the z-plane, if the roots of the equation ф(х) = 0 are 
supposed known. If these roots are aj, a, ..., an, of multiplicities 
Fis Taser, respectively, and if the functions ф(х) and f(z) have no 
common zeros, then we transform equation (8 . 1) into 
(z — a) —u лс f(z) = 0. 

In this equation, the coefficient of x is analytic at ar, and it does not 
vanish at that point. Hence, by the formula of $ 2, we obtain 7; roots of 
the equation, and then, by putting k = 1, 2, ..., n, we get n sets of roots 
of equation (8 . 1). 

The radii of convergence of the series (2.2) and (2.4) are given by 
the distance of the point и=0 from the nearest singularity of the 
functions inverse to 

| z—a _ (г—а)" 


fo “уд? 


u = 


respectively. 


1921. | А GENERALISATION OF LAGRANGE’S SERIES. 307 


When, as is frequently the case, we can solve the equation 


du __ 


ao 


the radius of convergence is obtained by taking the roots 28), Ba ... of 
this equation and constructing the set of expressions 


З—а 
и!" = == 


_ 478) MIE ' 


in the respective cases, and selecting that one which has the smallest 
modulus; the modulus in question is the radius of convergence. 

We apply to the expansions now obtained the well known theorem, 
due to Mittag-Leftler,* by which the power series 


F(u) = at aqu dt aqu) t... 


is transformed into a series of polynomials 
(M) Fu) = 2 Phi, 
k=1 


where the coefficients in the polynomials P, are linear functions of the 
coefficients ao, ау, да .... This series is convergent throughout Mittag- 
Leffler’s star (étoile). 

The application of Mittag-Leffler’s transformation to the generalisa- 
tions of Lagrange’s series leads directly to the solution of the algebraic 
equation. 

4. Let f(z, y) be an analytic function of both of the variables z, y, and 
suppose that there exists a constant а such that the roots of the equation 


n. f(z, a) = 0, 


are known; let these roots be aj, аз, ..., ам. 
Suppose also that the roots of the equation in x, 


(4.1) f, y) = 0, 


are not independent of the variable y. 
To solve the last equation we consider the modified equation 


(4 . 2) f(z, a) —u [ fz, a) —f(z, y)] = 0, 


_ ————————————————— M ———— -—— — — € — ваш Ч -— — —— 


© Acta Mathematica, Vol. 28 (1899), pp. 43 et seq. 


at 
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which reduces to (4.1) when и = 1. By (2.2), a solution of the last 
equation, valid near и = 0, is 


(4.3) 7: = a+ È али“, 


m=1 


= 1 d"-! T— а; m _ | "| 
En nt Ld E x (Ла, а)—/(х, yn PNE. 


=a, 


provided that a, is a simple zero of f(z, a); the modification to be made 
in the case of a multiple zero is evident. 

The circle of convergence of (4 . 8) either does or does not contain the 
point u = 1. If it does, we may calculate x roots of the equation (4. 1) 
by putting u = 1. If it does not, we must transform the power series by 
using the formula (M). 

This transformation cannot fail by reason of the point и = 1 being a 
summit of the star of convergence, provided that equation (4.2) has no 
multiple roots in z, for the system 


„= ACT E du 
T f(z, а), y) " de 


which forms the conditions that и = 1 should be a summit of the star, is 
equivalent to the system 


f, y) = 0, JU 3) = 0, 


and this system is not satisfied if there ig no multiple root. 


=): 


5. Now take any trinomial equation 
(5 . 1) 21"—и(ах +1) = 0, 


in which л is а positive integer. 

The formule (2. 4), (2.5) give immediately all the roots of the equa- 
tion in the form 
(5 | 2) г. = -- > E3 ( m[n | а "а" g inmin. 


m-] M \m—1 
where ulm = |u |, 0<ф<9тп, k=1, 2,..., п. 


The roots are algebraic functions of u whose only singularities are at the 
branch-points, which are given as the solutions of the system 


т" du _ (п—1) ах" пт"! 


— ar- de” (ax+1)? = 


u 


1921.] ` A GENERALISATION OF LAGRANGE’S SERIES. 869 


The only value of u besides zero which satisfies this system 18 


(— п)" 


UI 


Hence, the series (5.2) is convergent when 


n” 


|% | < [a|* n — 1971 — р: 


If « does not satisfy this inequality, we put 


so that (5.1) transforms into 


y"-!(y4-a)—v = 0. 


When v = 0, the roots of this equation are 0 and —a, the former having 
multiplicity »—1. Hence in the neighbourhood of v = 0 we obtain the 
solutions 


© mj(n D) onion -1) UE 
Dd) VE m=1 | m— 1 ma”"T@-1 & 


(Ё = 1, 2, m n—1), 


—m(n— 2 (—1)""—1” 
m— 1 man! 


Yn = — at > ( 
т=1 


It is easy to verify that these series converge when 


| n | n—1 1 
[0] < 4 ie ) = —, 
n p 
i.e. when |« | < p. 
We have thus obtained the fundamental theorem : 


The roots of the trinomial equation (5.1) are given by (5.2) when* 
|u| << р, and they are given by (5.8) when |u| > p, if zy = 1/y. 


The only case of exception occurs when 


(—n)* 


u = — ooo) 
a" (n—1)'7! , 


—— O ee === — 


* It has been proved by Riesz, Palermo Rendiconti, t. 30 (1910), pp. 339-345, that such a 
series is convergent on the circumference of the circle of convergence. 


8ER. 2. voL. 20. No. 1400. 9 B 
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but, in this ease, the equation has a repeated root 


_ —n 
^ a(n—l1)’ 


and the degree is reducible by elementary methods. 

The convergence is sufficiently rapid for numerical applications win: 
ever | | is appreciably less than or greater than p. 

The special ease in which n = 5, и = — 1, gives the solution of the 
general quintie equation when reduced to the trinomial form by the 
method of Bring and Jerrard. The method just described is obviously 
simpler than Hermite's well known solution of the quintic equation. 


6. Now take the general algebraic equation in the form 
(6 . 1) z" —u(cz" ^! 43- ez" 7? 4- ... + с) = 0, 


where 7 is а positive integer, and су, ©, ..., c, are constants of which c, 
is not zero. By formule (2. 4) and (2. 5), the solution is 


(6.9) к= S apu ern qe] 9 A) 
т=1 
1 gd" n— n—2 mjn 
Om = | gari (x l+cx" +... + сл)“ | _ 
To determine the radius of convergence, we have to solve the equation 
(6 . 3) пх) = (к) = 0, 
where f(x) = cu" + ear”? H... Hen, 


and construct the set of expressions 
(6 . 4) u = z"[fQ), 


where x is given the values of these roots in turn; we then select that 
value of u which has the smallest modulus; and the modulus in question 
is the radius of convergence. 

This procedure evidently involves the solution of an algebraic equation 
of degree n—1. 

The values of u which are determined by (6. 8) and (6. 4) are the only 
singularities of the functions z, defined by the series. It is therefore 
possible to construct the star for each of the functions z,, and then trans: 
form the power series into the expansions of polynomials (M), which are 
eonvergent at all points of the star with the exception of points on the 
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boundary. But it has been shown by Painlevé* that it is possible to effect 
a transformation of the expansions (M), such that the transformed ex- 
pansions converge at all points of the star, including points on the 
boundary, with the sole exception of the summits of the star. 

For values of и which correspond to one of the summits, the equation 
(6.1) has & repeated factor, and it is consequently reducible. 

Hence, for all values of u, the equation (6.1) has been solved by an 
expression of the form 
(6.5) хк = > Paume) (k = 1, 2, ..., n), 
where the coefficients in the polynomials Pm are linear functions of the 
coefficients am of equation (6 . 2). 

The formation of the expansion (6.5) does not depend upon the 
critical values of u. Hence, if the variable u is во chosen that equation 
(6.1) has no repeated roots, the form of the solution given by (6.5) is 
independent of the solution of an equation of lower degree. If the co- 
efficients c,, Ca, ..., c, in the equation are not constants, but functions of. 
а variable, the same remark holds good. 

It is evident that this solution of the general algebraic equation is 
complicated and it is not adapted for numerical applications, though it is 
simple and short in comparison with the solution due to F. Lindemann.t 


7. The application of the general formule to equations involving in- 
tegral transcendental functions leads to interesting results, but in this 
paper I shall confine myself to stating two formal examples. 


(D Let f(x) be an integral function with simple zeros, попе of which 
has any of the values 0, +1, +2, .... Тһе equation 
(7.1) gin zz—u [sin rx—f(r)|] = 0 
is of the form (2.1). We thus obtain the solution 


LOW wf! 
epee te a, 
T Ол 


(k=0, +1, +2,...), 


If the radii of convergence of these power series are different from zero, ! 


* Cf. Borel, Leçons sur les fonctions de variables réelles (1905), Note 1, pp. 140-145. 
t Nachrichten der k. Ges. der Wiss. Góttingen, 1884, p. 245. 
* This is by no means an essential restriction. 


2 B 2 
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we can transform them into polynomial expansions (M) which are valid at 
the point u = 1; we have thus calculated an infinite set of zeros of the 


equation ја) = 0 
(II) Consider the equation 
(7.9) P(x)—ue®™ = 0, 
where P(x) = ауз" +а,2"“!' +... +ал, 


Q(x) = 6,27 +b, 27"! +... +6;. 


When и = 0, this equation has n roots ај, ag, ..., an, and therefore, 
by (2. 2), 


(7.3) ху = at Y aHu™ (k= 1,929, ..., n). 
m-1 


The radii of convergence and the Mittag-Leffler stars of these series can 
be constructed by solving the equation 


which, when written in the form 
P' (z) — P(x) Q' (x) = 0, 
is obviously algebraie, and substituting the roots in 


_ P(x) 
we 24) g 


But the n roots (7 . 3) are, of course, not all of the roots of the proposed 
equation. We therefore form from (7 . 2) | 


Q(z) = log P (r)—log и + 2kri = log Р(х) —v, 


where log P(z) denotes any definite branch of the multiform function. 

We know n roots of the last equation when v = 0, and hence we can 
find a set of n roots for every value of k (by putting v = log u + 2kzi) by 
using the expansion (2.2). 

The equation 

P (sin z, cos х) —ue* = 0, 


where P is a polynomial in both variables, may be treated in a similar 
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manner, and many similar equations which are soluble by these methods 
can be constructed without difficulty. 

The solution of the last equation is of some theoretical interest, though 
it is of little use in numerical applications. But a slightly modified 
method is effective in the asymptotic calculation of zeros of functions of 
types discussed by G. H. Hardy.* I hope to return to this topic in 4 
subsequent paper. | 

In conclusion I have to express my thanks to Prof. G. H. Hardy for 
his kind help, and to Prof. G. N. Watsou for the trouble he has taken by 
revising the equations and my imperfect English. 


* Proceedings, Ser. 2, Vol. 2 (1905), pp. 1-7, 401-431. 
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ON CERTAIN CLASSES OF MATHIEU FUNCTIONS 
By E. G. C. Рооге. 


[Received March 3rd, 1921. —Rcad March 10th, 1921.] 


1. Mathiews Equation. 


We shall be concerned with the well-known equations which arise 
when the equation of wave-motions in two dimensions is transformed to 
confocal coordinates. A full account of the equation and its history will 
be found in Whittaker and Watson’s Modern Analysis, Ch. xix, so that 
the following brief recapitulation will be sufficient to remind the reader of 
the salient facts. 


OV A OV, as = 
The equation 552 + m +k°V=0 


is transformed by putting 


ху = а cosh (f+ in), 


дату ^9 
под gives А da ud + A*a? (cosh? £— сов? n) V = 0. 
& 


Assuming а normal solution of type 
V = F(£) GG), 
we see that the functions F(£) and С (7) must satisfy 


а + (Аа? cosh? £—p) Е = 0 
: (1.1) 


E (p— Ка" сов? n) G = ој 


These are reducible to the same form by interchanging the real and 
imaginary axes in one of them. 
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We may also put À = cosh Ê и = созу, 


which gives two equations of identical form : 


2 
(A?—1) 5 +A P + (k?a7\?—p) F = 0 
(1.2) 
3 
Ga 5 u DE (р Haut) G = 0 


We can express the original z, y in terms of A, и by the formule 
х= ам, у=ау/{0%—1)(1—и%)}. 


A third form, employed by Lindemann, сап be obtained by writing 
{ = X (ог и), 


4(—0 је +2(1— 26) E: (раи = 0, (1.9) 


where u is written for F ог G, as the case may be. Let us consider more 
particularly the form (1. 2). 


9. Group of the Equation. 
Since the equations in À, и are identical, we may consider 


d'y dy 


+ (р— k'a°x°) у = 0. 

This has regular singularities at x — +1, the exponents at these being 
equal by symmetry. These are found to be 0 and 3. The point at in- 
finity is an irregular singularity of rank unity. We shall write the two 
fundamental solutions at х = 1 in the form 


Е,(1—х) = 1+а (1—2) +... а (1—2)"'+... | 
Е,(1—) = уд— о 1 + 51 —2)+...+5(1—2)"+..Ј] 


These series are convergent within a circle with centre at z = 1, and 
whose circumference grazes the nearest singularity z = —1. The’radical 
is taken positively to begin with, at points on the real axis lying between 
the singular points. 

By symmetry, the solutions at z = — 1 can be expressed in the forin 
И, (12), F,(1+2), with a similar convention about the sign of y(1 +2). 


(2.1) 
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Now at all points lying within the domain of convergency of both sets 
of solutions, we must be able to express these solutions in terms of two 


independent ones. Since F, and F, are independent, we have relations 
of the form 


Е,(1—2) aF (1+2) +8Р,(1-+2) | 


А (2. 2) 
F,1—2) = yF,(1+2)+ 8F,0 4-2) | 


provided that |1—2|<9, |1+r|<2. 


Changing the sign of x and repeating the substitution, we must have 
identically 
| 2.8 


F4(1—2) = у (ad-9) F,(1—2)4- (8, 4-09) F,( — xz) 


Hence a+By = Ву+ = j| | ый 
Bla+6) = y(até) = 0 
We must therefore have either 
i) а=дб B=0, y=0, а= 1, 
or (1) а=— 8 Ву=1—а. 
We shall discuss these cases seriatim. 
8. Discussion of Particular Cases. 
(ia) а ==6 = +1, В = у = 0. 
In this саве Е,(1—х) = Е,(1+2) | | 8.1) 
F,0—2) = F,+2) 


provided |1+2|< 2, which is certainly true if | z| < 1. Now the solu- 
tions Fj, F, being independent, these equations imply that there are two 
independent even solutions of the equation. The one, which is expressible 
in the form F,(1—2z) near x = 1, and in the form F,(1+zx) near = = — 1, 
has no singularity in the finite part of the plane, and 1s therefore an even 
integral function. The other, by similar reasoning, takes the form 


М (1 —2?) X (even integral function ot 2). 


Now, by considering the solutions near the origin, which is an ordinary 
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point, we see that there is only one even and one odd series in 2 satisfying 
the equation. Hence the present hypothesis, which requires the existence 
of two independent even solutions, must be rejected. 


(ib) a=éd=—1, В = у = 0. 
This gives Р, (1—2) = — КЕ 1 +2), РЕ,(1—2) = — ИЕ, (1+ 2), 
provided that |1+2] < 2. 


As above, we can show that this requires the existence of two independent 
odd solutions, which is again impossible. 

Both sub-cases of (i) being excluded and no other sub-case being 
possible, we are left with case (i), а4+5 = 0, Ву = 1—а'. This admits 
un infinity of possible solutions, some of which will be discussed in the 
next section. But the following particularly simple cases will at once 
occur to us. 


(Па) a = — ô = +1, B=0. 
This gives Е,1—2х) = ЊЕ, (1+2), (8. 2) 
provided |1+=] < 2. 


It follows that there is one solution, either even or odd, which has по 
singularity in the finite part of the plane. This solution is therefore an 
integral function in z. Putting 2 = cos Ө, we can express it as a series 
of cosines of either even or odd integral multiples of 0, according as 
a=-+1 ог a = — 1 respectively. The series will converge throughout 
the 0-plane except at infinity. 

These functions form half the set discussed by Whittaker, and we may 
conveniently denote them by C2,(0), Сз, +:(0), because they reduce to 
cos 2nO, ог cos(2n4- 1) 0, when we make k?a?->0 in Mathieu's equation. 
The condition that 6 = 0 implies that the parameter p must satisfy a 
certain transcendental equation, and in the limiting case Аа? — 0, we have 
p = m), where m is an integer. A method of calculating p is given in 
Whittaker and Watson's treatise, and we shall return to this point below. 


(10) a = + 1 = — ô, у=0. 
Here Е,(1—ж) = + КА + 2), 
provided [1+z|< 2. (8.3) 
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In this case the solution which changes sign on describing a small circuit 
about z — 1, will also change sign on describing a small circuit about 
z = — 1. Hencethere is a solution of the form J/(1—2?) X (uniform func- 
tion of x). Since neither solution tends to infinity at z = +1, the uniform 
function of x will be finite everywhere except at infinity, and is therefore 


an integral function. The latter will be even if 6 = + 1 = —a, and odd 


#б=—1=—а. Putting x = созб, J/(1—2?) = sin 0, and expanding 
the integral function as a cosine series of integral multiples of Ө, all odd 
or all even, we see that the solution can be written as a sine series of in- 


tegral multiples of Ө, all even or all odd respectively. These solutions are 


the other half of the szt found by Whittaker, and we shall denote them by 
82, (0), S4,,1(0, to show that they reduce to sin 220, or sin (2n 4-1) 0, 
when Ё°а* +0. The values of p again tend to m? (m integer), but are not 
of the same form as those of the C,,(@) functions. 


Note.—1t the two transcendental relations between p and k?a?, viz. 
B = 0, y = 0, were simultaneously true, then Mathieu's equation would 
admit two periodic solutions with period 27. This could only occur if 
the value of &?a? were a zero of the p-eliminant of 8 and у. 


(пс) a = ô = 0, Ву = 1. 
This interesting case, which appears to have escaped attention, gives 
Р(1—2) = В F,(+x) | 


Е,(1—х) = 3 Ка +) || 


provided [1+zx| < 2. 


These relations are deducible from one another by a change in the sign 
of 2. 

These relations imply that there is one solution which is uniform in 
the vicinity of z = 1, and changes sign when it describes a circuit about 
x == — 1; and there is another solution which is uniform at z = — 1, and 
changes sign when it describes а circuit about x = +1. These two solu- 
tions are of the form 


ir) pa) and (14-2 ¢(—2), | (3.5) 


where ф is an integral function of x. Putting x = сов Ө, the solutions. 


take the form sin 30 /(0), сов 40 f(r—9), 


(8.4) 
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where /(0) is а cosine series converging throughout the 0-plane except at 
infinity, and proceeding by integral multiples of Ө. 
On rearranging we find series of the form 


У a,cos(n+4)0, Е ( –)"а, sin(n+ 4) 0. 
(н) (n) 


We shall denote the solutions of this type by the symbols C,,,(0), Sn+,(0) 
to indicate that they reduce to cos(n4-3)0 and sin(n-4-3)0, when Аа? — 0. 
The corresponding values of p tend to (n+4)? when A?a?— 0. In this 
ease, we also note that the two solutions are coeristent for the same 
value of p, and if one is F(0), the other is К(л —0). 

They admit the period 47. 


4. General Case of Periodic Solutions. 


Having found that there are solutions admitting the period 47, we are 
led to inquire whether there may not also be solutions admitting the 
period 2s7, where s is any integer. Now when the angle @ increases by 
27, the variation in z = cos Ө is represented by а single circuit enclosing 
the points x = + 1. We therefore consider the effect of such a circuit on 
the fundamental solutions ; we shall premise that in F4(1 + 2), the radicals 
МА + x) shall be positive at points on the real axis where —1 < z < 1. 


Consider the solutions u, v, which are defined at A on the upper edge 
of a cut along the real axis between x = +1 and z = — 1 as 


ua = F1—2) va = Е,(1— 2). (4 .1) 
Proceeding along the upper edge of the cut to B, we get 
иһ = aF (1+2) +48F(1 +2), vs=yF,(1+2)+6F,(1+2). (4. 2) 
Now F,(14-z) changes sign as 2 describes the path BC. Hence 
ис = ај (1+2—ВЕ (1 +x), ve = yh, 14+2)—6F,(1+2). (4.3) 
Returning to D along the lower edge of the cut 
Up = (a?—By) F,(1—2)4- 8(a—6) F,(1—2) 


| (4 . 4) 
Up = y (a — ô) Е,(1—х) + (By — 6?) Е.(1— 2) 
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Finally describing the circuit DA, we return to the starting point with 
the values 


Ua = (а"— By) F,(1—2)— 8 (a—6) F,(1— 2) | 
ба = у(а—68) F, (1—2)+(8—By) F1—z) | 


Now since a = — ô, and Ву = 1—o?, we have 


– (93. _ 9 
u = (Qa*—1)u av | | (4.5) 


v= Yayu +(2a?—1) о 
Ву = (1— а). 
Let this substitution be reduced to its canonical form, by assuming 
(Au4- Bv) = K(Au+ Bv). 
We shall find, on eliminating A : B, the following equation for K 
| (де2—1— К), дау = 0, 
| —9aB, (802—1—К). 
that is to say (2a?—1—K)?+4a?(1—a’) = 0, 


because By = 1—а?. This reduces to 


K?+2K (1—2a”)+1 = 0. 
Tt follows that the two values of K are reciprocal, and that their sum 


i 2 (242—1). 

Now, if 202—1 > 1, те. а? > 1, both values of K are real. But if 
a? < 1, both are complex and of modulus unity. 

If K is real, the two fundamental solutions of form (Аи + Во), (Cu+ Dv) 
will become Æ"(Au<+ Bv) and K-"(Cu+Dv) after n circuits. Such solu- 
tions are not pertodic. | 

But if K is complex and of modulus unity, it may happen that K" — 1, 
for an 2nteger value of n. In that case, both solutions will regain their 
initial value after n circuits, or, in terms of Ө, they will admit the period 
пт. 


Since К = et^ 


we must have (962—1) = cos (22). (4. 6) 
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This is the transcendental equation which p must satisfy, and when it is 
satisfied, we shall have solutions of type 


у» f(, ein — 6), 


where f denotes a function of Ө with the period 27, which remains finite 
everywhere except at infinity. 


If therefore 7(0 = 2 с wen, 
the coefficients Cm, c_» must tend to zero like the coefficients of an integral 
function. This hypothesis will enable us to construct the corresponding 
solutions, and to obtain the transcendental equations for p. 


5. Construction of Solutions. 


k? 2 
Ty + fp — F3 (1 --cos 20) | y = 0, (5.1) 


We have 
where the value of p is at first undetermined. We shall proceed to con- 
struct a solution of the form 


y= Ра бе”, (5.2) 


on the hypothesis that (c, are the coefficients of an integral function, 
which is finite everywhere except at 0 — o». On substituting the series 
(5.2) in the equation (5.1), the terms with even and odd suffixes fall 
into separate groups; since we may add or subtract s in assigning the 
value of r outside the sign of summation, there is no loss of generality in 
supposing all ће n'a even. On substituting, and picking out the terms 
multiplying the same power of e”, we find that the (c,) are determined by 


k? 
x 2 Dus а з) == Í p— 5 — (ant 2 +)" | Con: 
zs ES | Ка 
Let us put L, = да |(5л+-) +52 р). (5.8) 
Then Ср "Ру Cont Ста = 0. (5. 4) 


We shall solve on the hypothesis 


L Cons _, — 0, L C _2n-2 


n + со Xue A + = Con 


—> 0). 


We shall follow a method employed by Whittaker in a more restricted 
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ease (see Whittaker and Watson, Modern Analysis, 19.52), and which 
18 perhaps most beautifully illustrated in Hough's theory of the tides on 
a rotating globe (Phil. Trans., A, Vols. 189, 191). It is not necessary to 
justify the method from a theoretical point of view here. It depends on 
a theorem in the convergency of continued fractions given by Poincaré, 
Les Nouvelles Méthodes de la Mécanique Céleste, Vol. 2, p. 257. 

We divide the equations (5. 4) into two groups, for which n is positive 
or uegative respectively, reserving the equation for which n = 0 for 
future use. If we divide by Czn, and solve the one set on the hypothesis 


Conse 


Con 7 0, 


and the other on the hypothesis 


C_on—2 


Con M 0, 


(x positive), we have the formule 


Con» 1 1 


== — L, ERU i eee to со 
Con К ney cm E 
5 (5.5). 
U-22 __ __ 1 1 
Clon ш Liber" di 


Since L, is O(n’), these fractions will ultimately converge very rapidly. 
In the formule (5.5), we now put » — 0, and substitute in the equation 


C C- _. 
= + Lud pm 0. 
We now find that p must be so chosen that it verifies the relation 


_ (а 1 1 pad. 2 1 | 


MI Ip rone Wiper дери 


which 1s the same as the infinite determinant 


о 0 1L; 1 0 о 0 о|=0. 
о о о 1L,1 оо 0 
оэ о о о 1 L 1 0 0 
о о о о 014, 1 0 
о о о о 0 0 1 Z 1 


(5 . 6) 


—— — 
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This defines a series of values of p, for which there exists a solution ad- 
mitting the multiplier e*"** when 0 increases by 27. It can be proved 
by a discussion analogous to Hough’s, or more directly by the “ oscillation 
theorem,” that the values of p will ultimately approximate to the roots of 
L., = 0, as n— ©. 

On separating real and imaginary parts, we have two solutions 
Cjs+r(9), Зла (д0), which reduce to cos(r/s-+-h)@ and sin(r/s+h)0 when 
Ра? > 0. The index k corresponds to the different values of p satisfying 
the transcendental equation. 

It would be possible to develop a theory of the Mathieu functions ad- 
mitting the period 2s7, and to show that these form a “ complete system” 
for the expansion of certain classes of functions. The functions of a system 
would admit an increasing number of nodes and loops in the interval 
(0, дат) as p increased, and would possess “orthogonal ” properties over 
this range. The values of p are necessarily real. The discussion and 
proof of these properties would however exceed our limits, and we shall 
conclude by giving certain integral equations, some of them already known 
and others new, satisfied by functions of the types л, n+3, where 7 is an 
integer. 


6. Integral Equations. 


6.1. In the harmonic analysis, we have to form potential functions 
and wave functions adapted to many types of curvilinear coordinates. И 
we expand a function of one type in terms of those of other types, we 
obtain certain “ addition theorems " or expansion formule, such as those 
of the Legendre or Bessel functions. 

Now it is possible to expand certain large classes of two-dimensional 
wave functions in terms of Mathieu functions, the typical term of the 
expansion being F(E) С(т, where F, G satisfy the equations (1.1). If 
the given function is everywhere finite except at infinity, and admits the 
periods 2sr for у, and 27: for 2, it will in general be expansible in 
Mathieu functions of order n/s. We shall not attempt a rigorous proof of 
this theorem, but we shall refer the reader to treatises such as Kneser’s 
or Hilbert’s on integral equations, where analogous problems are rigorously 
treated. 

Suppose now that our wave function is a untiform integral function of 
z, y. It will be expansible, if at all, in terms of the simplest class of 
Mathieu functions, those with period 27 (or іт in the case of the second 
solution). 
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Now consider the solutions of the equation of wave motion 


e, e™, ye, те, (6.11) 


These are integral functions of z and y. Hence on putting 


z--iy = а cosh (Ë+in), 
we shall look for expansions of the form ЎР, (#) Сл (и), where 


FQ) = Си), 


and the а, (л) are periodic with period 927. 
If we proceed to determine the coefficients of the expansion 


Fé, n) = ZA4G, (22) (та (7), (6. 12) 


by means of the well known orthogonal property, we find 


2T 2т 
| f (& 7) G(n)dn = А, Galt) | С (7) dn, 


2r 
or say Ga (2) = a, |, fliz, эў Galan, (6.18) 


for G,(—z) = + G,(2), being either an odd or an even integral function 
of z. This will be an integral equation for G, (2). 

We cannot however define G4(z) as a system of solutions of (6 . 18), for 
the function f(iz, y) need not necessarily require all the G,’s of the com- 
plete system in its expansion. With this proviso, we can however set up 
integral equations satisfied by an infinite number of the G,’s. Our method 
will be to separate the real and imaginary parts of (6 . 11) and to replace £ 
by 2€' in the result, to obtain symmetry in the two variables. We thus 
obtain eight kernels К(2', n). Four of these give integral equations 
already given by Whittaker, the others appear to be new. Whittaker’s 
kernels are marked with an asterisk in the following table. By consider- 
ing the nature of the funetion, whether even or odd and whether proceed- 
ing by even or odd multiples of the variables, we can specify the nature 
of the functions /, (6) satisfying the equation 


FAO = a, | KO, ф Рив аф. (6.14) 
0 
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K (0, Ф) _ Бад 


cos (ka cos 8 cos ф)®* 


А . Con (8) 
cosh (ka sin 8 sin 9)* 
sin (ka cos 8 cos ф)® 
Cin. 0 
cos 0 cos ф cosh (Ка ain 8 sin Ф) i (6 . 15) 
sinh (Ла ѕіп ө sin ф)® 
. . S nel (0) 
віп 0 sin ọ cos (ka cos 8 cos q) 
cos Ө cos $ sinh (Ka sin 8 sin 4) 
S», (0) 


sin 0 sin ф sin (ka cos 8 cos ф) 


We notice the appearance of hyperbolic functions in some of the 
kernels, as the result of putting à sin $ for sinh £. 


6.2. We shall now attempt by similar methods to find an integral 
equation satisfied bv the Mathieu functions with period 47. 

If we suppose p so chosen that the equation in 7 in (1.1) has a solu- 
tion with period 47, or the corresponding equation in u in (1.2) has a 
solution of form 4/(1— и) (u), where ф is an integral function, let us 
consider the “ element " 


/{%—1)(1—) | $0) du). (6 . 21) 


This is & wave funetion made up of two similar Mathieu functions, and by 
changing the sign of м or A, we can include the case where the second 
Mathieu function is taken instead of the first. Now in order that a func- 
tion may be expansible in a convergent series of elements (6.21), we shall 
restrict ourselves to such functions as are of the form 


м 10 —1)1—4)] X (symmetric integral function of A, и). 
Now let us write 
E=VJ{AtD(1+e)}, »-—4i(^—n0ü—a]. (6 . 22) 


Then allowing for a change in sign of A, и, the functions required are 


* Whittaker’s types. 
вев. 2. VOL. 20. yo. 1401. 2 c 


> 


~ 
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such as can be expanded as an integral function in Ê, 7, even in one 
variable and odd in the other. 


Now we have a (22— 2) = mere | (6. 28) 
an = y 
so that (2 +5у) = > (€+in)?—a. (6 . 94) 
This change of variable reduces the equation of wave motions to 
а + = + Ra (+) У = 0. (6 . 25) 


And the kernel we require must be an integral solution of this equation. 

Now this equation is well known in the theory of the parabolic cylinder 
[Lamb, Proceedings, Vol. 4 (1907); Bateman, Wave Motions, p. 98; 
Whittaker and Watson, Modern Analysis, Ch. xvi]. We shall pick out 
the simplest solution, namely an even integral function of £, multiplying 
an odd integral function of 7. If V = L(£) МО), we find 


ФМ 
dg HUE DL = 0, TI р)М=0. (6.26 
The choice of p being at our disposal, we make p = — ika. Then a 
solution of the first equation is 
L(€) = ек, (6 . 27) 


Now the even solution of the second equation is clearly M = e^", This 
enables us to find the odd solution required by elementary reasoning, and 


we get п. 
M (n) = etm | etka? qt | (6. 28) 
0 


Hence the kernel takes the form 


et (ra) | gio? dt. 
0 


Or, introducing the elliptic coordinates, which we may call 0 and 


ф' = ig, to distinguish from our auxiliary variable ё, у, we have 


sinh 34 sin 16 2 sin 46 sin 4¢’ 
e^? cosh & cos 8 | ci? dt — 1 erka cos 0 cos ф' e IL. 
0 ') 
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Neglecting constant faetors, we shall write 


2 si 1 
К,(и, р) = == ipod e n t 
0 


. (6.29) 


2 cos Ан cos Ap 


K4(u, v) = К, (и+т, v+ 7) = её" co " e 2 qt 


0 


The kernel A, will give functions of the type S,,,, and K, will give func- 
tions of type С. In fact, оп expanding the kernels in series of the type 


K (u, v) = ZAnSm+3(u) cl | (6.291) 
K4(u, v) = 2 Bn Спа (и) Са+а (0) 
we have by the usual method of determining the coefficients 
2r 
Sin (U) = an | К; (и, v) Su id» | 
0 
; (6.292) 


C440 = 8, |; К,(и, v) Са+а (0) du | 


these being deducible from one another, by changing u into (п — и). We 
cannot, however, base the whole theory of the functions on the equations 
(6 . 292), because it has not been proved, and it appears improbable that 
it can be proved, that every function of the complete system is present in 
the expansion of these kernels. 

To investigate the completeness of the system theoretically, we require 
to form the ‘‘ Green's function " for the interval (0, 27) and to discuss the 
integral equation whose kernel is symmetric and continuous, but whose 
differential coefficient has a discontinuity at au == v. Into this question we 
cannot enter here. 


7. Conclusion. 


We may remark in conclusion that the methods of this paper can be 
applied with little more than verbal alterations to a large class of equa- 
tions, which depend on the equation of wave motions in spheroidal coor- 
dinates. 

In the case of the prolate spheroid, we put 


ё = au, р=ау/|0%—1)(1—и%)}, 
and retain the azimuth ф. A wave function of the form 


V = e"* FQ) Glu), 
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gives us two similar equations in A, џи for F, G of the form 


2 
<| (1—2?) ш | + (p— I а) у = 0. (7.1) 


In the case of the oblate spheroid, we put 
ё=ам, p= ayu’), 


and with similar assumptions, we find an equation in u of the form 


d a dy ( 2 ) = 
zl- 2) + ax" | y = 0, (7.9) 
only differing from the former in the sign of Ка. The corresponding 
equation in À is found by putting A = 1x. 

If m is not an integer, the theory of these equations presents the 
closest analogy with that of Mathieu’s. They are in fact reducible to 


the canonical form 


fy —9 (1 + mz 9 T +(4 + Bur’) y = 0, 


(1—2) 5 
of which Mathieu’s equation is a special case when + m= — }. The 
cases where т is an integer require different treatment, owing to the 


singularities at  — +1 becoming logarithmic. 
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ON THE TORSION OF A PRISM. 389 


ON THE TORSION OF A PRISM, ONE OF THE CROSS-SECTIONS 
OF WHICH REMAINS PLANE 


By б. TIMOSCHENKO. 


[Received January 27th, 1921.—Read February 10th, 1921.] 


1. In the theory of torsion due to Saint-Venant the twisting couple 
is supposed to be applied by means of tangential tractions exerted upon 
the terminal sections, and these tractions are supposed to be distributed 
over the sections according to determinate laws. Such a torsion is 
generally accompanied by the distortion of cross-sections of the twisted 
prism. 

In some cases we have to solve the problem of the torsion of a prism, 
one of the cross-sections of which is maintained plane by suitable forces. 


For instance, in the case illustrated in Fig. 1, it is a consequence of the 
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symmetry that the middle cross-section (2 = 0) must remain plane. In 
such cases near the constrained cross-section there will appear “local. 
irregularity.” The influence of that on the magnitude of the angle of 
twisting can be neglected in eases where the linear dimensions of the 
cross-saction are small in comparison with the length of the prism, but in 
some cases this influence can be of practical interest. 

We have met with this problem when investigating the stability of 
the plane form of the J girder under bending loads, and have given an 
approximate solution of the question, by estimating the effect of the bend- 
ing of the flanges, which accompanies the torsion.* In the recently pub- 
lished paper by A. Fóppl* another method for the approximate solution 
of the same problem is given. A. Foppl works with expressions for the 
components of stress, which satisfy the differential equations of equilibrium 
and the boundary conditions. The constant quantities which enter into 
these expressious must be caleulated so as to make the potential energy 
of the twisted prism a minimum. 

By this method A. Fôppl solves the problem in the case of an elliptical 
boundary, and uses the result for a very extended ellipse to estimate the 
influence of constraint in the case of a twisted prism of narrow rectangular 
cross-section. 

The last problem can be of interest in connexion with the investiga- 
tion of stability of a flat blade bent in its plane. For that reason we give 
here a more detailed solution of the question by using the method of 
A. Fôppl and also another method, where we work with expressions for 
the displacements. The last method seems to be more appropriate in the 
case of а twisted flat blade. 


2. The exact solution of Saint-Venant’s problem in the case of a rect- 
angular boundary involves infinite series. For our purpose it is more 
convenient to proceed with a simple approximate solution, which we can 
get by using the “membrane analogy.” The stress-equations of equili- 
brium will be satisfied, if we take the components of stress on a cross- 
section as follows 


ED "m. 
а= By? и == (0 


* S. Timoschenko, ‘‘ Einige Stabilitätsprobleme der Elustizitütstheorie,'" Zeitschrift f. 
Math. u. Phys., Bd. 58 (1910), S. 361. 


t Sitzungsberichte d. Bayerischen Akademie der Wissenschaften, 1920, 8. 261. 
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In case of an exact solution the stress function (x, y) satisfies the equation 


Cr Ow = | 
EN + ду + ит = 0, (2) 


and remains constant on the boundary of the cross-section. Here и de- 
notes the rigidity and 7 the twist of the prism. 

Let a homogeneous membrane be stretched with uniform tension T 
and fixed at its edge, which is the same as the bounding curve of the 
cross-section of the twisted prism. When the membrane is subjected to 
uniform pressure of amount p per unit of area, it will undergo a small 
displacement z. 


If we put 2 = 2ит, (a) 


the equation of equilibrium of the membrane coincides with (2) and the 
surface of the membrane is given by the equation 


z = VX, y). 


In order to get this surface we use the variational method. In a small 
variation of the displacement z = y(r, y), the uniform tension T will do 


work of amount TES 
КЕ T Oy / . атш 


The corresponding work of the uniform pressure p will be 


po || y. dx dy. 


It follows from (a) that the condition of equilibrium of the membrane 
will be | 


[AEG GH nte [rans] co 


In this way the solution of the problem of torsion is reduced to seeking 
the minimum of the integral 


sf enhan в 


where the function y» must be constant at the boundary. This method 
is especially appropriate when approximate solutions are sought. In the 
case of a rectangular cross-section (Fig. 1) the general form of the stress- 
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funetion will be 


= 5 


m=1, 3, 5, ...,1 


Í nn COS M cos 
8. 5, Е 4 2 ту, да, 9b e 


L Ms 


The coefficients Amn can be found from the equations 


oS 


Ор 


and we can get Saint-Venant’s solution in this way. 
In the case of a very narrow rectangle* we can get the approximate 
solution by taking for the surface of the membrane the cylindrical surface 


Y = ит (b?— y4’). 
Then we have Z: = —9ury, 2, = 0. (4) 
The corresponding displacements will be 
џ == — ту, Ф = TZT, w == — TT]. (5) 


In order to get a more exact solution and obtain a correction, due to the 
influence of the edges at z = +a, we can take (for z > 0) 


у = иту) —e77679), 
2. = — диту(1—е “ 979), Ly = UTK (b?— y?) eea, (6) 


We choose the quantity x in such a manner as to make the integral (8) a 
minimum and get in this way 


l. 2: 
This solution gives for the twisting couple the approximate formula 
a f+b 
M = 4 | | wv dr dy = urab? (1—0:682 2) ; (8) 
0J —b 


or in the case of а very narrow rectangle 


M = urab’. (8)' 


8. We shall now use these results in order to get au approximate solu- 
tion in the case illustrated by Fig. 1. In consequence of symmetry the 
cross-section 2 = 0 remains plane and the corresponding displacement w 
will be equal to zero. 


* We suppose that а is large in comparison with b. 
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In accordance with (5) we can suppose that the stress Z, at this cross- 


section is as follows 
Z: = — Eyre У ту, (9) 


where y is a constant quantity to be determined. 
We will suppose also that 


X, = Y, = 0. (10) 
Then the stress-equations of equilibrium and the condition that the 


cylindrical bounding surface of the prism is free from traction are satisfied 
by taking 


X, == — 1 Е fre" (a? — x?) (f$ — у), (11) 
X, = 1Evy^re^Y (à — r’) y—Qury, (12) 
Y, = ЈЕ у те "= (b — y?) г. (13) 


As z increases the expressions (9)-(13) approach the expressions (4) that 
were found previously. The quantity у must be chosen in such a manner 
as to make the potential energy V of twisting a minimum. 

If we calculate V from the formula 


у=(([ C exer dz dyd 
ШЕ E y PAST Haus с) 2) yaz, 
| 1 
and assume that | e Y dz = —, 
0 Y 
we get 


1-Ет?а3Ь5 |-вужа ој ауа у Yt gis >) al}. (14) 


The equation for y will be 
(1-Ро) [ 226)! +4 (a?+ 5?) у?) = 8. (15) 
In the case of а very narrow rectangle we get 


3,2 — 9 


ur did ET (15)' 


In order to get the angle of twisting 0, we put the potential energy 
(14) equal to the work of twisting couple M. From (8)', we get 


0=7 (- уза +2, a), 
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or, т being taken to be 0'3, 
Ө = T (l—0°425a). (16) 


The influence of “ local irregularity," at 2 = 0, on the value of 0 is the 
same as the influence of diminution of the length # by 0°425a. If we 
wish to take into account the boundaries z = +a, we must change the 
expressions for X,, Y, to the following :— 


X, = LE у те (а? — х?) y—Quty(L—e""-”), 
Y, = ЈЕ угте Y (lb? — y?) x +итк (9 —*)e-* CA, 


The values of а?у? and the diminutions ôl of the length l, corresponding 
to the diminutions of the angle 0, are given in the following table :— 


alb = © 10 
ary? = | 3:846 3:604 


мо = (425a | 0°428a 


4. We can get the solution of our problem in another way by working 
with expressions for the displacements. These expressions must be 
chosen in such а manner as to satisfy the conditions at the plane cross- 
section 2 = 0. They will contain one or more constant quantities, which 
will represent the coordinates of the system. These quantities can be 
determined by the variational equations of equilibrium. 

In the case of a narrow rectangular cross-section each half of the 
prism may be considered as a thin plate built in at the edge z — 0. In 
such а case we can assume that the displacement vin the direction of y 
is given by an equation of the form 


ss aces] an 
C u 


where M denotes the twisting couple, a the constant quantity to be deter- 
mined, and C the torsional rigidity of the prism. 
We see that the conditions 
(м). 0 = 0, (22) = 0, 
à :=0 


= 
UZ ) -= 


— 


1921. ] ON THE TORSION OF A PRISM. 895 


are satisfied. Further, as z increases, the twist 


ov M = 
oroz — GI 


approaches the value M/C. Neglecting the small quantity e7”, we get 
for the angle of twisting 


Ө, = (m) — A (:- =), (18) 


We again find that the decrease of 0, resulting from the “local irre- 
gularity’’ is the same as that corresponding to the diminution of the 
length by the quantity 1/a, which is independent of J. The equation for 
the determination of a is obtained by equating the potential energy of the 
bending of the plate to the work done by the twisting couple M. In this 


way we get 
2aD aD Гаа. +9(1—0) (:— =) | a NS L (b) 


a 


where D denotes the “ flexural rigidity " of the plate. In the case of a 
narrow rectangular cross-section we have 


2aD | 1 
C T 9(1—o)' 


and the equation (b) gives us 


WE e a 
a A [60 — o) ] 


In order to get a higher approximation, we must work with a more com- 
plicated expression for the displacement v, which must contain two or more 
constants to be determined. 

The calculation made with the expression 


= 0'488a. — (19) 


р = == [2 =. (1—е7°%) а! (20) 


which contains two constants a and 8, gives us a result differing from (19) 
in the last decimal only. 


5. We will use the result (17) in order to estimate the stiffening effect 
of the “local irregularity " in relation to the question of the stability of a 
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flat blade bent in its plane* (Fig. 2). It is known that by increasing the 


Fic. 2. 


bending moment we can reach the state in which the plane form of bend- 
ing becomes unstable and sidewise buckling occurs, as is illustrated in 
Fig. 2. Such buckling is accompanied by torsion. 

In order to find the value M., of the bending moment, rendering 
possible this kind of instability, we take the differential equations of 
equilibrium. 

From the assumption of small displacements, we can conclude that the 
twisting moment at the cross-section mn will be equal to M dy/dz, and in 
accordance with (17), we get the differential equation, corresponding to 
the torsion, in the form 


dy _ o (do 1 de 
ur = с (p 2 T5) n 


The bending moment in the plane of smallest flexural rigidity will be M6, 
and the corresponding equation of equilibrium is 


(22) 


where B is the flexural rigidity. 


* A. а. Michell, Phil. Mag., Ser. 5, Vol. 48 (1899) ; S. Timoschenko, /avestia Petrograd- 
skago Polytechnicheskago Instituta (1905), 
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From (21) and (22) we get 


dO a PO Маз 
d " аа — BO 


Ө = 0. (28) 


Integrating this equation and observing that Ө and 20/42? vanish at 
z£=0 and z =l, we get 
Ө = А вір Bz, 


where oe V ЕтЕ "es +e) | = (24) 


_ ту(ВО) 1 r’ 
From (24), we get Men = NN аак У (1+ -7 


a 
a op 


or, with the solution (18) for 1/«, 
2 
May = EVO (14-118 $). (25) 


The second term in the bracket gives us the stiffening effect of the “ local 
irregularity.” | 

We see that it is very small and cannot have so much practical im- 
portance as in the case of an I girder, 
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A MEMBRANE ANALOGY TO FLEXURE 


By 8. TimoscHENKo. 


[Received January 27th, 1921.—Read February 10th, 1921.] 


Тнк membrane analogy, which is of great importance in the case of 
torsion, can be applied in some cases to the investigation of the bending 
of prisms. This analogy combined with the Rayleigh-Ritz method for 
determining the form of a stretched membrane, subjected to normal 
pressure, enables us in some cases to get an approximate solution of the 
flexure problem, when.the exact solution is unknown, or is very com- 
plicated and inconvenient for numerical calculation.* 

We take the central-line of the beam of length l to be horizontal, 
and one end of it to be fixed, and we suppose that forces are applied to 
the cross-section containing the other end in such a way as to be statically 
equivalent to a vertical load W acting downwards in a line through the 
centroid of the section. We take the origin at the fixed end, and the axis 
of z along the central-line, and we draw the axis of z vertically downwards. 
Further we suppose that the axes of z and y are the principal axes of 
inertia of the cross-section. In such a case we have, in accordance with 


Saint- Venant's solution, 
Xo y Xo 


Z,=—Wil—2) г (1) 


The stress components X, and Y; will be the functions of z and y only. 
The stress-equation of equilibrium 


y 


* Applying this method to the case of & rectangular cross-section, we had occasion to 
observe some errors in the well known table, calculated for this cross-section by Saint-Venant. 
The corresponding corrections are given below. 
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will be satisfied, if we put 


We + fly), ==, (2) 


CL 


where ¢ denotes the “ stress-function” and f an arbitrary function of у 
only. 
The condition that the cylindrical bounding surface is free from trac- 


tion is X, cos(zv) + У, cos(yv) = 0, 


and can be written as follows 


C а Yy ; 
OS — zi nz (3) 
Substituting (2) in the equations of compatibility 
W 
дү — y a сы 
V^Y. = 0, УХ; = (l+o)I’ 
ср E = Wy p | 
we get +. rere s 1 f (0) +с. (4) 


In particular cases we must adjust the quantity с in such а way ав to 
make the couple about the axis of z due to tractions on the cross-section 
vanish. 

In cases where it is possible, by appropriate choice of f(y), to make 
the right-hand member of (3) vanish, our problem will be the same as the 
problem of seeking the form of a uniformly stretched membrane, subjected 
to normal pressure. Provided that the edge of the membrane is the same 
as the bounding curve of the cross-section of the prism, the uniform ten- 
sion of the membrane is equal to unity, and the intensity of normal 
pressure is represented by the right-hand member of (4) with negative 
sign, the equation of equilibrium of the membrane will be identical 
with (4). 

The form of equilibrium can be found by using the variational method. 
If we give to the displacements of the membrane small variations the 
corresponding work due to the uniform tension is 


-4[| [GA + ($2) Таа, 


and the work due to the normal pressure is 


A || $ Fez HY fte] dx dy. 
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It follows that the function ¢ can be found from the condition that the 
integral 


s= aE eo Gs ETS) acer o 


is à minimum. 
Using the method of Rayleigh-Ritz, we put 


ф = амо a1 V T 23 ad ..., (6) 
where Wo, V^, ... denote functions which vanish at the boundary. The 
coefficients ау, а), ... can be calculated from the minimum conditions of 
the form 

25 У (7) 
дал — 


The accuracy of our solution will depend on the number of terms in the 
expression (6). 
If the boundary of the cross-section is given by the equation 


F(z, y) = 0, 


and the function F is different from zero within the cross-section, we can 
take the solution (6) in the following form 


т, 1 


ф = F(z, y) Y Amn X y^. (8) 
т=0, п =0 | 


We shall now show how to find the function ¢ when the boundary of the 
section of the beam has one or other of certain special forms. 


(a) The ellipse. 
The equation of the bounding curve is 
т? 2 
а 
The right-hand side of (8) will be equal to zero if we put 
_ Жа? у“ 
fy = or (1—1). 
The differential T (4) will be 


9 в = = = (т; = а). (a) 


That is, the membrane is ues to a linear distribution of normal 
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pressure vanishing at the х axis. We can conclude that ф is an even 
function of z and an uneven function of y. It is easy to see that in this 
case the term 


т? 2 
па (+ ба 71) v 
of the expression (8) gives us the exact solution of (a), if we take 
== Wa? (14-с) а?4-об? 
a= T 2(1+0)8a +0) 


With a = b, we get the solution for a circle. 


(b) The rectangle. 

In the case of a rectangle the boundaries are given by the equations. 
x= +a, у = +ф. The right-hand member of (8) will be equal to zero 
| { 
if we pu РТ Wa? 

2910 ' 
The corresponding equation for the membrane will be 
0% + des I. Wy 
oz? ' oy? ~~ l+o I 
Also in this case ¢ is an even function of z and an uneven function of y. 


These conditions and the conditions at the boundary will be satisfied if 
we take the expression (6) in the form 


ф= 2 b Am +1, n COS m 1-7 ain E (9) 


From the equations (7), we can get 


__ c W 80° (— Lets 
зһ,» = le T m пот+1 аст4+ i +n)’ 
where а = bfa. 


The shearing stresses (2) will be 


— 9$, Z : 
X, = oy 7 57 (а — x7) = = i (10) 


The second term in the expression for X, gives us the shearing stresses, 
which are usually calculated in treatises on Applied Mechanics from the 
stress-equations of equilibrium, without reference to the conditions of 
compatibility. The calculation of corrections to this elementary solution 
18 facilitated by the use of the function ¢. 

8ER. 2. voL. 20, ко. 1402. 2 D 
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In the case of à very narrow rectangle we can at once reach some con- 
elusions in regard to these corrections. 

If а is large in comparison with b, we can assume that, at the points 
distant from the short sides of the rectangle, the surface of the membrane 
is effectively cylindrical. The corresponding differential equation will be 


a= EEEO idi Lol 2 
and we get = gp b y), 
LN ap A o (y p ] 


At the centre of the cross-section we have 


_ Wa? c À 
(Х.), yo ES 9l (1— 3(1+0) a \. 


If b is large in comparison with a, the displacement of the membrane at 
points distant from the short sides of the rectangle will be a linear func- 
tion of y, and we can put 


0$ _ c Wy 
or 14+о I' 
from which ф= ite 21 y (z*— a^), 
__1 W a_n с W | 
р ito 21 (a^—2:). Y= ii] Ty. (12) 


In comparison with the usual elementary solution the shearing stresses 
are reduced in the ratio 1: 1+c. 
It may be pointed out that the differential equation 


dz/X, = dy|Y. 
of the '' lines of shearing stresses " in accordance with (12) gives 

у = C(a—zy. (13) 
The expressions (12) will constitute an exact solution of the flexural pro- 
blem if the boundary is represented by (18), or, what is the same thing, 
by the equation (x) ie "— E 

b ai 


а 
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In fact, the right-hand member of (3) will be equal to zero, if we put 

ле = ү 1-0) 1 
The corresponding solution of (4) will be 


BE. Ww а ә А y UT] 
= Tez leat (ф) | 


and the expressions (2) give the solution (12). 
If a and b are of the same order of magnitude, we use the complete 
solution (9), and using the results 


e 1 со ( 1)" г? 
Ур ИБС Seen iad 
rà n? ZT, 2 7 12’ 
$ (—1)" — x? sech 3xr—1 
о (2m+1)[(@m+1) +4] 82 (dur? ’ 
Е а ИСЛОХ Cn D 
we get (Хол 90 = F ар 1+5“ (8 t$ : п? cosh n/a 
5 " "m : (14) 
Co, у=ь = 8 ab AF T po EF 87 т? oa cosh ul 


These formule coincide with the well known solution of Saint-Venant. 

Using the Rayleigh-Ritz method, we can get the solution of the pro- 
blem in another form more convenient for numerical calculation. Re- 
dueing the general expression (8) to two terms only, and putting 


ф = @%—а%)(у#—%)(А у-+ By’), 


we get from the equations of the form (7) 


4-2—ii ain 1.3 tz 1. 9" 
797 erts a) late) Ка tae 

в =—ү*— s 1.53 1 — 
rtv. auti Z) +a tao 


The — — stress-components (10) will be 


a? 
HAA, Qus ua = © аА BV). (15) 


(X:):=0, y=0 = 21 
2 D 2 


B 
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In order to estimate the accuracy of this approximate solution we have 
calculated the stresses at the centre of the rectangle (т = 0, y = 0) and 
at the point (x = 0, y = b), с being taken to be 1. The values of the 
expressions in square brackets of (14) and the corresponding values for 
the solution (15) are given in the following table. 


bla = | 0:5 1 | 2 


| 


Exact | | Кк | 


| Solution | 0:981 | 0:936 | 0:856 | 0:826 


mue cU] “ее 


Exact | ,. А | : 

Point бошой | 1:033 | 1'126 | 1'396 | 1'988 
27 = Кы а еф ne = || | de, Geol 

z=0, y=b Approx. | | 

Solution | 


1:040 | 1:143 1:496 | 1:934 
| | 


We see that, if а and b are of the same order of magnitude, the 
approximate solution (15) is sufficiently accurate. In case of necessity 
we can always increase the accuracy of the solution by increasing the 
number of terms in the general expression (8). 

In order to get the approximate solution for the points near the short 
sides of a rectangle, when a is a large number,* we can take the stress- 
function in the following form (satisfying the conditions at the boundary), 
viz. 


ф= rcs 5; @— a у1—е-®-® 5). (16) 
where x is а constant to be determined from the equation (7). If we put 
г ==; 

this equation will be 
0°8a?(ax)*—0°8a(ax)®+ (04 — За") (ак) + баак—7 = 0, (17) 
If a is a very Jarge number, we get 
ак = 3,/10. 
If a= 4, we get from (17) ax = 1°298, and the formula (10) gives us 


- Wa? _ 
(Хо, y=b = OI 2°038. 


* In such a case the exact solution (14) is not convenient for numerical calculation. 
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This result is only 2'5 per cent. less than the exact solution, given in the 
table above, and we can conclude that in the case of narrow rectangles 
the approximate solution (16) is sufficiently accurate. - 

By the method used for the rectangle, we can obtain an approximate 
solution in some other cases. For instance, if the equations of the 


boundaries are (Fig. a) 


у= +0, 242—1 = 0, 
| W 
we put Ју) = 5702—10). 
As an approximate expression for the function ф we can take 
ф = (у — 5) Њу —т7)(Ау+Ву), 


where А and В can be calculated from the equation (7). In the same > 
way the problem can be solved in other cases when the cross-section is 

bounded by vertical lines y = +b, and by two curves symmetrically 

situated in relation to y axis. 


~ 
~ 


-—— ь„ 


Fia. а. Еб. b. 


(с) The triangle. 
If the triangle is symmetrical with respect to the y axis (Fig. 5), the 
equations of the boundaries will be 


yta=0, гх="+ tana(2a—y). 
— W 2 2 
If we put Ку) = 9] tana (2a— y), 


the right-hand member of (3) will be equal to zero, and we have to solve 
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the following equation of equilibrium of the membrane, fixed at its edge :— 


Аса W 
Ew. dq TE Та y gg + (2a— y) + с. ш 


We utilise the general solution (8) and adjust the constant с во as to 
make the twisting couple equal to zero. 


If tan? a = 


LX 
1+а ' 


the solution of the problem is particularly simple. We get it by super- 
posing on the stresses 


x =E [-24+42a—-y"], Yi =0, (19) 
the torsional stresses calculated from the known stress-function 
Ф = — 5 у а) [—30a—y]. 
These last stresses will be 
х= i: = — 27 (Бау — y), i –% = 9; 2r (у +a). (20) 


i 


We have only to adjust the value of ur. 
The twisting couple, corresponding to (19), will be 


-Í| Xiydzdy = 2Wa. 
To the tractions (20) corresponds the twisting couple 
2 || фахау = РА ита“. 
The condition that the twisting couple vanishes will be 
2Wa а+ gU ura = 0, 


2/3 W 


and we get Peon др 
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Substituting for ur in (20) and combining (19) and (20), we get 


X -2X4X'— avs W[—2?--a(2a— y)], 


mn 
Y, = Y Y? = оуд Wa(y+a). 


The stresses X, at points of the y axis are represented by the linear func- 
tion 
— 2/8 = 
(Х.)х=о — 97a? W (2a y). 


The greatest value of this stress will be 


: 2/3 
(X). о, п= –а = ^ W. 
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NOTE ON CERTAIN MODULAR RELATIONS CONSIDERED BY 
MESSRS. RAMANUJAN, DARLING, AND ROGERS 


Ву L. J. Моврви,. 


[Received May 3rd, 1921.—Read Мау 12th, 1921.) 


In a recent number of these Proceedings,* Messrs. Darling and Rogers 
have dealt with a number of results enunciated by Ramanujan which may 
be stated as follows. 


pub ge (1— 7 )(1—» (а —"к)1—")... (1—7' 2)... 


во that Јо) = 701-4240? ...), 
and write for shortness f, f, instead of f(r), f(?). Then 
(1) fF—fh fU +h) = 0, 


l1rü-»n»üu-»5ü-»),.. | 


-5 f5 LAM] у е КЛ Л S ee 8 
(2) f[—-—Wu--Tla—s5aü-r5ü-r5.. 


а result which can algo be written in the form 
HG"—/GH" = 14+11rG°H®, 
where а = (1—"71—")... (1— r+)... 
Н = 1/0—50—»)...—»"£?).... 
1 (1—7)1—7)41—7)... 


(3) f =f- = re 1—7)(1—"79(1—79) m. 
df]. 1 (1—»1—7)1—2»?...]* 
(4) dr] = $r 9) 99) 2. 


—— — o ——— MM о — РЕ А 


* Issued March 7th, 1921, Ser. 2, Vol. 19. Н. B. C. Darling, ‘‘ Proofs of certain Identi- 
ties and Congruences enunciated by S. Ramanujan " ; L. J. Rogers, ‘‘On a Type of Modular 
Relation.’’ 
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(5) XT(Gn457*- 4830[а–да— Уа —» ...]?* 
0 
= 5114 [а 22 )?) (1 — 7!) (1 СР y . .] x 


where [(1—)(1—›%)(1—›%)...]# = X T (nr, 
` 1 
; = a r [0—79-—r9(-— 15)... 
(6) E pur = [01 — 0) (1 — 2)(1— 08)... ° 


where 10100102) (1—09)... = S par’, 
0 
[1—75)0—750—7»...]? 
[(1—»—»5—7 —p»...]* 


[(1—75—27*5)—7?).. 
[а—»а— ја —7)... 


(7) Х Pints r= 


449 | 


Mr. Darling gives very complicated proofs of the results (1)-(6), while 
Prof. Rogers proves (1) and (2) and finds also the formule corresponding 
to (1), when f(r’) is replaced by 707), f0”), . 

Neither of them gives a proof of (7).* 1 ih to point out that all 
these formule are simple consequences of well known theorems on the 
Modular Functions. For put as usual 


ду (2, w) = 2r* gin zz IL (1—r"e?"")(1— узе“), 
1 


where "= gie 


Then changing w into 5v, putting z = w, 2w respectively and dividing, we 
have 


0,,(о, 5w) _ вр пто ^ = 
011 (2o, 50) _ gin 27w 1 ]—p^:?/* 


Writing now ¢(w) instead of n or simply ( when more convenient, we 
havet 
_ r*0n(», 50) _ . (1—0—»90—»5 —7? ... 
б) = "38 (Qe; Бе) ' а = та ата)... 


* The results (6) and (7) are given by Ramanujan in his paper “ Some Properties of р (n), 
the Number of Partitions of n” in the Proceedings of the Cambridge кы Soctety, 
Vol. 9. 

f The factors ris, 7% are put in, because the expression ((«) is only a particular case in 
the study of the quantities 6,, (aw, pw), а = 1,2, ..., p— 1. 

See Klein-Fricke, Vorlesungen über die Theorie der elliptischen Modulfunktionen, Vol. 2, 
p.383. "This treatise will be referred to hereafter as K.F. 


LÀ 
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The non-homogeneous modular group is defined as the substitutions 


, _ aw+b 
(^ = 
соја’ 


(А) 


where а, b, c, d are any integers satisfying the equation ad—bc = 1. 
Then the most important properties* of ¢(w) are— 


(1) It is an invariant of the sub-group Ге defined by the congruences 


a b 1 0. 
= B 
Ma: ed d · (mod 5), (B) 
that 15} C(w’) = C(w). 


(2) It has a simple pole and a simple zero in the fundamental polygon 
Fg, associated with the sub-group [+ The polygon Fy is of genus zero 
and is formed from 60 of the triangles occurring in the well known modular 
division of the plane. Also; 


C(t. ) = 0, ¢(2/5) = ©, é(0) = = е —®т1/5 V ест, 


(3) Any modular function which is an invariant of the sub-group l'y. 
сап be expressed rationally in terms of ¢(w) which is called the “ Haupt 
Modul" of the group Igo. In fact, ¢(@) plays practically the same part 
for the polygon Fæ that an ordinary complex variable z does in the z 
plane. 

An another important sub-group$ of the modular group is the group 
l defined by the substitutions (A) wherein 


с=0 (mod 5). 


The corresponding fundamental polygon Fe is of genus zero, and is formed 
from six triangles of the modular division of the plane, namely, the well 
known fundamental triangle and the five triangles derived from it by the 
substitutions —1/(o+x«), x = 0, 1, 2, 8, 4. 

We have again a “ Haupt Modul," usually denoted by T;(w), with the 


RUIT so es c 


* K.F., Vol. 2, p. 383. 

+ We are not considering in this paper the invariants Де) for which f(«')/f(w) is а root 
of unity. 

t K.F., Vol. 1, p. 613. 

$ K.F., Vol. 1, p. 635. 
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same properties for the group Г, that ((v) has for the group Га.  Also* 
тю ) = 0, т; (0) = o, 


while in the neighbourhood of w = 0, т,(о) = eie, 
Invariants for the groups Г, and Г, ean be found very simply by the 
use of the modular invariant defined by 


Alon а) = Bro)" Ш (1—09, w= fos, 
which, as is well known, is unaltered by the substitutions of the linear 
homogeneous modular group 
@ = dw + box, 
w = cw, +de, 
where a, б, c, d are any integers for which 
ad —bc — 1. 


Thus A(5w,, w,)/A(@,, о) is a modular function of о which is invariant 
for the group Гу; for writing 


5 (aw, + bw) = a (5w) + 5bw,, 


се; + des = (c[5) (5w) + do, 
we have at once 


A[5(aw,+ bw), со + dey] = A(5e, vj), 


since c/5 is an integer. 
Its valuet is given by (K.F., Vol. 2, p. 64) 


А (о, w2/5) = ті (о) А (о, w). 
Hence the result (2), which can be written as * 
62—61 = [А (е, w) Alw, ө) ]*, 


is equivalent to (—(65—11 = 195/т (о), 


* K.F., Vol. 1, pp. 637, 638. The r (w) of K.F. is equal to — 7; (о). 
T Since A (а), w) is homogeneous in a), we, A (wj, w;/5) = 51? A (5а), әз). 
1 All the radicals in this paper are one-valued functions of w. 
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a known relation [K.F., Vol. 1, p. 639, formula 4, since т = —7;(w)]. 
As there remarked, it can also be easily proved by noting that 7,(w), being 
also an invariant of the group Is, can be expressed rationally in terms 
of ¢. 


The result (3) ean be written as 


A (0/5, w Wy) |“ 
ux A (Бој, w) (О 


The right-hand side is an invariant of the sub-group Г, as both 
[A (50), w3)] A9 (о, w) | ч апа [A (o, 503) AP (оу, (02) | ”, 


are invariants of this sub-group [K.F., Vol. 2, р. 67, equation (7), and 
Vol. 1, p. 644], and hence it сап be expressed as а rational function of (. 
As in the neighbourhood of w = iœ , the expansion of the right hand-side 
starts with r~:, this rational function must, except for a term (^!, be a 
polynomial in €. Since a substitution in (A) wherein 


b—c—0 (mod 5), 


will leave the right-hand side of (C) unaltered and change ¢ into —1/6,* 
this polynomial must be —¢ and a constant, clearly —¢—1, which proves 
the result (8). 

The result (4) is an illustration of the method of deducing from the 
modular function ¢(w), modular forms (,, $ homogeneous in w, оз and 
defined by (K.F., Vol. 1, p. 618) 


620m) = 1+2] (8) )| 


&v/(807) = (1+) (EY) | | 


The result (4) is 
a Гавр 1 (му 


1 
€ dr Д (Бо), ө) 1 5r 
and since dr = 2rirdw, 


1 1 dé = 2m ау Alo, оз)? 
this becomes Cia 6 (52 А (Ко ui) 


* K.F., Vol. 1, р. 639. 


* 
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or, from equations (D), 


(142)? _ Qi (=) A (ом, ex 1 


$6207) _ 5 \2r/ LA(Go, е)" 


A (m, w) m Tg (e) 


| Д 
or — —————— — —} EOD." n e ) 
163 A(5w,, о) 7 (s (ор, @)/ ’ 


by using the value of T5(w). The identity then becomes a known result, 
K.F., Vol. 1, p. 640, equation (5). 
The result (5) is an expression of the fact* that 


A 
А (501, 6) + X А (о) + ке, боз) = СА (о, ву), 
к=0 


where C is independent of о), w» The left-hand side is an invariant of 
the homogeneous modular group, its six terms being permuted by these 
substitutions, and its expansion in powers of r starts off with a term 
(27r/w,)'* r except for a numerical factor. 


12 œ 
Putting now A (w w) = (==) > T(n) 7", 
Ws т 


we have at once (5), the constant C being found by equating terms in r. 


By equating coefficients, we have, as on p. 119 of my paper just cited, 
T (5s) = T (5) T (s), 
if з is prime to 5; and for all values of s, 
Т (5^ +23) – T (5) T (5>+! з) + 5" T (5 з) = 0. 
Hence since T(5) = 0 (mod 5), it follows by induction that T'(5n) = 0 (mod 5). An exactly 


similar proof shows that T (7n) = 0 (mod 7). 
Noting next that 


већ = Art П (1-7? = 25 (-1) (2n + 1) ri med, 
1 о 


and that rs n (1—r^)?! = 34, ri, 
1 


where either A, = 0 (mod 7) or n = 0 (mod 7), 
it is clear by multiplication that 
Т тљ+а)= 0 (7017) if a= 2,4,6, 


since no squares are congruent to 2, 4, 6 (mod 7). 


* This is a particular case of a general theorem given in my paper ‘‘On Mr. Ramanujan's 
Empirical Expansions of Modular Functions," Proceedings of the Cambridge Philosophical 


Society, Vol. 19, pp. 118, 119. 


• 
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Noting again 


r n (1—r”) РЕ 2 (— —1)" pietet! ы = У (= 1)“ r 6 lj (2:2, 
9 


and that n (1-r)9-37"r", 

where either B, = 0 (mod 23) or n = 0 (mod 23), 
it follows by multiplication that T (23n +b) = 0 (mod 23), 

where b = 5, 7, 10, 11, 14, 15, 17, 19, 20, 21, 22 


are the non-quadratic residues (mod 23). These congruences were given by Ramanujan in 
these Proceedings, Ser. 2, Vol. 17, pp. xix, xx. 


The result (6) is equivalent to 


А (Бој, w) Adm = ТЕГЕ, = Tee 
o А Ко, + код)/5, о) | А (юу, wo) | 


The general term on the left-hand side can be written as the 24th root of 


А (5о), w) /А(— 5w, + ко) 
AP (ey, e). AP (— о, w H Kor)’ 


since А (o +, w) = A(w, e), 
A(— о, w1) == А (ey, Wa), 


and from K.F., Vol. 2, p. 67, equation (8), and p. 27, equation (7), it follows 
that the left-hand side" is an invariant of the group Г,, and hence can be 
rationally expressed in terms of т, (о). Its possible singularities in the 
polygon F are at w = tœ, 0, of which о == io is ruled out, as the ex- 
pansion of the left-hand side involves no negative powers of r. At о = 0, 
writing we, = — Q, =, Q = Q,/Q,, so that о = 0 corresponds to 
() = i», we have 


(ao — 50, Q) CES 5 A((Q, 5Q,) ^ 
Е 5() к= ~ А (542,, (2 a —K{2;) 


Since A(50,, О, — x) = A (Q FAQ, 50) or A (5Q,, (2), 


for a suitable value of A, it is clear that О = іо will be a singularity of 
the right-hand side whose expansion in powers of R = e"? starts with 
a numerical multiple of 


(R79) = R^. 


ae ae a lee See ee ee ———— ee — ee 


| | 
ә It can be written аз 5 "7" in the rotation of K.F. 


Kal jx O.x 
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But since near о = 0, т, (о) = R-', the left-hand side must be a numerical 
multiple of 7;(v) which is easily found. | 

The proof of the result (7) is based on exactly the same ideas as that 
for (0). For it can be written as 


: А (Tas. в.) T E e] | eT 
5 1. 60 a 
= Eten ell — f А (о, W) к А (о), w) 
Putting Tlw) = [А (ој, oD A (o, s) = 49r+..., 


then* 7,(w) is а “Haupt Modul" for the sub-group Г, of the modular 
group defined by с = 0 (mod 7). The left-hand side, which is also an 
invariant of the sub-group Гу, сап be expressed rationally in terms of 
та (о), and has no singularities at œ — io. The expansion for the 
singularity at the origin is given by 


(37) = RF, 


that is, it is of order 2,* so that the left-hand side is a quadratic poly- 
nomial in т; and is easily found to be 


пут 
T T 


A similar result cannot be expected when the 5 and 7 are replaced by 11 
as the fundamental polygon PF, associated with the corresponding Dio 18 
of genus one. A similar expansion, however, holds for 13 as Fy is of 
genus zero. (K.F., Vol. 2, p. 52.) 

The result (1) and the similar formule by Prof. Rogers are the equa- 
tions connecting ¢(w) and ¢(pw) for 


p = 2, 8, 5, 1, 


The theory and the results in a slightly different form (t.e. using homo- 
geneous variables ¢ = ¢,/é) are given in K.F., Vol. 2, p. 187, and 
pp. 150, 151. The forms of the algebraic equations are known from a 
priori considerations for far more general functions than the modular 
functions of which ¢(w) is a very special case. For example, when p = 2, 
the equation between f and f, is of degree 8 in each of them, is irreducible, 
and remains the same when f, f, are replaced by е2" /, е“ f. correspond- 


— e — — — — — — = 


* See K.F., Vol. 2, p. 52 and pp. 62-64, 


+ In the neighbourhood of the origin 7, (а) starts with a multiple of R^* as is clear by 
putting e, =—0;, w = A, in the formula for 7, (w). 
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ing to a change of w intow+1. Since f and f, both vanish at о = 2o, it 
easily follows that the required equation takes the form 


fft afi of tef? = 0, 
where a, b, c are numerical constants. 
Since f= r'(1—r4-?-F?—5*.), ј=7(1—+7..., 
r(1—3)? ...)\(l—r+77...)+ar (1—387r-+67" ...)--c(1—2r--8Ó ...) 
+b(1—r’...) = 0, 
from which jii —0, 1+a—2c—0, —1—38a—6b--3c = 0, 
so that Rf P —f, tf = 0. 
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SUMMARY OF RESULTS. 


. Under certain restrictions, all double surfaces fall into three classes. 

. Algebraic double surfaces have at least one double line. 

. Cubic and quartic double surfaces determined. 

. Condition for a double surface in tangential coordinates. It must be of odd class. 
. One of the centro-surfaces must also be a double surface. 

. Effect of a cross-cut on the connectivity of a double surface. 

. Bonnet’s associates of double minimal surfaces are deforms, but are not one-sided. 
. Explanation of the anomaly. Remarks on deformation. | | 


1 D QUI с м = 


oo 


PREFACE. 


One-sided or double surfaces are those on which it is possible to pass 
from one side to the other by a finite and continuous path. The simplest 
example, in a model form, occurs when a long rectangular strip of paper 
ABCD, of which AC and BD are the diagonals, is twisted once, or an 
odd number of times, and then joined into a twisted ring by making the 
edge AB coincide with the edge CD, so that A coincides with C and B 
with D.* | | | 

The only occasion on which these surfaces are mentioned in the 
standard works on Differential Geometry is in connection with Lie’s 
minimal surfaces. It is the purpose of this paper to investigate some 
general types of such surfaces. | 

There is hardly any literature on the subject. The following are the 
only two references given in the Royal Society Catalogue of Scientific 
Papers :— 

P. H. Schoute, Proc. Roy. Soc. Edin. (1892), p. 208. 


M. Feldblum, Wiad. Mat. (1897), p. 101. 


* Forsyth, Differential Geometry, p. 295, footnote. 
SER. 2. vor. 20. мо. 1403. 2 nm 
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A summary of the latter paper is given in the Jahrbuch über die Fort- 
schritte der Mathematik (1897), p. 579. Both of these deal with a par- 
ticular surface which will be called the Mobius surface. There is a short 
note on the same surface in one of the Bulletins of the American Mathe- 
matical Soctety. 

The notation used is generally that of  Eisenhart's Differential 
Geometry. 


1. Mode of Formation.-—One-sided or double surfaces are those on 
which it is possible to pass from one side to the other by a finite and con- 
tinuous path. The conditions of finiteness and continuity are of im- 
portance in this connection. Moreover, we shall assume that the path is 
not restricted to pass through any particular point on the surface, for 
such points are in general singularities of the surface, and the con- 
tinuity of the path is destroyed. The analytical criterion of such surfaces 
is that, though after describing a finite and continuous path we come back 
to the same point on the surface, the direction of the normal is reversed. 

Let и, v be the Gaussian parameters in terms of which the Cartesian 
coordinates (assumed rectangular) are expressed. Then, according to the 
usual convention, the positive directions of v = const., u = const., and 
the normal form a right-handed system of axes. 

Now the Dupin indicatrix at any point is the same for both the sides 
of the surface; the lines of curvature, therefore, are the same for both the 
sides. Similarly, all other organic lines (the asymptotic lines for example) 
which are determined by the nature of the surface, are the same for both 
the sides. Let some such lines be taken for the parametric lines and the 
surface defined by the three equations 


2 = flu, v), у = 7 (и, v), 2 = /(и, v). 


These funetions will be assumed to be uniform, continuous and differenti- 
able. All these limitations, except that of uniformity, are among the 
usual assumptions of Differential Geometry. 

There exist, therefore, two functions ф and ү of и, v such that 


T = filu, v) = Sid, у), 
y = falu, v) = fig, Y), 
2 = f3(u, v) == f(Q, y). 


Since the parametric lines on the two sides are the same curves, $ and y 
must be functions of one of the variables only. "We have, therefore, two 
cases to distinguish. 
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(A) If pis a function of и only, say U, and у a function of v only, 


say V. Then 
L = fi(u, v) = ЛОО, V), 


y = falu, v) = f,(U, V), 
z = falu, v) = f,(U, V). 


(B) But it may happen that the same curve may be designated differ- 
ently on the two sides; a u-curve, for example, may be styled a v-curve 
on the other side. The second possibility, therefore, is that ф is a func- 
tion of о only, say V, and Y a function of и only, say U. Then 


в = filu, v) = fi(V, U), 

у = fa(u, v) = f2(V, U), 

2 = falu, v) = f,(V, U). 
Now we shall assume that the parametric system is real, so that no 
imaginary value of the parameters will give a real point on the surface. 

A. Allowing for a slight change of notation, we have 

x = ј(и, 9) = f(U, V), 

y = plu, v) = ФИ, V), 

z = Yu, v) = Y(U, V). 


If X, Y, Z be the direction-cosines of the normal 


x= 1 oly, 2) _ 1 cz, х) _ 1 об, у) 
“ТН (и, v)’ — H о(и, cv)’ Но, vy 
La [199 21*, (00 2313, roc y? 
where H = +| (С(и,р)) lolu, v) ) + C c(u, v) ) 


is positive for all possible values of « and v, the parametric system being 
real. 


? О 
Now у, = 2 = U, sE = СФ, 


where Ф, is the value of фу when И, V are substituted for и, v. Similarly, 


Yo = У,Ф,. 
Pas 1 oly, UV. 
Therefore Х = F nC = = H 2 ($ Y,— 5, V). 


ова 
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But | X' = (Ф, Ч„—Ф„\Р,)/Н', 


where Н' is the value of H when U, V are substituted for и, v. H being 
always positive, the direction- cosines of the normal have opposite signs if 
U, V, is negative. 


B. Here x = f(u, v) = f(V, U), 
y = ф(и, v) = Ф(У, U), 
z = (0, 9) = М(Т, И). 


Since | y, = ob = BU, 

and Ya = ce = d$ V,, 
therefore X = U, Va, ¥,—®, FH. 
But Х' = (6, ¥,—8,¥,)/H’. 


The direction-cosines of the normal, therefore, have opposite signs if 
Ui И» be positive. 


2. Types of Double Surfaces.—Let P be & point on the surface with 
parameters (u, v), and P' the same point on the other side. Let x denote 
the transformation (и, t? into (U, V) or (V, U). A а of the 
operation brings us back to the point P. : 

It is clear that a double surface will arise in the special case where 
the transformation is algebraic and there is a (1, 1)-correspondence be- 
tween the parameters (U, V) and (и, v) ог (v, u). Then О, V will be 
homographie functions of their respective parameters. Now consider the 
transformation x, (at+b)/(cr+d). 

If c = 0, this may be reduced to the form z, A(z +B). 

If c Æ 0, it may be reduced to the form x, 4 -- B/ (x -- C) ; or, changing 
the variable, to the form x, D/(r+C), or, after a further change, to 


г, +1/(c+C). 


Crass A.—Since U, У, is to be negative for the transformation (u, v) 
into (U, V), the following are the only possible combinations: 


(1) и, 1/u+4); (2 и, A(u+B)| (AC <0): (8) и, A(*4-B); 


v, —1/(v+B); v, Cv 4- D)! т, +1l/(v+0): 


— — и — < 
ee = 
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the plus sign being taken when 4 is negative, and the minus sign when 
А is positive. | 
" It follows, therefore, that under the above conditions double surfaces 
whose eoordinates can be expressed as uniform, continuous and differenti- 
able functions of two real variables, belong to one of theso three classes; 
the passage through infinity has also to be avoided. 
To see how double surfaces may be constructed we give particular 
values to the constants and obtain the types* 


(1) и, 1и; (2) и u+B; (8) и, ut B; (4) u, — (u+ B). 
v, —1/v; v, —(v+D); v, 1/0, v, —1/v. 


With appropriate substitutions, as, for example, v = tan 0 in (1) and (4), 
v = w—1D in (2), we reduce these to the two types 


(i) и, —u, ш: (il) u, 1/и, ТА 
Ө, 04-7, 04-27; Ө, Өт, 04-27, 


the third columns giving the effect of a second transformation. 16 will be 
found that all the well-known double surfaces come under these heads. 
For the cylindroid given by the equations 


# = созо, y=usinv, z=asin 2v, 


Y= 2a sin v cos 2v ү — 2a cos v cos 2v 
of (+ 4a? cos? дь)” a (u? + Aa? сов? 2v)' 


= u 
~ a/(u?+ 4a? cos? 20)’ 


The surface, therefore, comes under head (1). 

The double minimal surfaces discussed later on fall under (ii). 

It will not be possible to identify a given surface as unifacial by this 
method. We shall see later how this may be done. 


* lt may be pointed out that these include all self-inverse linear transformations. For 
the condition that x, (az + b)/(cx + а) be self-inverse is that 
_ с (az + b) + b (cx + d) 
€ (ax + 6) +d (cx + d) 


identically, which gives a+d = 0. Thus x, (ax+b)/(cx—a) is the most general type. If 
а = 0, c0, changing the variable we have x, A/x as the most general type. After a 
further change, we get the most general types in the forms (и, 1/и) and (и, —l/u). Ifc=0 
(a, c cannot both be zero), (и, —u+4) is the most general type; or, more simply, (u, —u). 
If a = 0, the transformation is of the type (и, Bju) which may be split up into Le 1/и) and 
(u, Ж, 

All of these are included in the four special types. 
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To construct a function of u, v such that f(u, v) = f [RG0, Sw], 
where А? = S? = E, to use the notation of the Theory of Groups, we 
take any function of u, v, say ф(и, v). Form the function Ф[Е(0), S(v)]. 
Adding these together or multiplying one by the other, we get a function 
having the required property. We can thus construct as many double 
surfaces as we like. It is necessary to see that the parametric system із 
real and that none of the coordinates pass through infinity during the 
transformation. 


Crass B.— These do not seem to exist ; for if 


u, Rw, RS(0, 
v, S(v), SR() 


be the transformation, where RS = SR = E, itis impossible to make the 
parametric system exclusively real. If we take и, R(v) conjugate 
imaginaries, then S(w), SE(vr) are also conjugate imaginaries. If ¢ be a 
function of и, v [such that ф(и, v) is real when x, v are real] ¢ (и, т), 
¢[R(v), S(u)] are also conjugate imaginaries. Their sum or product is 
thus real. 


З. Singularities.—-It is natural to expect that these surfaces have 
some form of singularities. It will now be proved that algebraic double 
surfaces possess at least one double liue. 


Let Б (т, у, 2) = 0 


be the Cartesian equation. Then the direction-cosines of the normal at 
any point are 


On 0) 
ТОКЫМ (OFEN? , (GENS РСК (оку Т) 
ea Cae 
Cr Cy Cx CT С] РУДЕ 
Cz 


TEC i t 
| Ge су 
After describing a finite path on the surface, we come back to the same 


point =, y, 2, but the direction of the normal is changed. Therefore (on 
account of the restriction that the variables and functions are real and 


= 
CZ 
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finite), the square root must change its sign in the course of the path and 


OF дЕ oF _ 


c CE о 


simultaneously somewhere on the surface. This generally cannot be a 
mere point, for we have not restricted our path to pass through any par- 
ticular point. It is clear that the proposition has been understated. 

As an example, consider the Mobius surface given by the equations _ 


x =(a+psin 10) сове, у = (a-FpsiniO)sinO, 2 = pcos10,  . 
the transformation being 
P: — р, P» 


0, 0-4 27, Ө+4=. 


This is the surface generated by а straight line which moves in such a 
manner that a point on it describes a circle, the straight line always re- 
maining perpendicular to the tangent to the circle, and the spin of the 
straight line about the tangent being half of the angular velocity of the 
point on the circle. 

There is no general method of finding double lines on surfaces given 
by parametric equations. We have to find a function f such that 


p = fi) 


gives the same point on the surface when Ө = 0, or 0, 0,—0, not being 
a period of the transformation. On the surface we are considering, 0, 
must not be equal to 0,4-27. 


Now | p = да sin 10 sec 0 


satisfies this condition. Substituting for p we obtain the following values 
for the coordinates 


г=а, у=а{апб,  2=ађапб. 
If we change Ө into 0+7, we get the same point. 
f-ü, yrs 


are, therefore, the equations of a double line on the surface. 
We shall now consider some general types of Lie's double minimal 
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surfaces. 2 The Weierstrassian formulæ* are 


= ja Е(и) ди+1 | a— Gode, 


и ачарда + | ar do, 


2 {аидаи + | oGwde. 
For a real surface, и and v are conjugate imaginaries, and so аге F(u) 
and G(v). Let | | 
и = p exp 10, = p exp(— 20). 
The transformation! is 


Р, 1/р, P: 
0, 9+ т, 04-27. 


For & double minimal surface 


The general solution? of this functional equation is 


F(u) = a 1 [iat 2 Y Coa (gites ц (MHD emnes. 


m=9 


+ У Com (u?" e аза u "e 7» | 


m=1 


| 1 2, А ae ВРЕ 
and G(v) = я —ia+ X Cong (vr tem mnt ы 


m=0 


Р Y Со (07 eT I2 — 07 om ef) | 


т=1 


where, а, c’s and а'з are all real. 


* Forsyth, Differential Geometry, p. 281. 
+ The transformation cannot bo 
Р, —1/p, р, 
6, 6, 6, 
for then the coordinates would become infinite during the transformation, which moreover 
does not change the direction of the normal, U,V: being positive. | 
+ Forsyth, Differential Geometry, р. 296. 
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We shall assume that À and u are finite. 
We ean now show that the double minimal —— for which 


Com+1 = 0 (во that odd powers of u, v do not occur in F and С) have the 
z-axis for a double line. 


a= || 
+“ 


= — За sin Ө (»— Ру + 22 ——— 


2 
— À... | | | 
a [ia HE con Qe" etim ц eT 24) ] du 


p? о (аза > р 3 eitn) ] do 


C. Nm 
2m — 


1 208 '(2m—1)0+az,,' (p tu) 


+ 2> Cam COS : (2m +1) 0+ azn | (» mo ta), 


2т +41 р 
putting u = рехр:д, о = рехр — (Ө. 
Similarly, 
` т | 1 
2y = — За cos0 (»— +) — 2> mn sin : (251 2- 1)0 4 - a, : (» ien zs 
сый Сш 1 810 (225, —1) 04r a. (o). 
2n — “Mi 1 pt 


2 = — 240425 SH · сов(атд + ain) (p UE oa): 


Unless a= 0, the surface is periodic, and therefore transcendental. 
We take 


a = 0. 
If p= +1, then г= 0, у=0, 
апа CE om t eos (2140 + a...,). 
т=1 


The right-hand side is a continuous function of 0 and has the period т. 
Therefore, to every value of Ө (say 6,) there is another value Ө„, 
(0<0,<7, 0, <r) such that z is the same for both. 


р= +1 


is, therefore, a double line, ог, in other words, the z-axis 18 a double line 
on the surface. 
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As a particular case, the Henneberg surface* for which 
F(u) = 1—u-^!- (u!—wu-?)hdé, 
and a=0, с = 1, с, с... = 0, а =a... = 0, 


has the z-axis for a double line. 


4. Cubic and quartic double surfaces.—The fact that double surfaces 
have at least one double line may be used to find the cubic and quartie 
double surfaces. A cubic having a double line must have it straight and 
must be a ruled surface. Consider a ruled surface having the line of 
striction for the guiding curve for convenience. Take the generator 
through a point on the line of striction, a line perpendicular to it in the 
tangent plane, and the normal to the surface for a moving set of right- 
handed system of axes. As the origin moves on the guiding curve, the 
first axis generates the surface. It is a double surface, if, when the 
nfoving origin comes back to its original position, the positive direction 
of the generator coincides with the initial negative direction. Or, in other 
words, if the total spin about the second axis is an odd multiple of z. It 
is also necessary to see that the moving origin does not go off to infinity. 
The line of striction, therefore, must be a closed curve. 

If we take the double straight line of the cubic for the z-axis, the 
equation of the surface can be written in the form 


(ax? + 3b + 8cry + dy?) + 2 (а' x? H- 90 гу 4- c' y?) 
+ (a".r? 4- 20"xy + с" у“) = 0. 
Put t = peos, y= psin Ө. 
Then 


p (a eos? 8+ 8b cos* 0 sin 0 4- 8c cos 0 sin? 0-- d sin? Ө) 
_ +(a" cos? 0 4- 2b" cos Ө sin 0 4- c" віп? 0) 
xm a’ cost + 20' cos Ө sin 0--c' sin? Ө 
It is clear that all the conditions are satisfied if the equation 
a’ cos?0-- 9b' cos Ө sin Ө+-с' віп 0 = 0 — 
has no real roots ; that is, if 0"? —a'c' is negative, the transformation being 
P» — р, P» 
Ө Өт,  0-r27. 


* Forsyth, loc. cit., р. 289. 
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The cylindroid and the Henry Smith surface* are particular cases. It 
may be noted, by the way, that the latter is a mere algebraic transform of 
the former. 

A quartic surface with a non-planar double line is ruled. We can, 
therefore, find the double quartics with non-planar double lines. | But the 
algebra is formidable. | 


5. Tangential equation.—Let the irreducible homogeneous equation 


of degree э, F(X, Y, Z, T) — 0, | 


be the tangential equation of an algebraic surface. Then the point of 
contact of any tangent plane is given by the equations 


r:yizil-OoF[OX: СЕЈОУ : 0Е[02 : сЕЈОТ. 


Now for a double surface it will be possible, starting from a set of initial 
values, say Xy, Yo Zo To to change X, Y, Z, T continuously, subject to 
the condition F = 0, into — X, — Y, — Z» —T, without making any of 
the coordinates infinite. Therefore, ¿F/T must not vanish during the 


transformation. Now 
oF|oT = 0 


will represent a cone in the four-dimensional space in which X, Y, Z, T 
are the Cartesian coordinates. The necessary and sufficient condition for 
a double surface is that the cone be imaginary. It follows, therefore, 
that OF /cT must be of even degree. F must, therefore, be of odd degree. 
A double surface will be of odd class. For example, the tangential equa- 
tion of the cylindroid is | 


T (X*-- Y?) = 2aXYZ, 
which satisfies the required condition. Henneberg’s surface? has the 
equation (n. ZX Y? = 4Z (8X*4-3Y?4-22)(X?— Y5. 
It will be seen that as the point of contact describes a continuous path 
returning to its initial position on the other side, the tangent plane sweeps 


out the whole of space. Through every point in space there is a real 
tangent cone. 


* Forsyth, loc. cit., p. 308. 
t Forsyth, loc. cit., p. 287. 
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6. Centro-surfaces.—The centro-surfaces of double surfaces are inter- 
esting. It is necessary to recall some well-known properties of centro- 
surfaces. Let M be a point on a surface, and MC, and MC, the lines of 
eurvature through it. Then the normals to the surface along the curve C, 
form a developable surface D, and the normals along C, form another de- 
velopable D}. Let S, and S, be the centro-surfaces traced by the centres 
of eurvature corresponding to the systems С, and C, respectively. Then 
the developable D, has its edge of regression on the surface S, and en- 
velops the surface S}. The tangent to the line of curvature C, is therefore 
parallel io the normal to S, at the corresponding point, and the tangent 
to the line С, is parallel to the normal to S, at the corresponding 
point. | 

Now consider a moving trihedral formed by the tangent to the lines 
C,, C, in the positive sense and the normal, forming a right-handed 
system of axes. If the surface be one-sided, we can make the origin 
describe а continuous path on the surface, returning to the same point on 
the opposite side. The direction of the normal having been changed, the 
direction of one of the other axes (the tangents to the lines of curvature) 
is also reversed. Supposing that the direction of the tangent to the line 
C, i8 reversed, the direction of the normal to S, has also been reversed. 
The centro-surface S, is, therefore, one-sided. 

It may happen, however, that some surfaces have a line of parabolic 
points which has to be crossed. One of the radu of curvature becomes 
infinite, and the corresponding point on the centro-surface goes off to in- 
finity. 

© For Henneberg's surface* 


E=G=0, F-—18(1—wu)1—c:v)(1-4d wy u to, 
D = 6{(u-*—1), D'=0, D'"-6(v^—1) 


The Gaussian measure of curvature К, 18 


ul v! 


Ж лы аш ишта с=с сс = 
9 11—(и* + о) + wh v! | (1+ wo)? 


8 

ed p 

= gg а m 21° 
9 11—2p! cos 40+p"}(1+p°) 


* Forsyth, loc. cit., p. 289. 
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It is clear that K does not vanish during the transformation 


p lj, р, 
Ө Ө+т, 0427. 


One of the centro-surfaces is, therefore, unifacial. 
It is easily seen that the above proposition holds for double minimal 
surfaces in general. For, if the coordinates be expressed in the customary 


Weierstrassian form 
ds? = lF(u)G(v)u-ruv, 


1 


and | =~ Fo Gedy 


which clearly does not vanish anywhere on the path, и, v being conjugate 
imaginaries, as are also Fu), С (у). 
Again, for & ruled surface,* 


K S. 
o (ua RF 


where 8 is the parameter of distribution, and #—a the distance along a 
generator measured from the line of striction. Therefore 
K=0 when 8-0. 


On the Mobius surface 8 is a constant. It has, therefore, the property 
mentioned above. But for the cylindroid 


r-weosÜ0, yousnd, z = a sin 20, 
8=0 when 0 = 7/4 or 87/4. 


Tho cylindroid has, therefore, two parabolic lines. 


F. Inversion.—If we invert a double surface with respect to any point, 
the new surface is also unifacial. We shall verify the statement by in- 
verting the cylindroid | | 

2 («24 y^) = дату, 


with respect to the origin, taking the radius of inversion to ђе а for sim- 
plicity. Then the new surface is given by the equations 


x = 1а віп ф совес Ө, у = lasin$ зес Ө, 2 = Xa (14- соз ф) sec Ө cosecd, 


—— - —- ————Ó———— 2 —— M — À € —9À "€ 


- RÀ M _— А = - = 


* Eisenhart, Differential Geometry, р. 247. 
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the transformation being 
$, Ек ф, ф, 
Ө, 0+ т, 6+ т. 


We may describe the surface in the following way. Consider a plane 
rotating about the axis of z, which lies in it. Let Ө be the angle which 
the plane makes with its initial position, which is taken as the y-plane. 
The surface is generated by a circle of radius Ја cosec 20 lying in the 
plane, and passing through the origin, the centre always lying on the 
z-axis. The z-axis is a double line except the portion between z = +a. 


8. Connectivity.—A double surface is, by definition, multiply-connected. 
There is a remarkable analogy between a double surface and a two-sheeted 
Riemann surface, the double line of the former corresponding to the branch 
line of the latter. We consider now the effect of a cross-cut on a double 
surface. 

On any bounded surface, a cross-cut may join two points on the same 
boundary line, or two points on two distinct boundary lines, or it may 
proceed from a point on а boundary line and come back to itself. In the 
second case the number of distinct boundary lines is diminished by unity. 
For the first case, let us start from any point on the boundary line in 
question and mark with arrow-heads the sense of the boundary line as we 
come back to the starting point. Now it may happen that the arrow- 
heads at the two extremities of the cross-cut may point in opposite direc- 
tions (Fig. 1), or in the same (Fig. 2). 


8 5 


7 


aa’ 
Fic. 1. Fig. 2. 


aa'ch'bd is the boundary line. In Fig. 1, ab and a'b' are the two sides 
of the cut, and in Fig. 2, ab’ and a'b. Inthe former case it is obvious that 
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the surface is divided into two distinct parts a'cb’a’ and abda. We show 
that in the second alternative, Fig. 2, the surface must have been uni- 
facial and that the effect of the cross-cut is to convert it into а bifacial 
one. 

Suppose that a man starts from а’ keeping the surface to his left, 
follows the boundary line till he comes to b', and then, still keeping the 
surface to his left, follows the edge b'a of the cut. If he now proceeds 
along the boundary line against the direction of the arrow-heads, he will 
come to the point b and following the edge ba’ of the cut, back finally to 
а'. The number of boundary lines is not affected by the cut. It is 
obvious that if there had not been а cut, and the man had followed his 
path а'сба' as before, he would have been on the opposite side of the sur- 
face from which he started. The surface must, therefore, have been a 
unifacial one, and it has been converted into a bifacial one by the cross- 
eut. 

In the third case, when the cross-cut comes back to itself, the number 
of boundary lines is increased by unity, and the surface is divided into two 
distinct parts. 

A cross-cut, therefore, increases by unity, or diminishes by unity, or 
keeps intact, the number of distinct boundary lines of a surface. In the 
latter case, however, the surface is converted from a unifacial into a bi- 
facial one. 


9. Deformation.—The word deformation is used in several distinct 
senses in Mathematics. In Riemann’s development of the Theory of 
Functions, it is used to denote the modification of a flexible and extensible 
surface provided there is no tearing or joining. This we may call con- 
formal deformation. In Differential Geometry, on the other hand, it is 
used to denote the modification of a flexible, but inextensible surface 
provided there is no tearing or joining. This we may call continuous 
deformation. It is, therefore, a special form of conformal deformation. 
Let us examine Bonnet’s associates of double minimal surfaces. If a 
surface be given by the Weierstrassian formulæ,* Bonnet's associated 
surfaces are obtained by substituting ф(и), W(v) for F(u), G(v) respec- 
tively, where | | 

ф(и) = е“ Fu), (0) = е "а (о). 


Then the are-element of the original as well as the associated surface is 


* Vide 53. 
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given by the equation 
| ds? = (1-- uv)? F(u) бо) дио. 


It is, therefore, concluded that the associated surfaces are continuous 
deforms of the original surface. 
It is easily seen that ¢ and Y do not satisfy the equation 


1 


satisfied by F and G. This, of course, proves that either the surfaces are 
not one-sided, or the equation is not & necessary condition. 

Among these associated surfaces there is one particularly important, 
the adjoint surface obtained by putting 


а = 7/2. 
It is easily shown that for the original surface the asymptotic lines are 


given by the equation 
F (и) di? - G (v) dv? = 0, 


aud the lines of curvature by 
F (и) dià—G (v) dv? = 0. 


For the adjoint surface the asymptotic lines are given by the latter equa- 
tion and the lines of curvature by the former. It follows, therefore, that 
the parametric lines on the adjoint surface are related to the lines of 
curvature in the same way as the parametric lines on the original surface 
to the asymptotie lines. The direction-cosines of the normal are 


1 

| : pes 

x= 2050, y = 2910, Z= е | 
+ — + — == 
p prs p+ Р 


for both the surfaces. It will be seen that no linear transformation оѓ р 
and @ is possible which will alter the signs of X, Y, Z but leave unaltered 
the values of the coordinates for the adjoint surface. For, since both 
X, Y change their signs, tan Ө will be unaltered ; therefore (0, 0), (0, m+ 6) 
are the only two alternatives. In either case it will be found that no 
appropriate transformation for p can be determined. The adjoint surface 
of a double minimal surface, therefore, is not a double surface with linear 
transformation, to which type the latter surface belongs. 

We shall now apply the tangential equation. It will be convenient to 
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take the simplest of the double minimal surfaces, the Henneberg surface. 
If we put F(u) == a ud G (v) — 0''' (v), 


the tangential equation of a double minimal surface can be written in the 
form* 


T= 7 (59 + (27 7) л (FEF) — „(ы Dy (= EL 


The equation of the associates of the Henneberg surface is 


T= 2 RP. “| [8 (ZHY) о (4) | 


„ ((Х+тҮ Хагу , 1—Z) 
AY) (5 xe) Te z*xwl 


where R.P. denotes the real part of the following expression. Simplifying 
we obtain 


((T —AZ eos a)(A?+ У?) — 47 cosa (X* — Y$(8X?--8Y? 4-222)? 
= 256 sin? a X?Y? (X?+ Y?+ 2%), 


which agrees with Forsyth's result when a — 0. These being of an even 
class cannot be one-sided. 


10. Тороіоду.—16 is a well-known proposition in topology that uni- 
facial surfaces can be deformed into unifacial surfaces only, the deforma- 
tion being conformal.t 16 is dificult to see why continuous deformation 
which does not allow even stretehing should destroy the unifaciality of 
the surface. 

The explanation seems to be the fundamental difference between the 
Cartesian and the Gaussian method of representing a surface. In the 
Gaussian method we admit the possibility of an infinite number of sheets 
superposed on one another (as, for example, when one of the parameters 
enters as periodic functions). But in the Cartesian method there is no 
such possibility. This difference may give rise to wide diversity when 
the surface is deformed. We can illustrate the point with a paper model 
of two superposed sheets of the surface mentioned in the preface. Во 
long as the two esheets are kept together, any deformation will preserve 


ә Forsyth, loc. cit., p. 287. 
T Forsyth, Theory of Functions, p. 362. 
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the unifaciality of the surface. But if the two sheets are separated, the 
surface becomes a bifacial one. This explanation is also borne out by 
the tangential equation of the associates of Henneberg’s surface, which 
becomes a perfect square when a is zero. 

If this explanation is accepted, it follows that the solutions of the 
partial differential equation of the second order which governs the defor- 
mation of a surface will depend on the independent variables employed. 
If a surface be given by the equation 


z= f(z, у), 
and also by three equations of the Gaussian type, in which one of the 
variables enters as periodic functions, it stands to reason that the deforms 
of the surface given by the two distinct equations will not be identical. 
I hope to follow this up in another paper. 
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THE ALGEBRAIC THEORY OF ALGEBRAIC FUNCTIONS OF 
ONE VARIABLE 


By S. BEATTY. 


(Communicated by H. F. Baker.) 
[Received November 20th, 1920.—Read December 9th, 1920.] 


Introduction. 


In 1906 Dr. J. C. Fields published a book* containing a purely alge- 
braic theory of the algebraic functions of one variable. During the 
succeeding five years various papers by the same author appeared, some 
in the American Journal of Mathematics and others in the Transactions 
of the American Mathematical Society. 

In 1912 Dr. Fields published in the Transactions of the Royal Society 
of London a new treatmentt of the subject and followed this up with three 
other papers. $ 

The present paper is a development of a shorter one$ by the writer. 
The majority of the proofs given depend upon properties of rational func- 
tions of (z, ш) built upon special bases subject to choice. The first seven 
sections consist for the most part of definitions of terms and statements 
of fact. A sketch of Dr. Fields’ proof of the first existence theorem of (5) 
is given in & footnote. The second existence theorem of (5) is less com- 
prehensive and differs in one other particular from a similar theorem in 
Dr. Fields’ papers, but the proof along similar lines is so immediate that 


* « Theory of the Algebraic Functions of a Complex Variable," Mayer and Müller, Berlin. 

f ‘Ор the Foundations of the Theory of Algebraic Functions of One Variable,’’ Ser. A, 
Vol. 212. 

* 66 Direct Derivation of the Complementary Theorem from Elementary Properties of the 
Rational Functions,” Proceedings of the International Congress of Mathematicians, Cambridge, 
1912; '' Proofs of certain general Theorems relating to Orders of Coincidence,'' Proc. Londen 
Math. Soc., Ser. 2, Vol. 12; ‘‘ Proof of the Complementary Theorem,” Proc. London Math. 
Soc., Ser. 2, Vol. 15. 

§ ‘Derivation of the Complementary Theorem from the Riemann-Roch Theorem, 
American Journal of Math., Vol. 39, No. 3. 
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it too is given in a footnote. The paper is characterized by the use made 
of non-positive bases and the role of «^^! and by the fact that the com- 
plementary theorem becomes in the final sections an instrument of proof. 


I. Rational Functions of (z, u) built on an Order-Number for a Cycle 
relative to a, Given Value of z. 


(1) f(z, и) will denote u"fitu""f,+...+f., in which f, is unity and 
the remaining coefficients are rational functions of z. If f(z, u) is redu- 
eible in the domain of rational functions of z, it is supposed that all its 
irreducible factors in that domain are different. 


(2) The fundamental equation f(z, u) = O defines и as an algebraic 
function of z, for which there are n expansions 2, tg, ..., Un in the vicinity 
of a given value of z. The expansions are series in powers of the element 
z—a or 1/z, according as the given value of z is a or ©. The series may 
contain fractional and negative powers of the element. The fundamental 
equation is said to be of type m relative to & given value of z, if — is 
the least power of the element appearing when f, f;, ..., f; are expanded 
in the vicinity of the given value of z. 


(3) An integral rational function of (2, и) is formed by applying the 
operations of addition and multiplication to u and rational functions of г. 
A rational function of (2, и) is the quotient of two integral rational func- 
tions of (z, и), in which the denominator has no factor in common with 
f(z,u). A given rational function of (2, u) is equal for all values of (2 10 
for which f(z, и) == 0 to one and only one rational function of (z, u) in re- 


duced form u"71g,4- u^7?g, +... +9. 


A representation* of (2, u), a rational function of (z, u), for values of z 
in the vicinity of a given value of z, is afforded by the expression 

e JR, 

m. e ; 

ti Qu, ш) uon 
in which for the vicinity of the given value of 2, the function Q(z, ш), not 
in general a rational function of (2, u), is the product of all the linear 
factors of f(z, u) except и—и, This type of representation for ја (2, u), 


—— —— АА ——MÓ am am. —— ——— — — m 


* ‘On the Foundations, etc.,'' formula (8). 
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the partial derivative of f(z, и) with respect to и, is 
= (0, (2, и). 
t= 1 


In а polynomial іп и with coefficients, functions of z, which аге expansible 
in the vicinity of a given value of z involving only integral (with at most 
only a finite number of negative) powers of the element, each product of u 
to a power, and the element to a power is called a term relative to the 
given value of z. 


(4) The expansions шу, wu», ..., ба in the vicinity of a given value of 2 
fall into groups or cycles. The number of expansions in the various 
cycles may be denoted by vi, v» ..., v. Ап expansion in a cycle of 
» expansions proceeds according to ascending integral powers of some 
v-th root of the element, and on replacing in it this particular -th root 
by another, the result is another expansion in the same cycle. An 
integral multiple of 1/v is called an order-number for the cycle. An 
expansion of « iu the vicinity of a given value of z, with respect to 
which the fundamental equation is of type m, does not involve the 
element to a power less than —m, and if / denotes the least power of the 
element in any of the terms of the reduced form of a rational function of 
(г, и), an expansion of such function in the vicinity of the given value of z 
does not involve the element to a power less than /—n(n—1). Usually 
not all the coefficients in the expansion of the function are zero, and the 
least power of the element present is then called the order of the function 
for the expansion of «x employed. If, however, all the coeflieients in the 
expansion are zero, infinity is said to be the order of the funetion for the 
expansion of « employed. The order of a rational function of (z, w) is 
the same for expansions of « from the same cycle and is called the order 
of the function for the cycle; moreover, this order if finite is an order- 
number for the cycle. If и, belongs to a cycle of v, expansions in the 
vicinity of a given value of z, the order of fu(z, u) for the cycle is the least 
power of the element in Q,(z, u) which is finite, and vs denoted by u. Ап 
order-number for the cycle which is not less than m(n—1)+ 4.— 1 4 - 1]v,, 
where the equation is of type m relative to the given value of z, will be 
said to be adjoint of type т. А rational function of (z, u) is built on a 
given order-number for a cycle, if the order of the rational funetion for 
eyele is not less than the order-number. 


(5) It has been observed that the order supposed finite of a rational 
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function of (2, 0) for a cycle relative to a given value of z is an order- 
number for the cycle. An important converse in the form of an existence 
theorem* has been noted by Dr. Fields. It may be stated as follows : 

On assuming an order-number for a cycle relative to a given value of 
2, there exists a rational function of (z, м) possessing as order for the cycle 
the assumed order-number and possessing as great orders as desired for 
the remaining cycles relative to the given value of z. 

A second existence theoremt of somewhat similar nature admits of the 
statement: If the fundamental equation is of type m relative to a given 
value of z, then on assuming an order-number not adjoint of type m for a 
cycle relative to the given value of z, there exists a rational function of 
(z, u) built on the assumed order-number, possessing as great orders as 
desired for the remaining cycles relative to the given value of 2, and con- 
taining in its reduced form among other terms «u to the power п—1 and 
the element to the power ?t(n—1)— 1. 


* If the cycle is made up of v, expansions of u in the vicinity of the given value of z, and 
if r, is the assumed order-number for the cycle, then in the function 


TV. BUM 


zn, | Qe (z, 10, 


щ is one of the v, expansions of u belonging to the cycle, E, is the particular v,-th root of the 
element appearing in tt, and the summation extends to the v, expansions belonging to the 
cycle. The least power of the element in the expansion of this function for each of the +, 
expansions belonging to the cycle is 7s, while the expansions of this function are all identically 
zero for the remaining expansions of « in the vicinity of the given value of z. If only this 
function were a rational function of (z, u) it would possess all the properties required. On 


writing it in the form 
a1, kquw'?go ig, 


it appears that the coefficients gi, gz, ..., Ju, When expanded in the vicinity of the given value 
of z, involve only integral (with at most only a finite number of negative) powers of the ele: 
ment. It is possible to split for the various values of t the expanded form of ge into g;, 9/, 
the powers of the element being all greater in the latter part than in the former, so that the 
term іп 1":'g,' of least degree in the element has for any of the v, expansions belonging to 
the cycle an order greater than т, and for the remaining expansions of и in the vicinity of the 
given value of 2 orders as great as previously agreed upon. The function 

wg tug +... +@, 


vH 


is then such as required in the statement of the theorem. 


+ If 7, is the assumed order number, it suffices to proceed as in the former case except 
by employing m (n —1) + и, — 1 instead of т, and by choosing 4," to be identically zero, thereby 
leaving g; to be у, times the element to the power m (n —1)— 1. 
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II. Rational Functions of (z, и) built on а Basis relative to a Given 
| Value of z. 


(6) A basis Ti, Ta ..., T, relative to a given value of z is au aggregate 
of order-numbers, one for each cycle, relative to the given value of z. The 
zero basis relative to & given value of z is one in which all the order- 
numbers are zero. A non-positive basis relative to a given value of 2 is 
one not containing a positive order-number. А basis adjoint of type m 
relative to a given value of z, with respect to which the fundamental equa- 
tion is of type m, contains only order-numbers adjoint of type m. A 
rational function of (z, u) whose orders relative to a given value of z аге 
all finite furnishes therewith a basis relative to the given value of z. A 
rational function of (2, u) is built on a basis relative to a given value of z, 
if it is built on each of the order-numbers comprising the basis relative 
to the given value of z. 


(7) If Ez, и) is a rational function of (z, u) built on a basis ту, Ту, ..., Tr 
relative to a given value of z, with respect to which the fundamental equa- 
tion is of type m, and if А denotes a number not greater than any of the 
numbers т, — у, Ta— Mz ..., т'— и, it appears from the second expression 
in (3) that the reduced form of H(z, u) contains no term with a degree in 
the element less than A—m(%x—1). On the other hand, a term involving 
u to a power p and the element to a power q is itself a rational function 
of (2, u) built on the basis relative to the given value of 2, provided g—mp 
is not less than any of the order-numbers, comprising the basis; and if 
any finite number of any such terms are multiplied by arbitrary constauts 
the sum of such products is included under the reduced form of the 
general rational function of (2, u) built on the basis relative to the given 
value of z. Also there are no terms in the reduced form of such general 
function possessing a degree in the element less than A—m(n—1). There 
is at most only a finite number of terms for which q is not less than 
Х— т(п—1) and g—mp is less than some order-number in the basis. On 
multiplying these terms by arbitrary constants and subjecting the sum of 
such products to conditions sufficient to build it on the basis relative to 
the given value of z, there results a function likewise included under the 
reduced form of the general rational function of (z, u) built on the basis 
relative to the given value of z. 


(8) It is now proposed to prove the following lemma :— 


In the reduced form of the general rational function of (z, #) built on 
a non-positive basis Ti, T} ..., Tr relative to a given value of z the coeffi- 
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cients of terms involving the element to negative powers are expressible 
linearly in terms of arbitrary eonstants, in number not less than 


r r 1 
<a, > Tsvet $ > (u—1+ =) Vs. 
sz] szl ^s 


It will be supposed that the fundamental equation is of type m relative 
to the given value of z. The reduced form of the general rational function 
of (2, и) built on the zero basis relative to the given value of 2 may be 
written as the sum of reduced forms Ј (2, и) and S'(z, u), the former of 
these being made up of all those terms in the reduced form of the general 
function in which the power of the element is less than m times the power 
of и. The aggregate of arbitrary constants in terms of which the совћ- 
cient of terms in F'(z, и) are linearly expressible will be denoted by (F’) 
and the number of such constants by B. The coefficients of terms in 
S'(z, и) are arbitrary, and (S’) will be employed to denote their aggregate. 
It is to be supposed that F"(z, u) aud S"(z, и) are other such reduced 
forms, and (/") and (S") the corresponding aggregates, and that in the 
reduced form of the product of F'’(z, u)+S'(z, u) and F"(z, w) + S" (z, и) 
the coefficient of the term of degree пл —1 in u and m(n—1)—1 in the ele- 
ment is equated to zero for arbitrary values of.the constants in the aggre- 
gates (/") and (S". This product is the sum of three products S'(z, и), 
S"(z, м), F'(z, и)! К" (2, и) + 5" (2, и)| and S'(z, u) F"(z, и). The first of 
the three products, like the forms S'(z, и), S"(z, и) themselves, contains no 
term in which the power of the element is less than m times the power of 
u, and in it the reduction is effected by successively replacing as often as 
necessary — u” by wu" 'f,+...+/,, which operation when applied to a 
single term not in reduced form gives terms in which the power of the 
element has been decreased by m at most and the power of u by 1 at least. 
Consequently, in the reduced form of the first of the three products there 
is no term in which the power of the element is less than m times the 
power of и, and hence the coefficient of the term of degree п — 1 in и and 
m(n—1)—1 in the element is zero for arbitrary values of the constants in 
all four aggregates. In the reduced form of the second of the three pro- 
ducts the coefficient of the term of degree n—i in и and m(n—1)—1 in 
the element, is the sum of at most B expressions, each of which is ob- 
tained by multiplying a number of (F") by a linear form of numbers from 
(F"), (S". Ia the reduced form of the last of the three products the co- 
efficient of the term of degree n—1 in u and m(n—1)—1 in the element 
is the sum of expressions, each of wbich is obtained by multiplying a 
number of (S’) by a linear form of numbers from (F"). Putting, as above 
directed, the coefficient equal to zero means nothing more nor less than 
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equating to zero each of these linear forms. The number of equations 
resulting from equating to zero the linear forms of the first type is at 
most equal to B, and the number of linearly independent equations re- 
sulting from equating to zero the linear forms of the second type, which 
involve only numbers from (7"), an aggrezate of B constants, is at most 
equal to B. Hence the total number of linearly independent conditions 
applied to (7), (S") is at most equal to 2B. 

As a result of applying the above conditions to (F"), (S") the orders of 
the function P"(z, и) + S"(z, и) are all adjoint of type m relative to the 
given value of z, for if not it 1s possible to give values to the constants 1n 
(F'"), (S" remaining arbitrary, so that the resulting specific function 
F"(z, и) + 5" (2, и) possesses the orders of a basis which is not adjoint of 
type m relative to the given value of z. The reduced form of the general 
rational function of (2, и) on this basis is the reduced form of the product 
of ЈЕ (2, u)-- S'(z, и) and the resulting specific funetion 17" (2, м) +" (2, п), 
and in it the coefficient of the term of degree n—1 in u and m(n—1)—1 
in the element is zero, which conflicts with the second existence theorem 
of (5). Hence the independent conditions, 2B in number at most, have 
produced adjointness of type m relative to the given value of 2, having 
been applied to the coellicients in the reduced form of the general rational 
function of (z, u) built on the zero basis relative to the given value of 2. 
Therefore, on employing the first existence theorem of (5), 1t appears that 
these independent conditions are 1n number not less than 


У | пи фи —1+ — | Vey 


3=71 
from which it follows that 


В > 3mn(n—1)+3 > (1+ = Vy. 
4] 3 


The reduced form of the general rational function of (z, u) built on a 
non-positive basis тү, T» ..., T, relative to the given value of 2 may ђе 
written as the sum of reduced forms F(z, и) and S(z, 0), the former 
of these being made up of all those terms in the reduced form of the 
general function in which the power of the element i3 less than » times 
the power of u. The coefficients of terms in F(z, и) аге expressible linearly 
in terms of an aggregate of arbitrary constants to be denoted by (17), while 
coefficients of terms in S(z, u) are arbitrary. As a consequence of the 
first existence theorem of (5) it appears that the aggregate (F) 18 made up 
of " 


В— X ти, 
À == 
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arbitrary constants. Hence the aggregate (F) is made up of arbitrary 
constants, in number not less than | 


lnn(n—1)— È rant} X (m—1+ 2) Veo 
а=1 s=1 ^s 


The function s(z, 0) +5 (2, u) is now to be arranged in the form 
P(z,u)--Q(z, и) in which P(z, и) is made up of all those terms in the 
funetion in which the power of the element is negative. The terms of 
S(z, и) are all included under 0 (2, и), and a term of F(z, u) of degree p 
in u and q in the element is also included under Q(z, и) provided 
Oc < тр, O<p<n. Since there are at most 4mn(n—1) such 
terms, the coefficients in the function P(z, u) are expressible linearly in 
terms of arbitrary constants in number not less than 


> Tev 5 5 (»„—1+ >) Vss 
s=l 8=1 Vs 
which proves the lemma. 

It is, of course, evident that the number here written down might not 
even be positive. However, it will be shown in (15) that if the non- 
positive basis does not possess an order-number greater than the corre- 
sponding order of и?! relative to the given value of z, the number of 
arbitrary constants in question is precisely the number appearing in 
the statement of the lemma. 


III. Rational Functions of (z, u) built on a Basis. 


(9) A basis т is made up of bases, hereafter known as constituent 
bases, one relative to each value of z, and all, unless perhaps a finite 
number, being zero bases. A rational function of (z, u) possessing none 
but finite orders relative to one value of 2 possesses none but finite 
orders relative to all values of z and furnishes therewith a basis. In a 
zero basis т the constituent bases are all zero bases. In a non-positive 
basis т, if there are constituent bases not zero bases they are non. 
positive bases. The basis и furnished by fi(z, u) will always be included 
amons bases being discussed, and those values of z relative to which not 
all the constituent bases are zero bases, and those values of z for which 
there are less than x cycles, will be paired off with the elements к of a 
finite aggregate (x). The basis т contains as constituent basis relative 
to the value of z paired off with a given element к, 


T TS, Abs то: 
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and the number of expansions of u in the various cycles corresponding are 


is ‚СО, es vin. 

Bases r4-1/v aud т differ only through the order-number of the 
former for one cycle relative to a given value of z exceeding by the least 
possible the corresponding order-number of the latter. The same dis- 
tinction applies in the case of bases т and r—1/r. 


(10) A rational function of (2, м) is built on a basis т if it is built 
on each constituent basis. Of course, the reduced form in (3) in which 
ду да, +++» Ja are all identically zero is built on any basis т, and 16 will 
be called the zero form. Reduced forms F (2, u), F(z, и), ..., Fi (z, и) of 
rational functions of (z, 4) are said to be linearly dependent if there exist 
constants су, с» .... с, not all of which are zero, so that 


сЕ, (2, wc, FG, w+... Fe Lz, 1) 


is the zero form. If no such constants exist, the reduced forms are said 
to be linearly independent. 

If there are less than / linearly independent reduced forms of rational 
functions of (2, wu) built on a basis т, there are less than 7-+-1 linearly in- 
dependent reduced forms of rational functions of (z, w) built on a basis 
T—l/r. For if it is supposed that F íz, и), F(z,u), ..., Fi,1 (ez, м) are 
[+1 linearly independent reduced forms of rational functions of (2, u) 
built on the basis r—1/v опе of them, say F;,1(z, и), not built on the basis 
т may be selected and constants сү, Cz, ..., c; chosen, so that 


FG, OG Frl, 0), Fa, и) + Fics(z и), ..., Fitz Wb Fi, и) 


are all built on the basis т. From the linear dependence of these 7 forms 
follows the linear dependence of the original {+1 forms, which contradicts 
the supposition already made with regard to them. 

It will be supposed that f(z, и) breaks up into p irreducible factors. 
On denoting one of such factors by /.(2, и), the reciprocal of the product 
of the p —1 remaining factors is a rational function of (z, u) with respect 
to the equation /,(z, 10 = 0, and will have in connection with that equa- 
tion a reduced form. The product of such reduced form aud the p—1 
remaining factors is a rational function of (z,w) in its reduced form with 
respect to the fundamental equation, and is built on the zero basis. In 
fact its orders for expansions of u satisfying /.(2, u) = 0 are all zero, 
while its orders for remaining expansions of « are all infinity. The p 
such reduced forms are consequently linearly independent, and, moreover, 
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the reduced form of any rational function of (z, и) built on the zero basis 
is the sum of constant multiples of these p forms. 

On combining the results of the two previous paragraphs, it appears 
that there are not more than 


Vx 
р Ё, > TC V0 
з= 


linearly independent reduced forms of rational functions of (z, u) built on 
a non-positive basis т. If each positive order-number in a basis is re- 
placed by zero the result is а non-positive basis. Since a rational function 
of (z, м) built on the basis т is also built on the non-positive basis fur- 
nished above, and since of the rational functions of (2, и) built on the 
latter basis not more than a finite number have linearly independent 
reduced forms, it appears that of the rational functions of (2, и) built on 
the basis 7 not more than this same finite number have linearly indepen- 
dent reduced forms. The actual number of linearly independent reduced 
forms of rational functions of (2, #) built on a basis т is denoted by N.. 
On multiplying each of these N, reduced forms by an arbitrary constant, 
the sum of such products is the reduced form of the general rational func- 
tion of (г, и) built on the basis т and contains N, arbitrary constants. A 
conclusion from a result already established in the present section is that 
N;-17, 18 either the same аз Л, or exceeds it by unity. 


(11) It will be supposed that £ is a non-positive basis not possessing 
an order-number greater than the corresponding order furnished by и". 
In the reduced form of the general rational function of (z, u) built on the 
constituent basis relative to the value of 2 paired off with к, the coefticients 
of terms of negative degree in the element are expressible linearly in terms 
of arbitrary constants, in number at least 


r T 
P | 2 1 
= 2, tog > (ие I | =) y, 
s=1 8=1 £ 


which latter may be denoted by A“). If the coefticients are so expressed, 
then in such reduced form the part composed, of terms involving the ele- 
ment to none but negative powers appears as the sum of arbitrary constant 
multiples of at least A“ rational functions of (z, и), each in reduced form 
and built on the basis ¢, and none expressible linearly with constant co- 
efficients in terms of the rest. On applying this argument to all values of 
z paired off with the elements of (x) and taking account of the n linearly 
independent functions 1, и, 12, ..., u*^! built on the basis #, it appears 


1920. | ALGEBRAIC THEORY OF ALGEBRAIC FUNCTIONS OF ONE VARIABLE. 445 


that there is a total of at least 


Te Te 
n—E, E EADH, E (O14 ду) 

reduced forms of rational functions of (2, u) built on the basis f. It is 
clear from the above and from the way in whieh each reduced form in- 
volves the elements for all values of z, that the forms are linearly indepen- 
dent, and hence N, is not less than the number immediately preceding. 
Since tha sum of the orders of /, (2, u) for all expansions of u is zero, 
what has been proved is that 


? 


NS 4(—X, X (9,0 —3Y, 
E 


Sz 


X (9—1) 
= | 


8 


(12) The residual order-number relative to a given value of z is the 
order possessed by the element raised to such power as to have a residue 
for that value of z. The residual order-number is then —1 or +1 accord- 
ing as the given value of z is а or ©. It із to be supposed that Wiz, и) 
is а rational function of (2, u) possessing none but finite orders; the basis 
which it furnishes will be denoted by w. Bases r and T are said to be 
complementary to the level of w if for each and every cycle the sum of the 
order-numbers of r and 7 exceeds by the least possible the sum of the 
residual order-number and the order-number of w. 

Bases 7r—1/v and т satisfy the requirements of being complementary 
to the level of w except for one cycle, known as the excepted cycle. There 
18 not a rational function of (z, м) built on the former basis and another 
built on the latter basis each possessing relative to the excepted cycle the 
precise order of the basis on which it is built, for if so the function ob- 
tained on dividing their product by W(z, и) would have as order for the 
excepted cycle and for none else the residual order-number, which conflicts 
with the fact that the sum of the residues of a rational function of (z, 2) 
is zero. This result stated in numerical form is 


(N. y МОВ № рь) —1 = 0. 


If tis a basis not possessing an order-number greater than the correspond- 
ing order-number of 7, then by repeated application of this type of formula 
and by addition of the results, it follows that 


(Ni—N,) +N; №) —2, X (то— им < 0, 
$1 | 
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(13) It is now proposed to establish the complementary theorem,* 
which is contained in the complementary formula 


r, г. 
М, +33, X 20/9 = N +43, 2 +99, 
s=1 


5=1 


If it is supposed that the expression on the left is less than the one on the 
right, then on selecting a non-positive basis ¢ not possessing an order- 
number greater than either the corresponding order-number of т or the 
corresponding order furnished by w*-!, and such that that part of the sum 


Z: > “дуд 
s=1 
relating to each irreducible equation is positive, it follows from employing 
the final formula in (12) and from the fact that N; = 0, that 
N,—1Z, X (O47) ME, E (9,9 <0. 
¿=l 5=1 


But since the sum of the orders of ТУ (2, и) for all expansions of « is zero, 
and since т and 7 are complementary to the level of w, it follows that 


re re 
N, < п, X HIS, E (090—1), 
s-l s=1 


which conflicts with the final formula of (11), thereby completing the 
proof of the complementary theorem. 


IV. Applications of the Complementary Theorem. 
(14) From the complementary formule stated for bases 7, T and 
т—1ју, T+1/r, it follows that 
ОУ, 1, МОМ; №; 1) = 1. 
This may be called the unit theorem and affirms that of the general 
rational functions of (2, u) built on bases r—1/y, 7T, one and only one 
possesses for the excepted cycle the precise order of the basis on which 


it is built. From the unit theorem the complementary theorem follows. 
For, on stating the unit theorem in the form 


(Nas = aa = (N,—N,) +1, 


* ‘ On the Foundations, etc.,’’ formula (83). 
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an immediate corollary of it is that 


(М, №) = (N, М) У, S (rO (9) 9, 


in which ¢, # are any complementary bases. This is equivalent to the 


complementary formula, if £, # are chosen т, т respectively. —— 

The Riemann-Roch theorem is à particular case of the complementary 
theorem obtained by taking one of the bases non-positive. It, too, is 
equivalent to the complementary theorem. For on supposing that 


Ta | 
N,+32, € Tr, 
з=1 


is less than the corresponding expression for 7, then as а result of apply- 
ing successively formule of the type of the first formula in (12) it appears 
that a 

N.+32, = tin) Vo 


is less than the corresponding expression for ¢, in which no order-number 
of t exceeds the corresponding order-number of r, which conflicts with the 
Riemann-Roch theorem on ¢ being chosen non-positive. 


(15) If Ti, Ta, ..., T, 18 а non-positive basis relative to a given value 
of z not possessing an order-number greater than the corresponding order 
furnished by и"-!, then in the reduced form of the general rational func- 
tion of (2, u) built on the basis relative to the given value of 2, the соећ- 
cients of terms of negative degree in the element are expressible linearly 
in terms of arbitrary constants, in number not less than 


— У ту, th > (u.—1+ =) Vs. 

8-1 s=1 Vs 

But the number of such arbitrary constants is alao not greater than this, 
for if so then on associating with the basis relative to the given value of 
z bases relative to remaining values of z, the aggregate constituting a non- 
positive basis T not possessing an order-number greater than the corre- 
sponding order furnished by w"~', and such that that part of the sum 


re 3 
У. > 70,0, 


sal 


relating to each irreducible equation is positive, it follows by the argu- 
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ment in (11) that 


Ta т. 
№ > n—Z, 2 rh —3X, X (009—1), 
5=1 8-1 


which conflicts with the complementary formula, as the latter involves 
the sign of equality not the sign greater than. 

It is to be supposed that T,, T2, ..., т, is a basis relative to a given 
value of z.. As indicated in (7), integers à, 7 can be determined во that in 
the reduced form of the general rational funetion of (z, w) built on the 
basis relative to the given value of z, coefficients of terms of degree less 
than ¿ in the element are all zero and coefficients of terms of degree j in 
the element are all arbitrary. The integer 7 will also be required to be 
zero or positive, while 7 is necessarily equal to or less than 7. A non- 
positive basis ¢,, Ё, ..., t, relative to the given value of z can now be 
selected, not possessing an order-number greater than either the corre- 
sponding order-number in the basis ту, та, ..., T, Or the corresponding 
order furnished by w"-! relative to the given value of z. An integer Л 
can be determined so that in the reduced form of the general rational 
function of (z, u) built on the basis А, £4, ..., 6. relative to the given value 
of z, coefficients of terms of degree less than / in the element are all zero. 
The integer h is necessarily zero or negative and will be chosen not to 
exceed the integer т. А general rational function of (2, u) in reduced 
form in which no power of the element is less than Л nor as great as 7 
and in which coefficients of terms are all arbitrary, is to be considered. 
Ав a result of applying conditions to this function to build it on the 
basis 6, t» ..., t, relative to the given value of z, coefficients of terms of 
zero or positive degree in the element remain arbitrary, while coefficients 
of terms of negative degree in the element are expressible linearly in terms 
of r r 1 | 

= Senta (тања), 


arbitrary constants. The number of such conditions which are linearly 
independent is, therefore, 


—nh4- 5 t.v,—4 > (m—1+>) Ve. 
s=]1 з=1 & 


On employing this result and the first existence theorem of (5), it appears 
that the number of linearly independent conditions applieable to the 
general function above to build it on the basis ту, Ta, ..., т, relative to 
the given value of z, is 


—nh+ È ти} X (1+ —) Vs. 
5=1 £z] 8 
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Of these linearly independent conditions, n(i—h) are accounted for by 
equating to zero coefficients of terms of degree less than ? in the element. 
Therefore, the number* of linearly independent conditions applicable to a 
general rational function of (z, u) in reduced form in which no power of 
the element is less than ? nor as great as j and in which coefficients of 
terms are all arbitrary, in order to build it on the basis Ti, Ta ..., Tr 
relative to the given value of z, is 


—ni+ 5 Tv; } У (u,-1+ >) Vs. 
s=1 s=} Vs 

t Corresponding to only a finite number of constituent bases of a basis 
T 18 i necessarily negative. In that case, the general function made up of 
terms of degree in the element negative but not less than the correspond- 
ing value of à may be called the preparatory function relative to such con- 
stituent basis. The sum of all such preparatory functions and the general 
function made up of terms of zero degree in every element will be called 
the preparatory function relative to the basis r. The sum of numbers of 
the type of the preceding, in which 7 is zero if not negative, exceeds by 
N; the number of linearly independent conditions applicable to the pre- 
paratory function relative to the basis T to convert it into the reduced 
form of the general rational function of (z, u) built on the basis т. 


+ '' Proofs of certain, etc.,’’ formulw (21) and (24). 


+ This paragraph differs merely in statement from the corresponding discussion on 
pp. 228-230, ‘‘ Proofs of certain, ete.” 
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ON THE INTEGRALS OF THE DIFFERENTIAL EQUATIONS OF 
THE FIRST ORDER DERIVABLE FROM AN IRREDUCIBLE 
ALGEBRAIC PRIMITIVE 


By M. J. M. Hi. 


[Read June 9th, 1921.— Received in revised form July 9th, 1921.) 


1. Let $(z, y, c) be any polynomial in z, y and c, which cannot be 
broken up into two or more polynomial factors in z, y and c, then the 


equation (x, у, с) = 0 (D 


ig said to be irreducible. 


2. It may however happen that ¢(z, y, c) can be broken up into factors 
which are polynomials in z and y, but are not rational in c:—e.g. the 


equation c (xt—1)—2cryt+y?—1 = 0 (1) 


does not represent a proper curve of the second degree. 
The left-hand side breaks up into the factors 


y—crz—(1+c),  y—ca+(1+c7)}, 


each of which equated to zero represents a straight line. This kind of 
reducibility is not important in what follows, and will not be referred to 
again. 


8. On the other hand it may be possible by substituting for c some 
function of c, which may be called C, to replace the equation (I) by another 


of the form Y (z, y, С) = 0, (III) 


where ү (т, y, С) is а polynomial in z, y and C, which is of lower degree 
in С than $ (z, y, с) is in c. 

In this case equation (I) will be regarded as reducible in the degree of 
the arbitrary constant necessarily involved. So far as the relation be- 
tween z and y is concerned the two equations (I) and (III) are equivalent, 
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but the differential equations, to which they give rise, do not appear in 
exactly the same form, if a strict adherence to the rules of elimination is 
maintained. 

Consider, for example, the equation 


су — (c?H- c) 2 — (c! 3- 2c? -- 1) = 0. (IV) 
2 
This gives y— (c+ =) rÉ— (c+ =) = 0: 


Replacing eL by C it becomes 

y—Cr—C? = 0. (V) 
The differential equation corresponding to (V) is 

у—р®— р? = 0, (VI) 
but tbat corresponding to (IV), if the rules of elimination are strictly 
adhered to, is 2 
(у—рг—р) = 0, 


which is of course equivalent to (VD, but appears in a slightly different 
form. And in the general case, if there are m values of c corresponding 
to each value of C, and if the differential equation corresponding to (III) be 


F(z, y, р) = 0, (УП) 
then the differential corresponding to (I) is 
[ f(z, y, p)" = 0. (VIII) 


It will be seen in what follows that the kind of reducibility described in 
this section 1s important. 


4. Suppose that the degree of ¢(z, y, c) in c is n, and suppose that 
the equation (I) may or may not be reducible in the degree of the arbitrary 
constant necessarily involved in the manner described in the preceding 
seetion. The differential equation is found by eliminating c between (I) 


and 
оф y. c) in Ch ET d _ 0. (IX) 


Treating (I) as an equation for c, let its roots be сі, сз, ..., Cne Then the 
eliminant is 
n (Colt, у, с), Opa, у, 2) zs 


7 (X) 


When the factors on the left-hand side of (X) have been multiplied 
282 
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out, the values of сі, сз, ..., c, inserted and a factor, which is a function 

of z and y only, introduced if necessary to avoid fractional expressions, the 

left-hand side of (X) becomes a polynomial in г, y and p of degree п in p. 
If c — c, be any root of (I) it is always possible to express 


open Y с,) [е Cr) 


as a rational function of z, y and c, in a form which is integral in c, and 
of degree (n— 1) at most in c,. 
When this has been done let its value be denoted by —@4(c,). Also let 


Ф(р) = [p—9(e) | [p—O9()] ...[ p—9(e)], (XD 
so that P(p) = 0 (XID) 
gives the same values of p as (X). 

. I proceed to investigate the reducibility of (p), in the manner ex- 
plained in Weber's Algebra, Vol. 1, pp. 461-2. If Ф(р) is reducible in p 
it must have an irreducible factor. Call this factor, if it exist, x(p) ; and 
suppose the coefficient of the highest power of p which 1t contains is taken 


to be unity. Then x(p) must vanish when p has one (at least) of the 
values O(c,), O(c), ..., @(c,). | 


The equations x[0(0] = 0, (XIII) 
and $ (z, y, с) = 0, tae (D) 
are simultaneously satisfied by one or more values of c. But @(r, y, с) 


is irreducible. Therefore equation (XIII) is satisfied by all the » values 
of c which satisfy (D. Now, if x(p) be of degree s (< л) in p, let - 


x(p) = [p—9(c9][ p—9(e9] ... [р—6(е) ], (XIV) 

80 that x[9(0] = [6(0—9(e)0][0(0 —9(c9] ...[0(0—9(c9)]. XV) 
Now (XIII) is satisfied by all the values of c which satisfy (D. 
Hence if s be less than л, we must have O(c.,1) equal to one of the values 
O(c;), д(с), ..., O(c). If therefore all the values O(c,), (cy), ..., O(c.) 
are different from one another, then we must have s = л, and then x(p) 


is identical with Ф(р): and, as x(p) is irreducible; therefore in this case 
(p) is irreducible. If however only s(< n) of the values 


O (e), O(cg), ..., Olen), 
are different from one another, then 


x(p = [p—9(c)][p —0(c9] ... [p —O0(eJ]. ш (XIV) 
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Also every factor of Ф(р) other than x(p) must be identical with x(p) be- 
cause it vanishes for one at least of the values O(c,), O(c,), ..., O(c) of p, 
and therefore, since x(p) 18 irreducible, for all of them. Therefore Ф(р) is 
a power of x(p). 

This involves the fact that n is divisible by s. Let n = sm, then 


(p) = [x(p]". 


It follows that с), со, ..., c, fall into m groups of s each, such that the 
values of O(c) for each group are the same as O(c), O(c), ..., O(c). 


9. Up to the end of the preceding article the line of Weber's argument 
has been followed. The significance of p has not yet come into play. By 
considering what it is, further information can be obtained. 

It will now be proved that when the integer m of the preceding article 
is greater than unity, it will be possible to replace the primitive 

| p(t, y, с) = 0, (I) 
by another of the form Wiz, y, С) = 0, (III) 
where m values of c correspond to each value of C, whilst the equations 


(I) and (III) express the same relation between x and y. It has been 
shown that when m is greater than unity, 


О(с, +1) = O(c,), : 


where r is some one of the values 1, 2, ..., s. Consequently, using the 
value of O(c,) given in § 4, | 


EET eee) = [9 y, ©) [n.o у, a) ‚ VD 


Now c, and с, +1 both satisfy (D, from which, if ô denote Wee differ- 
entiation with regard to z and y, it follows that 


Co (x, UE Cr) + eor, 1 , Cr) де, 


Cr 0с, OL TM 
cor, у, Cr) 4 Оф(а, y, Cr) óc __ А 
су дс, ду Le 
(XVII 
oo, n С;+1) 4 9e. Y, С €,41) Pen — 0 | 
ОС, +1 


А 
C9 (х, у, са) | Оф, Y, C,41) йы. =, 
cy Cai ду E 
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Since (I) considered as an equation for c has no repeated roots if 


follows that ^ 
| бф, у. c and Od (x, y, С. 41) 


UC, ОС. 41 
do not vanish. Hence from (ХҮІ) and (XVID) it follows that 
б (c... Cv) paren r 
Scar = 0, (XVIID 


so that c,, is a function of c,, the functional form not involving x and у. 


Let са = À(C,). (XIX) 

It will now be proved that the curve 
ф(т, y, с) = 0 (XX) 
is the same as the curve (2, y, са ) = 0. (XXI) 


Take a point £, 7 in the plane of the variables r, y. Consider the values 
c = c, and с = cı at т = С, y =n, so that £, 7 is a point on both curves 
(ХХ) and (XXI). Also c,41 = А(с,) by (ХІХ), the form of À not depending 
on £, 7. 

Take another point £’, 7’ on the curve (XX), so that 9(£', у, с) = 0. 
Then the value of cs}, at £', »' is still equal to A (Cp), and therefore to the 
value of c,,; at 2, у; во that 


ф (2', n’, Cs+1) = 0. 


Hence £', 7’ lies on both curves (XX) and (XXD. But 2, у is any point 
whatever on the curve (XX). Hence every point on (XX) lieszon (XXD. 
But these two equations are of the same degree. Therefore;the curves 
(XX) and (ХХІ are identical. 

Let us suppose that the values of c corresponding to the second of. 
the groups of s each into which the n values of c are divided, are 
Cats Cotes e, Са. Ме may suppose that 


О(с, 1) = O(c), О(с, » = O(c, ..., O(cs) = Ө(с,). 
Then the curves corresponding to 
€ — Cua) 6 == ug, vo C = Са 
are identical with the curves corresponding to 
C= Cy, C= Cy ..., C= Ce, 


respectively ; and so on. The curves corresponding to the values of c in 
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any group are identical with the curves corresponding to и 
CCC = Cx gx Ce 


Hence through each point of the plane there pass only s distinct curves. 
Hence the equation (I) represents a family of curves such that through 
every point in their plane there pass only s distinct curves. 

It will next be proved that the parameters of these s distinct curves 


sasisfy an equation of degree s in the parameter, the coefficients being 
polynomials in z and y. 


It is convenient to make a slight change in the notation. Instead of 
Cis С», LESE) Cs, write C1, 1» C1, 95 ecc C1, 55 instead of Cs+ls С; 42 ..., Сә write 


Са, 1, Coa e Са, у; and во on up tO су, Cm, 2, -++ Сы, г: Then the para- 


meters 
бїз. Coo ns One QS 8) 


correspond to the same curve, т.е. the polynomials 
ф(х, y, буг), PUL, у, Соп), s Фб, у, Ст), 


can at most differ by a constant factor only. 


Suppose that after dividing ¢(z, y, c) by the coefficient of some specified 
term, the coefficient of any* other specified term which happens to contain 
с 18 selected. Call it F(c). 


Then since the curves 
ple, y, Cr) = 0, ф(х, у, с,» = 0, ..., PIT, у, ст) = 0. 
are the same, it follows that 
Eie; Set бу Ss =) ТОЕ 1028). 
Call each of these values Се Хр 12. 5,55). 


Now form the equation . 


П[С-Р(с, )| = 0 (q21,2,..., and r= 1,2, ..., 5). (XXII) 


* If some other term than the ono first selected be chosen, it may affect the form of 
equation (III), viz. :—this equation may be reducible in the degree of the coordinates, but 
not the parameter, e.g. if in equation (IV) we take 


С = (c+ Ly, 
| с 


the primitive appears in the form C^— C (2y * x?) & y^ = 0, 
which reduces to y-C=42VC. 


The curves represented are necessarily the same because the parameter in the one case is a 
function of that in the other case, each being a function of c. 
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The left-hand side is a symmetrical function of the values of c which 
satisfy (I). Hence it is в polynomial of degree n in C with coefheients 
which are rational in z and y. But each value of C which satisfies it is 
repeated » times. Hence the left-hand side is the m-th power of 


[C— F(a, 2][C — Fc, ») | ... [C — F(a,9] , 


and this product can be found by rational operations only. It is a poly- 
nomial in C with coefficients which are rational in z and y. 

Equating it to zero we obtain an equation of degree s in C with co- 
efficients rational in z and y. The values of C which satisfy it are the 
values of a rational function of c. Hence there is a function of c, which 
is rational but not necessarily integral, which satisfies an equation of 
degree s, with coefficients rational in x and у. 

The values of C are the parameters of the s distinct curves represented 
һу p(x, y, с) = 0. (I) 


Suppose the equation satisfied by C to be written 
We, у, С) = 0. (III) 


It is of degree s in C, and to each value of C there correspond э» values of 
c, each of which gives the same curve as is given by the value of C. 


6. It will now be shown that if a differential equation is derivable 
from a primitive such as (I) involving an arbitrary conatant, it cannot 
possess another primitive, also a polynomial in x, y and c, which is inde- 
pendent of the first primitive. 

The two primitives if they exist can always, in virtue of the preceding 
sections, be reduced so that the integer denoted by m may be regarded as 
having the value unity. They must then be of the same degree in the 
arbitrary constant. If this were not so they would give rise to differential 
equations which were of different degrees in p. 

Suppose that the two primitives are 


ф(х, y, с) = 0 (1) 
and x (x, y, k) = 0. (XXIII) 


Suppose that they are of the same degree s in c and k respectively. 
Then, since they give the same value of p at any point x, y, it must ђе 
possible to find a value of c satisfying (I) and a value of k satisfying 
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(XXIII, such that 
оде, 4 2 fs Ho Y, c) = х6 ЈЕ "хыз en xe "m k) XXIV 


Since c and k satisfy (D and (XXIII) it follows that L ONE MA - 
Op(zx, y, O(g, y, с) | Сф(ш, y. с) дс =. 


Cx CC OL 
Oo (x, y, с) t5. у. б _ ү 
cy се ду 


„ T. 
xt, tok ) | Ох. (ЖЛ ) dk _ 9 Be | ( ) 


€ de OL 


ду, y, À) ) extr. y, k) ôk — о 
cy ok oY 


Since (I) and (XXIII) have no repeated roots in c and k respeetively, it 
онон Ша oor, Ys с) апа | Cx (т, UP К) 
Ос ch 


do not vanish. 
Hence, from (XXIV) and (XXV) at follows that 


ó(c, k) "E 
дб, y) 
Therefore Ё is a function of c. 
If we call the values of c at x, y, с, с, ..., Cs, and those of ~, 
kis Ke, ..., К, then it is proved that k, is a {пой of one of the c’s, 
зау €; АНИ in like manner that A, is a function of с, kg of Cp and SO on. 
Suppose that the relation between c, and А; is 


A (Cis ky) = 0. (XXVII) 


* 


(XX VI) 


Ts 


Now eliminate c between ф(г, y, с) = 0 (1) 
and ` Л (c, А) = 0. |». (XXXVIII) 
Let the result be oj 0: | (XXIX) 


Then it follows from (D, (XXVII) and (XXVIII) that k = k, satisfies 
(XXIX). But & = k, satisfies (XXIII), which is irreducible in k. Hence 
all the values of k, which satisfy (XXIII), also satisfy (XXIX). 

If therefore Ка isany root of (XXIII) itis also a root of (XXIX). There- 
fore there is a value of c, say с, which satisfies (Т) and (XXVIII) when 


458 M. J. M. Hinr [June 9, 


Kc or À (са, hy) = 0. 


In like manner each value of / satisfying (XXIII) is connected with a 
value of c satisfying (I) in such a manner that corresponding values of c 
and E satisfy (XXVIII). 


It will now be proved that the curve 
X (x, UE Ку) = 0 (XXX) 
is the same as the curve ф(т, y, с) = 0. (XXXD 


Consider a point £, 7 on both curves and the values of c and # corre- 
sponding to this point, viz. c; and Ё,; and take any other point Ê’, у on 
the curve (XXXD, so that 


$ (£', п, с) = 0. (XXXID | 


Now the relation between c, and k, is independent of the values of x 
and y. Consequently k, is one of the values of k which satisfy 

x (', т, №) = 0, (XXXIII) 

and the curve x (x, y, k) = 0, (XXX) 


passes through £', n'. Now ё',з is any point whatever on the curve 
(XXXf). Hence the curve 


x(x, y, k) = 0, (XXX) 
passes through all the points on 
ф(х, y, с) = 0. (XXXD 


That is to say, d(x, y, cj) is a factor of x(x, y, К). 

But if x(x, y, kj) differed from (x, y, су) by any polynomial factor 
containing 2, у, с, it would be reducible, and would not be, as is 
supposed, an integral which leads solely to the differential equation 


F(x, у, р) = 0. (VID 


Hence x(z, y, kı) can differ from (z, y, су) by a constant factor only. 
Consequently the curves 


х (2, 0, k) = 0 and g(x, y, с) = 0, 
are identical. Similarly the curves 
x(r, у, k) =O and ф(т, у, с) = 0, 


are identical, and so on. 
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It remains to prove that the equation 
A(c, К) = 0 (XXVIII) 


is a lineo-linear relation between c and k. 
Let us now divide the equation 


p(r, y, с) = 0 


by the coefficient of some specified term. 

Then there must be at least two terms in which the coefficients are 
distinct functions of c, differing from each other by something more than 
a factor independent of c. For if that were not the case it would be 
possible, by replacing the coefficient containing c by a single arbitrary 
constant, to make the equation one of the first degree in the arbitrary 
constant, and this is supposed not to be possible as the differential equa- 
tion is supposed to be of a degree higher than the first. Call these two 
distinct coefficients, each of which is rational, but not necessarily integral, 
Хоја (с) and h(c)/l(c), where f(c), g(c), k(c) and l(c) are polynomials in c. 

Let the coefficients of the corresponding terms of the equation 
x(z, у, К) = 0, when it has been treated in the same way as ф(х, y, с) = 0, 
be a(k)/b(k) and 7(k)/t(4), where a(k), b(k), 7(К) and £(k) are polynomials 
in k. Then the relation 

Л (c, k) = 0, (XXVIII) 


transforms f(c)/g(c) into a(k)/b(k) and A(c)/l(c) into 7(k)/t(k). Hence the 
equations fio bH—g (с) a(k) = 0} 
and hi) ВОО — (010) = 0} 


are true in virtue of (XXVIII). 

If we treat the equations (XXXIV) as polynomials in c we shall 2 
general obtain at length by elimination two equations of the first degree 
in c, the coefficients being functions of k. These two equations must be 
the same. If they were not then eliminating c we should obtain an 
equation in k, which would give a finite number of values for /, to each 
of which would correspond one value of c. So that there would be only 
a finite number of values of c and À satisfying (XXXIV), whereas we know 
that for every value of c there is at least one corresponding value of k and 
conversely. Taking therefore one of the equations of the first degree in c, 
we know that to every value of À corresponds only one value of c. 

In like manner if, instead of solving the equations (XXXIV) for c, we 
had solved them for k, we could show that to every value of c corresponds 


(XXXIV) 
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only one value of k. Hence to every value of c corresponds one value of 
k, and to every value of Ё corresponds one value of c. Hence since the 
relation between c and Ё is rational, it must be a lineo-linear relation. 

It still remains to consider what would happen if it were possible to 
satisfy the equations (XXXIV) by a relation which would give: two (or 
more) values of & corresponding to each value of c. It is sufficient to 
take the case where two values of k correspond to each value of c. In 
this ease the equation хе, 3) = 0 


would be such that when c = c, then k = k, or kọ} And then by the 
preceding argument the curves x(z, y, k) = 0 and x(v, y, k) = 0 would 
each be the same as $(r, y, с) = 0. Hence the curves x(z, y, k) = 0 
aud х (х, y, k) = 0 would be identical. 

In this case the equation f(x, y, p) = 0 would have equal values for p, 
and would therefore be reducible, contrary to what has already been 
proved. Thus the two equations (I) and (XXIII) are not independent, 
there being a lineo-linear relation between their respective parameters. 


7. It remains to be seen whether any other solution of the differential 
equation derived from the primitive (I), but not involving an arbitrary 
constant, can exist. If so let it be | E 

и(2, y) = 0. (XXXV) 


Since it satisfies the same differential equation, it must give the same 
value of p at any point as that given by one of the curves ¢(z, y, с) = 0 
passing through that point. Suppose the curve which gives the same 


value of p at x, у 18 фіг, y, с) = 0. (XXXI) 


It is assumed that z, у is not a double point, so that (zr, y, c), 


oP И and а “te den) do not simultaneously vanish. 


Equating 
the values of p, it ids that 
ди. ди _ — cor, UE gue UL с) (XXXVI) 
деј óy — Cz Cy | кеш 


Now take a point = + Ах, ke on и (z, y) = 0 near to x, y. Then 


oH Az +% "E y — 0, (XXXVID 


я | | : | 
and therefore, since (PC, И, ср ; ¢ " ey do not simultaneously vanish, 
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it follows by (XXXVI) that 
Оф, у, e) à, 4 OPE, Yr OD Ay = XXXVII 
PPE Ag p SEE Ay = 0. (АА: ) 


Now, since c is defined as а continuous function of х, y by (D, there 
will be at 2+Ах. y+Ay a value of c differing infinitesimally from с, 
which may be called с, -Дс,. Hence 


p(r+Ar, у -F Ay, с Ас) = 0. (XXXIX) 
Dut pir, y, с) = 0. 
Hence Cpr YO) Ary Ca Ayy OC у. с) Ac, = 0. (XL) 
| 1 


From (XXXVIII) and (XL) it follows that 


ple, у с) Ac, = 0. (XLI) 

1 

Hence either | кк = 0, (XLIT) 
1 ot 

or Ac, = 0. (XLIII) 


Now, if оф(аги. ги = 0, then, since ¢(z, y, cj) = 0, it follows that x, y 
1 


satisfy the result of eliminating c, from these equations. The eliminant 
consists of the envelope-locus, the node-locus (twice) and the cusp-locus 


M Op(z, у, су) Op(r, Y, с) 
(thrice). As we have supposed that SE е and 7 do not 


vanish simultaneously with (x, у, с) we may put aside the node- and 
cusp-loci. Hence г, y, which is any point on a(z, y) = 0, is a point on 
the envelope-locus. Hence in this case и (=, y) = 0 represents the envelope- 
locus of the system of curves (I). 

Before proceeding to consider the second alternative Ac, = 0, I will 
examine the value of Ac, at a point on the envelope-locus. 

If therefore = Ах, y+Ay be a point near to x, y on the envelope- 
locus, and if c,+Ac, be the value at z+Ar, y+Ay of c, which differs 
infinitesimally from c,, then 


фл, у, с) = 0 (XX XI) 
and Gon guns = 0, (XLID 


are both satisfied when =, y, с, are replaced by «+Ar, y-F Ay, а Аб, 
respectively. 
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From (ХХХІ) we get (XL), which by using (XLII) reduces to 
CPE, Yo Od) ny y, OPC, po ov) “à D Ay = 0. XXXVIII 
From (XLII) we get 
e? h(x, VE Ci) Ф (x, Y, C1) o? (x, Jy, с) HER r 
CPE с) А + AC ћу + ae Ac, = 0. (XLIV) 


Сл Ос, 


From (XXXVIII) and (XLIV) it follows that 
C 20d у, C1) Ac, 


се 


= (Ах (César oo PE, ye -E (к, y, с) e", y, 2) / 31 с). 


oy Cc; E CC, 


(XLV) 
C or, y, c) (x, y, с) | А | 
Now О? апа == are finite or at special points лего. 


Hence, if Ac, vanish, and Az is not zero, which can only happen at special 
points, we must have 


фи, ye су) ple, у, с) _ рз у, су) PDU, у, с) _ 0, (XLVD 


cy Cc, Cx Ос, 
i.e. = о | У, TP D 2] =o (XLVII) 
CC, 
= og. у, су) [Оф(2, у, e) 
Cx ду 


must be independent of c,. Suppose 


ф(х, y, с) = ugc Hic" +... Hurt "+... fun, (XLVIII) 


where t, 41, ..., Urs ..., Un are polynomials in z, y but do not contain c. 
Then we must have 


брана f aerae o 


mdependent of с. Therefore 
Qu, [OugV __ Qu, [ди, (ди, fous 
(22 at) = = (фе ay) = = (а a) 


ди, JOur __ Ou, [ди, 


ду — 951 cy” 


Consider the equation 
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From this it follows that u,, u, are connected by a functional relation. 
Hence all the polynomials wp, 11, ..., Urs ..., Un Which are not constants, 
may be regarded as functions of one of their number, say u,. This being 
so, the equation (I), which is 


ugc^ +... usc "+... Fu, = 0, 
is equivalent to u, = arbitrary constant. 


This is of the first degree in the arbitrary constant, and then there can 
be no envelope-locus. 
The conclusion is that the equation 


Pople, у, с) у, C1) ee, A с) LO eG. y, e) 9, es 2 с) —= 0. (XLVI 


^ xd — : Cy Ce 


can only be satisfied when there is no envelope-locus. Hence Ac, cannot 
vanish at a point on the envelope. 
We can now consider the alternative 


Ac, = 0. 
In this case the curve u(x, y) = 0 


is a particular case of the complete primitive. Hence all the solutions of 
the differential equation satisfied by ó(r, y, с) = 0 are obtained (1) by 
giving to c any arbitrary constant value; (2) by eliminating c between 


piz, y, c) = 0 (I) 
and CO, и, д) = 0, (XLIX) 


but excluding from the eliminant any factor which represents a node-locus 
or cusp-locus of the curves (I). There can be no solution not included 
amongst these two sets of solutions. 


8. The usual method of obtaining the Singular Solution is as follows. 
If $(c, y, с) = 0 be the primitive, then the differential equation is 
obtained by eliminating c between 


ф (2, y, с) = 0 (I) 
and 005.900 сас ао о (IX) 


Ox ду 
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Now let C be any function of x and y which satisfies 


офи, © 0 mE (L) 
Then consider the primitive 
ф(х, y, C) = 0. | (LD 
It gives on differentiation, and using (L), 
оре, у, С) $ CALE, t im = 0, (LID 


and if we eliminate C between (LI) and (LII) we get the same differential 
equation as when we eliminate c between (I) and (IX). This only shows 
that we may get a solution of the differential equation in this way. It 
does not show, what is proved in the preceding section, that no other 
kind of solution ean exist. The assumption that no other kind of solution 
can exist was made by Lagrange in his memoir “Sur les intégrales par- 
ticuliéres des équations différentielles” (Nouveaux Mémoires de l'Académie 
royale des Sciences et Belles Lettres de Berlin, année 1774), printed in 
the fourth volume of his collected works, see p. 12, § 5, of this memoir, 
where he says :—“ П est facile de démontrer qu'il n'y a pas d'autres com- 
binaisons possibles qui puissent fournir des intégrales de cette espèce 
non comprises dans l'intégrale complète.” 
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THE INVARIANT THEORY OF THREE QUADRICS 
Ву Н. W. TuRNBULL. 


[Received May 4th, 1921.—Read May 12th, 1921.! 


Introduction. 


The following pages give in outline a complete system of concomitants 
of three quadrics. In §§ 20-22 the invariants are dealt with, and a com- 
plete list of these is givenin § 28. In § 5, the prepared system of bracket 
types is explained, and in § 14 tabulated. 

A geometrical discussion of these results is deferred. 


I. Notation. 


1. In symbolic form let the point, plane, and line equations of the 
quadrics be 


fcd =й Eos d Wc es cu 
AHH HP =, фі = ив = ..., 
ћ= = си, фи = ..., ái 
and y Ap ж шы . 
ту = (Bp? = ..., 
ла = (Ср)? = 


These symbols refer to quaternary forms wherein 
Az = a4,21-2-a41343- az TyF aTi 
A = (аа') a second degree element, 


a = (aa'a") & third degree element, 


us = 0, 
p = (ит), 
х = (uvw). 
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Any single term concomitant of f, ју, fa is denoted by P. The word 
member will be used to signify a concomitant. 

The symbols a, A, a, u, p, x are called elements of various degrees one, 
two, or three; and these three degrees are distinguished respectively by 
(1) small italic letters, (2) capital italic letters, and (8) Greek letters, 
together with z. 


Reducibility. 


2. Following Gordan* in his theory of two quadrics we introduce the 
symbols ci, c,, to denote the character of a form P. Let c,, Co, са denote 
the degree of P in the coefficients of f, ју, f; respectively. Let ci, Coy, сз, 
refer to f, fı fa respectively: and in с), let д denote the number of brackets 
in P, each of which contains и symbols а, a’, ... ог the equivalent of и 
symbols in the higher currencies 4, a. Then и may not exceed 4. 

Then a form Р, is held to be simpler than P, if one of су, сз, сз in Р, is 
less than the corresponding degree in P, while the other two are not 
greater. In this sense, forms are considered in ascending degree. 

To distinguish forms of the same degree, P, is simpler than P, if in 
Р, one of сү, са, Cas 18 greater than in P, the other two being not less. 
— If this test fails, then cig, ci; are examined in succession. t 


If са > 0, Р, is reducible. 


9 


3. As before, the symbol a, implies the factor а; 


Equivalent Forms. 
4. P,, P, are equivalent if P,— P, is reducible. This is symbolised by 
P,—P, = 0 mod R, 
or P,—P, = 0, 
or P= Pi 


Prepared Forms. , 
5. To begin with, P consists of four types of bracket factor : (dd, d, ds), 


* Math. Ann., Bd. 56. 
t Cf. Turnbull, ‘ System of Two Quadratics,"" Proc. London Math, Soc., Бог. 2, Vol. 18, 
p. 74. 
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(dd, du), (dd, р), а,. where d denotes а, b, orc. Wherever in a factor 
two or three d's refer to one quadric they are replaced by D or ó respect- 
ively. Now every symbol d must occur twicein P. Butif, say, dd, stand 
for aa, in one bracket, it does not follow that the complementary а, Q4 
will be found to be also convolved in another bracket. Yet, by a proper 
introduction of new bracket types, we arrive at an alternative form of P 
in which every symbol d, D, or 6 is explicitly paired. This is called the 
prepared form of P, and must now be investigated. 


II. The Prepared System. 


6. A bracket of P may have four or less a’s: i.e. it may contain a,, 
a, A, or a, or no reference to the quadric f. The first of these implies the 
invariant a?, во we pass on to the second case, where a = (aa'a") occurs 
in a bracket. By the use of new brackets 


(aBp), (аур),  (aB-yz), 


we may collect the complements of aa'a" which occur bracketed once. 
The proof is the same as for two quadrics* with the additional case of 


(aa'a"i) as as ал. 
This is seen, by interchanging the а'в in every way, to be 
= 1 (aa'a"i)(aa'a". óó' x) 
= li, (add'z). 


The bracket (aóó'z) is («Вух) or else is zero. 


The bracket (aByz). 


7. This bracket is the reciprocal or dual of (abcu) and does not appear 
for less than three quadrics. It obeys the same rule of interchange as its 
dual, and, expressed in the original form, is a six-term series 


ава,а; (aa'a" = a), 


where the dots indicate a determinantal permutation. 


* Cf. Turnbull, ibid., p. 75, § 10. 
2H 2 
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Interchangeability of a. 


8. Since e,e,—e.e, == 0 mod с, any two single a's in P may be 
interchanged. Nor would this reduction break down for an a contained 
in the new brackets (абр), (aByr). We may then suppress any dis- 
tinguishing marks between the a’s; so also for 8, y. A form P will now 
contain an even number, or none, of each of a, 8, y. Moreover this is 
true for n quadrics if we add the new bracket (aByôi. 


The Element A. 


9. The next step is more complicated : we must consider the pairing 
of A. Let а‘, аі denote any two of a, а’, a", a'". Ав in the case of two 
quadries, if P contain brackets (aa'kl)(aí(a^mn), then we may express this 
in terms of (aa’kl)(aa’mn), and terms with more than two symbols a in 
the second bracket. It is important to notice that the other symbols Ki, 
mn of the original brackets are undisturbed in the equivalent brackets. 

As P will originally contain either an even or an odd number of 
brackets (с), each with two symbols like a, a’, we may thus pair off all 
such to become pairs of A’s except possibly one odd pair. This gives 
two cases :— 


() P= {II(4ÿ)(4kD } M, 
(1) P = {П(44)(4К0) | (aamn) apas M, 


where both p, o involve 6, c, и, p, x, but no reference to the quadric f. 
The same applies to B and C. Hence P has at most one of each sort 
(aa’), (bb’), (cc') unpaired, which leads to three cases :— 


Case 1.—One, (aa!) say, occurs, but all symbols b, b' are in separate 
factors: as also c, c'. 


Case II.— Two are unpaired, (аа'), (bb') say. 

Case III.— Three are unpaired, (aa^), (bb’), (cc). 

Case 1.—P contains (aa'mn)a,a,. Неге we may write 
2(aa'mn) a,a, = (aa'mn)(a,a—a,as) = (aa'mn)(aa'po), 


introducing the new bracket (aa'pz), which is unnecessary if p ог с may 
be broken up, t.e. if p or с = (bcu). Besides this, the bracket (aa'po) re- 
solves itself into two simpler ones, or to zero, if p = c, or if p, с both 
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contain B, C, or p. The cases wherein there is no reduction are given in 
the following table :— 


(1) (2) (4) (3) (4) (5) (6) (7) (8) (9) 


y | Си cp 


In these tabulated cases, any attempt to bracket aa’ in one or other factor 
a, or a; fails to simplify. 


10. Case II.— This may be dealt with as Case I, unless the odd sym- 
bols a, a’, b, b' are convolved at least once. P therefore may contain 
(aa), (bb'), together with 


either (abQ)(a'b' R), (1) 
or (a5 Q) a, b, ; (2) 


where Q, 8, containing neither a nor b, can only be C, p, or cu: the last 
of which at once reduces. Since Q Æ R only one possibility is left, 
0 = С, Е = р. Hence the bracket pair (1) is (abC)(a'b'p), which is con- 
veniently written as 

(A BCp). (3) 


Again, in form (2), if Q = C, the form may be written 
(abC) a} бр, 


since the complementary elements aa’, and bb’, are convolved. This form 
is symmetrical in 4, B, C as regards its first bracket. For either A or B 
may be explicitly bracketed by breaking C up. This shows that р, c must 
be independent of a, b and с. So they are both equal to z. This gives 


one new bracket type (abC) a!b, which may be written 
(4 BC xz). (4) 


Exactly the same argument shows that if Q = p, then p, o can only 
be y, y: leading to (4 Вуур). Similarly for 


(BCaap), (САВВр). (5) 


11. Case III.—Here the symbols a, a’, b, b', c, c' are left over after 
pairing existing sets 4, B, С: and unless they are all convolved they may 


470 Н. W. Товмвои, | (Мау 12, 


be treated as in Cases Тапа II. This leaves only the following to be 
considered :— | | | 


(i) (abcu) a/D'c', which reduces by bracketing aa’ in (abcu) ; 
(ii) OQAR) bc. ; 
(iii) (abQ)(a'c.R) (b'c' S). 


Here the symbols Q, R, S can only be A, B, C, or p [else the bracket 
at once reduces as in (1)]; and no two of Q, R, 5 are equal; so that at 
least one of them is A, B, or C. By convolving one or other of aa’, bb',. 
cc’ into the bracket not containing p, we effect a reduction. So no new 
form of bracket is needed. 


12. New types of bracket are indicated by the table of § 9, and by (8), 
(4), (5) of §10. By means of these new types we have now explicitly 
paired off all the A, B, C symbols of P, and further have proved that 
among the symbols A, any two may be interchanged indifferently. Such 
а member P is now prepared. | 

In the prepared form Р, the first degree symbols belonging to one 
form f, say, may be interchanged. For let I(a, а')Р denote the effect on 
P of interchanging one а with one a’. Then 


! 


P—I (a, а) P = О mod c», 


for aa’ will be bracketed and give rise to an increase in Cia, provided that 
neither the a nor the a' occur in the new types of bracket given in Case I 
of S9. Yet even ii this case, the pair aa’ may be bracketed for the same 
reasons as those considered in Cases II and III. 

It follows that for the last two values of p, о in the table of $ 9 there 
is no need to consider the case where two different first degree elements 
c, с' occur. By using I(c,c’)P the difference is eliminated from this 
bracket. 


The Bracket (ABCp) = 0. 
18. For let (AB, Cp) denote (Acu)(Bc'v) and for brevity let 
g = (ВС, Ар), h=(CA, Bp), Е = (AB, Cp). 


Then clearly Ё is unaltered if B, À are interchanged. Now if we bracket 
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oe in us first bracket of k, we obtain by the fundamental identity, 
| | | k= = (Асс')(Виг)+ (ас! cu) (Ba 0; 

a | u | ју === 2(4 CY(Bp) — (Cài) (Bà' v); 

transposing, this ig К+ = 2(AC)(Bp). | 

Similarly for g+h, h+k: hence 
| k = (AC)(Bp)+(BC)(Ap)—(AB) (Ср), 


which reduces Ё at once. 


: Statement of the Prepared System. 


14. We may now sum up the preceding results and give special nota- 
tions for the various groups of new brackets introduced. The: table of 
§ 9 gives these types :— 


(1) (ABz) = 4905050, = ава,, | 
(2) (А Bux) = (аВи)а a! = (BAux) = (bAu) Ui, 
(8) (ABy) = ава, | 
(4) (ACuB) = (@Сиа = (Cau8) = H,, and (4) (АВхо —à,(à' Bc) = hy, 
(5) (Ape) = (cp) ар = Gis, | 
(6) (ACbB) = (aCb) ав = (CALB) = F4, 
(7) (ApbB) = (абр) ав = Fra, 
(8) (ABCuu) = (aBu)(a'Cu) = k, 
(9) (4 Beep) = (Bo) (a'ep). — 
To these Hus be added the results of § 10, 
| ABO = (Abc) b c! = (Bac) alc! = k, 
‘(AByyp) = (abp) a, by. 


The symbols H, h, G, F, k, ete. are found useful for reference, and in 
the above list several alternative ways of writing each type of bracket are 
given. These and all the original brackets may now be classified in four 
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groups F,, Fy, КЕ, F,; the suffix denoting the number of unpaired symbols 
explicitly found in the prepared bracket. Thus under F, would fall 
(А Всср) which requires the two symbols A, В to be paired elsewhere іп 
the member. All the brackets, old and new, of the prepared system are 
given in the following table. 


The Prepared System. 


Fi! a, b, c, Ue us u, (Ap) (Bp) (Cp) a. be c, 


as а, (bp) (Вур) (Abu) (Acu) (Авх) (Ayz) (BC) 
b, b, (cap) (yap) (Вси) (Вац) (Byz) (Вах) (CA) 
Ca са (abp) (aBp) (Cau) (Cbu) (Сах) (C8x) (AB) 
(BC) = (ВСих) (ВС)" = (BCaap) (BC)" = (BCaap) 
(CAux) (CAbbp) (CA BBp) 
(4 Buz) (А Becp) (ABryp) 


(abcu) (a 842) 
(Abc) (48y) (ApbB)- Fig (Apcy) = Fis (Арсв)= Gy. (Apby) =.G,, : 
(Bca) (Вуа) (Врсу) = Fa (Bpaa) = F4 (Врса) = Gy (Bpay) = Gy 
(Cab) (Сав) (Cpaa) = Fy, (Cpb8) = F4 (Срав)= Су (Cpba) = Gy 
(BCua) = Н, (ВСха) = h, (1BCuu) = K 
(CAug) = Н, (CAxb) =, (АВСхх) =k 
(4Виу) = Н; (АВхс) = hy 


(BCaa) = F, (CAbB) = Fi (ABey) = FY’ 


III. Generalised Identities. 


15. The prepared system, now tabulated, shows clearly a principle of 
duality, the algebraic equivalent of reciprocation. For: this system is 
symmetrical in regard to the line coordinate elements p, A, B, C: and to 
every group involving any of a, b, с, и corresponds a group of a, B, у, x. 
Some of the factors, e.g. (Ap), (BC)', Fiz Р,, are self-reciprocal : others 
form pairs of reciprocals H, with 5, K with k, and во on. 

This duality goes further: it may be affirmed that whatever identity 
or syzygy exists between symbolic forms, has consequently a dual identity 
or syzygy. For example, the fundamental identity 


(abcd) e,— (abce) а, +... = 0 (1) 
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implies the existence of 
(aB-y6) и. —(аВує) в-+Е... = 0, (2) 


where each of a, B, у, ô, e are third degree elements in the coefficients of 
the quadrics. The second identity is readily established by resolving each 
12 degree bracket (ајд уд) into factors ава, аз. The same holds true of 


(abp) c.+(bep) а, (сар) b, = 0 (3) 
and (ap) u,+ (8 ур)иг + (уар) ив = 0. (4) 
Again, the identity a,0,— a,b, = (абтр) is self-reciprocal ; whereas 
(abK)(¢dL) = (abed)(KL) | (5) 
leads to the dual form 
(aBK)(y6L) = (aByé)(KL). | (6) 


It is a straightforward matter to write down all the linear types of 
quaternary identities, and then to copy the dual forms such as (2), (4), (6) 
above. By resolving the component parts of these latter into their ele- 
mentary brackets, they can all be proved true. Now whatever process of 
reduction is used to test the reducibility of a member of a quaternary _ 
system, this process must ultimately depend upon two—and only two— 
things, (1) the fundamental linear identities, and (2) the interchange of 
equivalent symbols. Since both these principles apply to either type of 
symbol a or a, it follows that any identity or syzygy whatever may be 
reciprocated. 


Reducibility. 


16. The criteria с)... са of S 2 must now be supplemented. When 
two members P, and P, have the same characters c, ... c4, let the number 
of F; brackets (2 = 1, 2, 8, 4) be counted, 2 being the greatest suffix in P, 
or PD, Then P, is simpler than Р, if its number of F; brackets is less 
than that of Po. 

Failing this, let Из, Из, W, denote the number of brackets in P con- 
taining, respectively, three, two, one of the symbols А, B, C. Then Р, із 
simpler than P,, if for P,, WA is less than it is for P}. Failing this, W, 
is similarly examined. 

This gives an order of precedence among the F, brackets which require 
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one further discrimination, viz. that the six brackets (Абс), (ABy), ete. are 
the simplest F, brackets with one symbol A, B or С; next come the six 
Fi;; and next Gj. Other F, brackets precede or follow this group because 
less or more symbols A, B, C occur. 


The Reduction System. 


17. The prepared system contains 79 elements, but a product of two 
of these elements is often reducible. Thus the product of two F, brackets 
(abcu)(aB-yx) is identically equal to Ха, 026,0, which eliminates the F; 
brackets and therefore reduces the product. It is possible to carry out a 
systematic examination of every such product, and to construct a table in 
which any such product of two of these 79 factors is shown to be either 
(i) reducible, or (ii) irreducible, or (iii) equivalent to another product. 
This table consists of 79 rows and columns—one row and one column for 
each different factor, from a, to F;. The following fragment of the com- 
plete table should make clear the method of classification :— 


9 H, Hy Hy ш hs hs 


H, 0 
H, 0 
H, 0 
h, x x 0 
Ns | x 0 
li Ке x. 20 
x = reducible, О = irreducible, * = equivalent to another product. 


Here, for example, it is shown that the product Л, Н, is reducible, that 
H, Нз is irreducible, and H, Hg is equivalent to another product. The whole 
table is a large triangle with an hypotenuse of 79 marks of irreducibility 
which indicate the squares of 79 factors a,... F4. This table is called the 
Reduction System. 


Construction of the Reduction System. . 


18. This table is constructed by examining a product of factors, for 
example (Abu)(pBy). Here, by permuting bu, p we arrive at the identity 


(Abu) (pBy) = Gig — Fiat, — (pA) by ug, 
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Suppressing reducible terms involving bg. In accordance with the con- 
ditions of $16, the reducible mark x is placed opposite С, and «ug 
in the table, and the mark + is placed twice, to correspond with 
(Abu)(pBy) and with Fu, The third term (pA) b,ug has three factors 
and is analysed independently. 

By interchanging symbols a, A, a with b, B, 8 or c, C, y this one 
identity implies five others. By reciprocating these we get six others, as, 
for example, 

(AB8x)(pbc) = С 136,—.... 


And further, by interchanging in a linear identity the symbols a, 4, a 
with и, p, x we obtain a new identity, equally valid, since the convolution 
of two of и, р, x is reducible, and also since the symbols u, p, x behave 
analytically in the same way as а, А, a. For example, by interchanging 
b, B, В with и, p, 2 in the above identity we may forecast the new relation 


(Abu)(Byx) = Н,Ь, — (AB) b,—(AB)u, bz. 


Thus from one product (Abu)(pBy) а large number of other products may 
be dealt with at considerable economy of labour. 

Below is subjoined the table of the reduction system, broken up for 
convenience into three parts: these deal respectively with (i) Е, Р, 
brackets, (ii) one F, or F, with one F, ог F, and (ш) F,F, brackets. 
. The detailed proofs are not given, for they are tedious but all of the same 
kind: and it is easy to test any assertion made in the table by applying 
one or other linear identity. 
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IV. The Complete System. 


19. From the prepared system of S14 we may in theory proceed to 
the complete system for three quadrics. This may be sub-divided into 
four groups Кү, Ky, Ку К, say, corresponding to the four kinds of factors 
F,, F} Fẹ} F, of the Prepared System. Each К group is defined as a 
group containing no factor F; if 7 is greater than the suffix of K, while at 
least one factor with the suffix of K is present in the form. 

It appears that the groups K,, К, are small, whereas К, and М, are 
unwieldy. No effort will be made to count the members of K, and Kg, 
but it will be shown that they are strictly finite. 

As for special types of members, all the invariants will be found. 


The K, Group. 


This consists of 12 forms made by squaring the 12 factors of the 
prepared system F; ($ 14). 


The K4 Group. 


_ This consists of the forms made by squaring the 86 F, brackets (3 14), 
together with all possible chains (7, 2) where t = a, b, с, a, 8, y, A, D, С; 
and also chains whose end elements are either x, p or и. А chain* has 
much the same significance as in the case of ternary forms, being a con- 
venient abbreviation of a lengthy product. An example should make 
this clear :— 


ә 


a AB B nj is a chain of grade 9, representing 


a;(aCu)(Cbu) (ЂА u)(Acu) (cg) (aBp) (aBx) (Byz) u,,. 


The grade is the number of different elements not reckoning x, p, u. 
Each element a, ete. may stand in the upper or lower line. Manifestly 
all the elements of a chain must differ except possibly the end elements. 
The grade of a chain may be anything between two and nine inclusive. 
Theoretically then the K, system can be written out: it is finite but 


* Cf. Turnbull, бараа Quadratic Пре Pick. ое Math. Soc., Ser. 2, Vol. 9, 
p. 83, and Vol. 18, p. 79. 
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numerous. It is indeed limited further, since no pair of the three ele- 
ments a, A, a may be adjacent, the same applying to b, B, 8 and c, C, y. 
On the other hand the juxtaposition of BC would indicate four possible 
factors (BC), (BCuz), (BCaap), (BCaap). 

This procedure does not guarantee that all the remaining members of 
K, are irreducible. A detailed application of the fundamental identities 
would eliminate a considerable number more. One useful step further 
may be taken by seeking the invariants of the group. 


Invariants of the K, Group. 


The six factors ag, a,, ... together with (BC), (CA), (AB), alone lead 
to invariants. There are only two invariants properly belonging to three 
quadrics : 

(BC)(CA)(AB) denoted by 2, 


acba 
and o » Q. 


ГА 


The latter may be written ав 2 (abc.aBy). 
Before proceeding with the remaining K, and K, groups, the invariants 
of the whole system will be calculated. 


The Invariants. 


20. These forms are composed of the six factors ав, a@,,..., three 
factors (BC), (CA), (AB), the six F, factors (Abc), (ABy), ..., and the three 
F, factors (BCaa), etc. 

In the reduction system the following relations are relevant :— 


F (Abc) = (Bac)(AC) bat (Cab) (AB) ca ` 
Е'(Вса) = (Cab)(A B) c44- (4b) (BO) ag | | (I) 
F"(Cab) = (Abe)(BO)a,+(Bac)(CA) b, 
Reciprocally 
F,(ABy) = (Вау (АС) ag+(Ca8)(AB) a, and two others. (II) 
Again F,cs = (Bac)(CaB) — (BC) авс. and five others, (IID 
including F,b, = (BayY(Cab) — (BC) a,b. (IV) 
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Multiplying (D by (Abc) and dropping reducible terms, 
(Bac)(A bc)(A C)b,+(Cab)(Abc)(AB)c. = 0 and reciprocally. — (V) 
Likewise from (III) there follows 


(Bac)(CaB) с = 0; (VI) 
and from (IV) there follows, since F,(4 bc) is reducible in (D, 
(Bay)(Cab)(Abe) = 0. | | (VID 
Finally the produet F,F, is reducible thus :— 


КЕ, = (BCaa)(CAbB) = (Bea) ¢.(Acb) cg: and now by bracketing A 
in the first bracket this simplifies.* (VIII) 


The invariants are found in ће K, Ку, К, groups. Those in the К» 
group have already been discussed. 

As for the other invariants, they may be written as a product MN. 
where M consists of F, and F, factors, while N has only F, factors. A 
reference to the possible F, factors shows that N may consist of chains of 
the following types—A, B of course standing for any two of the three 
quadrics— | 


(4, B, (а, В), (a,b) (а, В), (а, a). 


Moreover these chains can only be each of two sorts, 
a b a В) а с | 
pe Бо y) [ pu v а), 
(АС (СВ), gy a cb a у 8 PS ү 
y a 8): (ea) n = 
any others being immediately reducible. 


21. Again, since N consists of chains, there are in N an even number 
of unpaired symbols standing as end links of these chains. Hence M 
also must have an even number of unpaired symbols; whence it follows 
that M has an even number of Ёз brackets. Also M may have F, brackets 
or not: suppose in the first case that M consists entirely of F, brackets. 


* Analytically this is analogous to the formula (J) in reducing two quadrics. Cf. 
Turnbull, ibid., p. 81. | | 
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Excluding the cases reducible by (VII), M may have two or four ЁЗ 
brackets, but cannot have six brackets: when the complementary factors 
(of N are inserted this gives the following forms :— 


(i) (Abc)? and its dual (4839. 
4 I, | 
(i) (Abc)(Bca)(A, B)(a, b) and its dual (ABy)(Bya)(4, B)(a, В). | 


ЫЕ. (iii) (45c)(A8 y) (b, y)(c, 8), (Abc)(ABy)(b, 8)(с, y) and 
| (Abc) (AB-y) (b, с) (8, y). 


(iv) (Abc)(Bya)(A, B)(b, y)(c, a) 


” » » (8, а) (с, У) 
» 99 9 (b, с) (y, a). 


60 (Abe)(ABy)(Bac)(Bay) N. 


Of these, (i) is irreducible ; as also is (ii) for the case when (A, B) is (AB). 
But the other type 


5; I i 


(A bc)(Bca)(A C) (CB)(a, b) 


reduces when the final chain is either hé or V = by squaring the 


third of identities (I) or by using (V), respectively. 


The next type (iii) gives (Abc)(ABy) b,c, and (Abc)(A ву(, ? (в) 
only : any other possible form of chain at once duplicates a link. 


The next'type (iv) must not contain the link ba, owing to identity (VI). 
This leaves only two forms for the chains 


pi. Ca and (AC)(CB)b,c,, 


of which the sone dam by squaring an identity of type (IV). > ` 


Similarly by UE the produet of identities (IIT) and (IV), type б 
reduces. ' 


22. In the second case, suppose M to contain F, brackets. By (VIII) 
716 is seen that only one such bracket, say F; may occur. Excluding pro- 
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ducts reducible by identities (I)-(IV), the invariant is composed of 


Е, i.e. (A Bey) with (Abc), (A By), (Bae), (Bay), ay, by» Cas Са» 
(BC), (CA), (AB).. 


In no case can an invariant be built of Е; followed by а product of 
these other factors, as is seen by trial. So no more invariants exist, 
except the squares of F5, F4, and F,. 


28. List of Invariants of Three Quadrics. 


Degree. 
Forms A, Ө, etc, involving one, or 
two of the quadrics. 
e 
(BC)(C4)(4B) = $i (2, 2, 2) 
(200 а) = a = авеыьа (4, 4, 4) 
B a y = Up ge, Uy Uy, y 2, 
: 2, 1,1 
(Abc)? and its dual (48y)° (2, 3 3} 
(BCaa)? = кз, Ед, PF (4, 2, 2) | 


(4bc)(Bca)(4B)a,b, and its dual | (3, 3, 4) 
(A4&y)(Bya)(AB) c. cs (5, 5, 4) 


(4bc)(Bca)(4B) Gag and its dual | (6, 6,2) || : 


——— 


(487) Bye (4B) (** ) (6, 6, 6)- 

з (Ab)(48) ће | (2, 4, 4) 
в | eB ANCE. (зө 
8 (Abc)(48y)(°,°) ( 5% ) | (6, 4. 4) : 


This gives 47 invariants in all. 
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The Кз Group. 
24. F} brackets are of these types 
(i) (абси), (aByx). 
(ii) (Abc), (ABy). | 
Qi) Fy (у = 1, 2, 8 and differ). 


(iv) Gi. 
(v) Н iy h fe 
(vi) K, k. 


In accordance with § 16, these six sets may be considered to be of in- 
creasing complexity; and to express members of one set in terms of earlier 
sets is to reduce them. We shall quote results without detailing every 
proof, as the work is tedious. Investigation shows that no irredücible 
member can have more than four F, brackets, and the cases when 8 or 4 
oceur are comparatively rare. 


(i) (abcu), (aByz). 


25. The (r.s.)* shows that only the F, factors (Abc), (Bca), (Cab) can 
exist along with (абси). The complete system ів 


| (abcu)(A bce)(Bea)(A.B)c,, (abcu)(Abc)(A, а), 


(abcu) N, where N consists of F, or F, brackets and (A, a) likewise ; and 
where a, b, c may be rearranged. That all three Ёз factors cannot appear 
simultaneously is proved in § 26. 

There is a dual set for (a8yz). 


(ii) (Abc), (АВу). 


26. The (r.s.) rules out type (абси), so this group consists of members 
involving the six brackets (Abc)... (48y) with Р, or F, brackets. Leaving 


* A convenient abbreviation for reduction system. 
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out cases reduced in (УП), § 20, aud (v), § 21, there may be the following 
general types :— 

((Bac)N, (Bay)N, 

(Bac)(CaB)N, 

(Bac)(Buy)N, 

(B) 4 (Bca)? and (Bya)’, 
(Bac)(Cab) N and its dual, 
(Bac)(Cab)(A bc) N 


2) 


v (Bea)(A be) (АВу)М 


where N consists of F, or F, brackets. The two latter forms reduce, 
leaving in this group the forme containing at most two F, brackets. 
Further reduction is not obvious. Herewith is a proof that (Bca)(Cab) (Abc) 


réduces, which is typical of subsequent reductions, and shorter than that 
for (Bca)(A bo) (AB). 


(Bca)(Cab)(Abc) N = 0. 
From the (r.s.) we select these identities 
(1) (Abc)(Bau) = — (Bca)(Abu)-- (abcu)(BA), 
(2) (Abc)(Bax) = ћаб, and also л, (Саб) = 0 mod (Вас), 


(8) (Bca)(Cab) Ар = (Abc)(BC)"+etc. = 0, § 16. 


If N contains (Bau), the form reduces by multiplying (1) by (Bac). 
Hence by symmetry N cannot have any of the six (Bau), (Bcu), .... 

If N contains (Baz), identity (2) applies. This rules out six more 
factors. Zu. . | 3 
__ Since (8) rules out Ap, Bp, Cp it follows that the only factors in N 

involving A, B, C ате (BOY, (CA), (AB)', which cannot possibly be paired 
with the odd A, B, C of the first three brackets. Hence N = 0. 
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(i) Fy, where Fig = (ApbB). : 


27. The six F; factors reduce in product except for types ЕЗ, FaF 
Ка Ёз, which lead to four cases, 


(a) F; (8) Fg FM, (у Ка Ка Му : (6) Fia Ma. 


! 


Now, by (r.s.), 


M, may contain (Abc), (ABy), and F, F, factors, 
М, " (Abc), (Cab), (ABy), (Сад) j 
M; » » » | » 


Further investigation admits only the following to be retained :— 
r E? and F,F(4bc)(48y) and the like, all quadratic complexes, . 
* Fa Fa(Abo)(Ayz)[8] where [8] = ug or (P 4). 


FF is (bep) (Byp) and FF; b, Cp, 


46) Е, Еъ(А, С) where (А, С) = Ps or (40), 
* Fu (Саб), 
У, (А bc) (ABy)N, 


^ 12(А bc) N, 


v FN, where N has F, ог F, factors. 


(iv) Gy, where Gig = (Apby). 


28. A form containing G; is reduced when expressed in terms of pre- 
ceding factors. Taking Сав typical, the (r.s.) admits of 


Fy, Њу (Abc), (Bea), (ABy), (Сад), N. 
But Сабл = FFs; во that Сб Fi = 0. Accordingly we need. 


* These have dual forms. 
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only consider the types" " . 
OG, 2 | 
(2) Gy Fy M, 


(8) GaM, where M contains neither Су nor Fy. 


Since Gj, is dual of Gs and Еј is its own dual, then types (1) and (2) 
are dual. So (1) and (8) need only be considered. Ultimately we are 
left with т 

e _ А г (A p\ 
Gig F(ABy)(4) where (4) = (Ар), ( b ) or B ). 


Gi (A B*y) (A bo) св (4), B. | 


Gt A bc) (у g) , where no independent dual exists, and there are 


ш), only three of this type for al! Gy. 
b 8 | "e 
. Gs ( C ,)a» 
GaN, where N consists of F, F, factors but contains neither 
с nor В. | "E 
Gi. 


The brevity of the above list is largely due to identities of the type 
Gs 5]; = Gas, 


where 7, j are any ‘two different symbols и, a, A, а. 


(v) Н, h: where Н, = (BCua). 
29. The factor H, reduces with any F, bracket except 
Fa Fas Hy Н, hy (48y), (Вуа), (Ca), (Bea), (Cab). 
But owing to relations such as 
| H, Fn = Е, (Вр)и, Н.(Вса) = F,(Bew), 
№ Fa = Е, (Вр) az, H, h, = ЕВО), 
H, H; = K (Сад), 

H,(48y) = H,(Bya) = Hg(Caf), ME 
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one further discrimination, viz. that the six brackets (Abc), (ABy), etc. are 
the simplest Р, brackets with one symbol A, B or С; next come the віх 
Ку; and next Gj. Other F brackets precede or follow this group because 
less or more symbols A, B, C occur. 


The Reduction System. 


17. The prepared system contains 79 elements, but a product of two 
of these elements is often reducible. Thus the product of two F brackets 
(abcu)(aByr) is identically equal to Sa.bgc,it,, which eliminates the F, 
brackets and therefore reduces the product. It is possible to carry out a 
systematic examination of every such product, and to construct a table in 
which any such product of two of these 79 factors is shown to be either 
(i) reducible, or (ii) irreducible, or (iii) equivalent to another product. 
This table consists of 79 rows and columns—one row and one column for 
each different factor, from a, to F;. The following fragment of the com- 
plete table should make clear the method of classification :— 


інн. Hy n hs h 


x = reducible, 0 = irreducible, * = equivalent to another product. 


Here, for example, it is shown that the product Л, Н, is reducible, that 
H, H, is irreducible, and H, H; is equivalent to another product. The whole 
table is a large triangle with an hypotenuse of 79 marks of irreducibility 
which indicate the squares of 79 factors a,... Е. This table is called the 
Reduction System. 


Construction of the Reduction System. . 


18. This table is constructed by examining a product of factors, for 
example (Abu)(pBy). Here, by permuting bu, p we arrive at the identity 


(Abu) (pBy) = Gig — Fau, — (pA) bus, 
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suppressing reducible terms involving bg. In accordance with the con- 
ditions of $16, the reducible mark x is placed opposite Ga and wg 
in the table, and the mark · is placed twice, to correspond with 
(Abu)(pB-y) and with Fau,. The third term (pA) b,ug has three factors 
and is analysed independently. 

By interchanging symbols a, A, a with 5b, B, 8 or c, C, y this one 
identity implies five others. By reciprocating these we get six others, as, 
for example, 

(A8x)(pbo) = Gygb,—... . 


And further, by interchanging in a linear identity the symbols a, A, a 
with и, p, x we obtain a new identity, equally valid, since the convolution 
of two of u, p, x is reducible, and also since the symbols u, p, x behave 
analytically in the same way as a, À, a. For example, by interchanging 
b, B, В with и, p, х in the above identity we may forecast the new relation 


(Abu)(Byx) = Hg4b, — (AB) 6,—(АВ)и,6,. 


Thus from one product (A bu)(pSy) a large number of other products may 
be dealt with at considerable economy of labour. 

Below is subjoined the table of the reduction system, broken up for 
convenience into three parts: these deal respectively with (i) FF, 
brackets, (ii) one F, or F, with one F, or F, and (ii) Е, Р, brackets. 
. The detailed proofs are not given, for they are tedious but all of the same 
kind: and it is easy to test any assertion made in the table by applying 
one or other linear identity. 


а и .. — — о —— - 


89 '75 6 9 “TD влотот] олјому 007 JO ќпт зәтопәр олодт оду п! 6 ospy 7810327] 5,7 рит !,7 oaoqu оцу jo ќот Чум oonpo1 зоп op (тү) '(F2) (Оп) злоловј VAL » 


6 Жуз К ok xo Xs 
+ -4 goa + * x (0 
X 


= 0 
р» 0 HE Р | 

= = * 

— 


€ * $90 ocn t ЖАБА · · | duar 
A. ч М Е 


a E 


T 
0 
> < 
0 


х 
Ж . 
0.0 Ж 


| © 
ом 
м 


r 
о a 
© 
"мо 
м 
охо 
Woo 
o 
О * 
e 
£u 
3 
ч 
o 


—- = 


“ЯУ «72 „ОЯ o е М хх: Р ИК: 6: 
. . 0 . LI p < 
0 . 


ooo 
ooo 


© © © 
o: 


оо : 


ooo 

о -о 

ооо 
3 
Ө 
© 


| 
| 


ooo 
ооо оо- 


| © -© 
loo. 
5 
"d 


| 
| 


Н. W. TURNBULL 
| 
RETE 
E 
| 


| | 
aav avo “ОЧ ЧҮ VO. 90 50 °9 ^g ^y Ја 90790 04 29 OF qy dg» dot dig до Фоо dəq #9 "2 "9 |9 ‘v ”D | ^n En "п | то "9 "D 


476 
| 


Digitized by Google 


If. 


1921. ] THE INVARIANT THEORY OF THREE QUADRICS. 477 


T І | | 
= | e м © © 0. HU <= ==, . es e x: дим . ©) “нә имо 
х м го „ле ТЕЕ "ORK KO > о. | мом ae 
i5 M o o = =) e e CC • м мо .· о C. € So M x омии 
кы BE NODE VW re 
а | 
= — m „ОО +. : ‘оо им | xno о мио 
= " о -o ~ пао неке EEES и жез. меи б m м ио и 
© © о М uw e « Ce ә мм -OO · оми @ с % | ин 
|) 
= T ч A ES ! 
À | 
(1 = n. 26 9" db. 9 мен Перни е «© му 
= У ET uw o ми. :- мм | о · | о о | мхи 
© DES ee ennum |o.. о - - M ux 
i. NENNT | E t EM lo, ENSE x 
e | | 
_ QOQO[O €. | s "C ss 0 
х м © © oo .-.oo © | «© + о · о | о 
o · Oooo TEN у RS | 
© | | | 
ca «ооо | „ми • ге Гими гди.| нои | ве: | но | иои 
5 + о во ‚мм o9 · .-M"«»»xxoloxxiloo-|nxoi|onx 
à о : оо | м.о .м | им омии | оми [о о | мо | оми 
мо 
À о. | OO · | мио · ·.-м | мимо oH | имо | о ·0 | мо | мио 
А © · · | co · о: им. |омммим · | ммо оо | мо | имо 
ч O^lee[les-wk-«| не мин | кон | «se | ме „с 
© o-.o · +O мм · -O| MK KK KO | оо . | мом | ом | моми | 
S De Део • "C мим ~ = А м.м KO K л РОН ом о мм | 
ом 
à SO: + O · M © - - M “момым. | 5 -o | мио | ом x KO 
= во · |О::| о. ми : pow оо | ихо | ои | ихо | 
= o.-o|o-.-|o-.-ux»-|on»-:»», -oo | мом | ок | ком | 
пель ЈАЈНЕ NT cm ЇЗ cA TRA ——————————Ó ЕРЕ Nc 
£u i П | H 
3 T *u- = о ЕЈ HOO KOO | | 
8' мо wm o -oooo. onoono | м м м x 
i 
e IEEE (200+ -o ooxoonx | 
Q ES PT. ы. ee MUSS | m— 
& | | 
~. · . . | O. .ого9о|омихиовзо 
Son o НЕК) bu мосоом ^ м м м 
5 e| eoo -o COOKKO 
· | q^ — d deese. 10 l новсиви:не:ги 9 моо 
Sj | •евоосо · | моо . мо | ои ·| . мио охо 
~ eN = ~ о у. ооо | омомио | о · м OM vi оо м 
“ bes · -е lo ·момо | м :0 | мо · "oo 
d ‘0000 ©. |оммоом мо | ом : Oxo 
З о · вео | момоо · ом |O -m оо х 
а, 
© | | oo x 
= У о © © © | 2 2 o oxo 
= 
WO WENN MERE ES 4. 2. А 
= оом | "же M оммоми | | KRM ом | мио 
= о | омо о о. ми о | момиои о мими. OM мом 
х моо | мм -OO · | ммомко | HHH|OM OKK 
| E aa „3 


омимио ми . м 


а, bs с; 
0 
0 
0 
x 
0 


| 
| 
TIE им · | i мо | ико 


478 Н. W. TURNBULL [May 12, 
TEN 
Б © 
Жы о и 
| 
RT охи 
E f ol wen 
"d ом | MKM 
А ‚ рај З 
„2 о | мо | ми» 
E. о · | мо | мои 
E о... мо | охи 
by o|un-lon | xno 
m о. | м.м Lon | xox 
= | 
es) о >». мм OK | ORM 
s === фи = эё * ой РС Cer. 
& 6 | 
© | ; 
o о м i ‚ 
dl 
єз O x x 
Е | M м M м 
à | омим 
|$ O M M MM 
E омимим 
ч о |ммммоо | м .м | м -mx мо x 
Be © +: x MH HOO Xx x OM 
д оом | KR HOO mK ми мм Ox x 
M 
а о :- ми | мхооим | мими. | мим. м мо 
т ооммм | COMMM мм · “м. м KO 
S о. миммо ||оомими|м :.м | м.м | ко м 
a ee eee IE at pepe 
D омиооо «им со | оом v |: оох 
3 у x i 
А о мосооом | м - оо ·м | омо см. м охо 
& оооммо | осо. ми. | оо | и . . |, Koo 
"d Ee MES : 
2 | 
D о | оммооо о · -х | OOM | оох 
3 o -O-|»ooooM -моом · | -x .|омо | x oxo 
| П 
S | О. ·|оооммо | оом . . м и. . | -o0 | моо 
4 ____' Soin ee e MD _ PR MEN D 
t LI 
& © | м | e р 
S | м м M м ом У 
S ом |. о » 
5 , 
abd оз ~ 5 с | 
5 SSS lasse | берас | sorassel el _ se 
еЗ | АО | SRO |RRRRRR | ообо | чак | LES | щш | RR 


1921. ] THE INVARIANT THEORY OF THREE QUADRICS. 179 


IV. The Complete System. 


19. From the prepared system of 514 we may in theory proceed to 
the complete system for three quadrics. This may be sub-divided into 
four groups К,, Ky, Ку, К, say, corresponding to the four kinds of factors 
F,, PF, Fy F, of the Prepared System. Each K group is defined as a 
group containing no factor F; if 18 greater than the suffix of K, while at 
least one factor with the suffix of K is present in the form. 

It appears that the groups Ку, К, are small, whereas K, and А, are 
unwieldy. No effort will be made to count the members of K, and K, 
but it will be shown that they are strictly finite. 

As for special types of members, all the invariants will be found. 


The K, Group. 


This consists of 19 forms made by squaring the 12 factors of the 
prepared system А, ($ 14). 


The K4 Group. 


_ This consists of the forms made by squaring the 36 F, brackets ($ 14), 
together with all possible chains (/, 2) where i = a, b, c, a, B, у, A, D, С; 
and also chains whose end elements are either г, p or и. А chain* has 
much the same significance as in the case of ternary forms, being a con- 
venient abbreviation of a lengthy product. An example should make 
this clear :— 


Cry AB B Y) is a chain of grade 9, representing 


а.(аСи) (Chu) (bA и) (Аси) (с;) (aBp) (aB.r) (B»yz)u,. 


The grade is the number of different elements not reckoning 2, p, и. 
Each element a, etc. may stand in the upper or lower line. Manifestly 
all the elements of a chain must differ except possibly the end elements. 
The grade of a chain may be anything between two and nine inclusive. 
Theoretically then the K, system can be written out: it is finite but 


* Of. Turnbull, “Ternary Quadratic Types,” Proc. London Math. Soc., Ser. 2, Vol. 9, 
p. 83, and Vol. 18, p. 79. 
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numerous. It is indeed limited further, since no pair of the three ele- 
ments a, A, a may be adjacent, the same applying to b, B, B and c, C, y. 
On the other hand the juxtaposition of BC would indicate four possible 
factors (BC), (BCuz), (BCaap), (BCaap). 

This procedure does not guarantee that all the remaining members of 
K, are irreducible. A detailed application of the fundamental identities 
would eliminate a considerable number more. One useful step further 
may be taken by seeking the invariants of the group. 


Invariants of the К, Group. 


The six factors ag, а,, ... together with (BC), (CA), (AB), alone lead 
to invariants. There are only two invariants properly belonging to three 


quadrics : 
(BC)(CA)(A B) denoted by Pz, 


acba 


and ere , Q 


r 


The latter may be written as À (abc . ay. 
Before proceeding with the remaining K, and K, groups, the invariants 
of the whole system will be calculated. 


The Invariants. 


20. These forms are composed of the six factors ag, а, ..., three 
factors (BC), (CA), (AB), the віх Ёз» factors (Арс), (ABy), ..., and the three 
F, factors (BCaa), etc. 

In the reduction system the following relations are relevant :— 


F,(4 bc) = (Bac)(AC) bat (Cab) (AB) ca ` 
Fi(Bca) = (Cab)(AB) cg+(Abc)(BC) ag г. (I) 
F,(Cab) = (Abc)(BC)a,+(Bac)(CA) b, | 
Reciprocally 
F,(ABy) = (Bay)(AC) ag4-(Ca8)(A4 B) a, and two others. (II) 
Again Е,св = (Bac)(CaB)—(BC) авс. and five others, (III) 
including F,b, = (Bay)(Cab)—(BC) a,b.. (IV) 


1921.] THE INVARIANT THEORY OF THREE QUADRIOS. 481 


Multiplying (D by (Abc) and dropping reducible terms, 
(Bac)(A bc)(A C)b.+(Cab)(Abc)(A B) c, = 0 and reciprocally. _ (V) 
Likewise from (III) there follows 


(Bac)(CaB) св = 0; (VI) 
and from (IV) there ове since F,(4 bc) is reducible in (D, 
(Bay)(Cab)(Abe) = 0. | | (VID 
Finally the product F,F, is reducible thus :— | 


Е,Е, = (BCaa)(CAbB) = (Bea) ċi(Aċb) с: and now by bracketing А 
in the first bracket this simplifies.* (VIII) 


The invariants are found in the K, K, К, groups. Those in the К, 
group have already been discussed. 

As for the other invariants, they may be written as a product MN. 
where M consists of F and F, factors, while N has only F, factors. A 
reference to the possible F, factors shows that N may consist of chains . of 
the following types—A, B of course standing for any two of the three 
quadrics— 


(A, B), (a, В), (а, b), (a, B), (a, a). 


Moreover these chains can only be each of two sorts, 
a b a d E c 7 
rris E | y ) K с) JNB a) 
(AC)(CB), abe a cb a у В Е" ); | 
(а), ga) 125) y а/' 
any others being immediately reducible. 


21. Again, since N consists of chains, there are in N an even number 
of unpaired symbols standing as end links of these chains. Hence M 
also must have an even number of unpaired symbols; whence it follows 
that M has an even number of F, brackets. Also M may have F, brackets 
or not: suppose in the first case that M consists entirely of F, brackets. 


* Analytically this is analogous to the formula (J) in reducing two quadrios. Cf. 
Turnbull, ibid., p. 81. | 
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Excluding the cases reducible by (VII, M may have two or four PF; 
brackets, but cannot have six brackets: when the complementary factors 
(of N are inserted this gives the following forms:— . - 


(i) (Abc)? and its dual (48). 
(ii) (4bc)(Bca)(4, B)(a, b) and its dual (48y)(Bya)(A, B)(a, B). 


quu, Gi) (Abe)(ABy)(6, у)(с, B), (Abo) (Ay) (b, Ble, y) and 
| (Abo) (A Ву) (Б, c)(B, y). 


| Gv) (Abc)(Bya)(A, В) (0, у) (с, a) 


*9 „ „ (à, a) (c, y) 
» » „ (b, с)(у, а). 


RS (A bc)(A By) (Bac) (Bay) N. 


n s 


Of these, (i) is irreducible ; as also is (ii) for the case when (A, B) is (AB). 
But: the other type 


Steg 


(4bc)(Bca)(4C)(CB)(a, b) 

reduces when the final chain is either n or v =) by squaring the 

third of identities (I) or by using (V), respectively. 
The next type (iii) gives (Abc)(ABy) b,cg and (Abe)(ABy)(”, ^a^.) 


only : any other possible form of chain at once duplicates a link. 
The next:type (iv) must not contain the link b., owing to identity (VI). 
This leaves only two forms for the chains 


к b,c, and (AC)(CB) b,c., 
of + which the бага: reduces by squaring an identity of type (IV). ^ ` 


Similarly by ae the product of identities (III) and (IV), type б 
‘reduces. ' | 


22. In the second case, suppose M to contain F, brackets. By (VIII) 
“it is seen that only one such bracket, say F may occur. Excluding pro- 
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ducts reducible by identities (T)-(IV), the invariant is composed of 


Fi, ie. (ABcy) with (Abc), (ABy), (Bac), (Bay), Ay, бу, Cas Св, 
(BC), (CA), (АВ).. 


In no case can an invariant be built of F, followed by a product of 
these other factors, as is seen by trial. So no more invariants exist, 
except the squares of F5, Еч, and F,. 


23. List of Invariants of Three Quadrics. 


No. of 
forms. е 
| Degree. 
1 12 Forms A, Ө, etc, involving one, or 
“ two of the quadrics. 
2 | 1 (BC)(CA)(AB) = 125 (2, 2, 2) 
8 1 [I = f) = agcsc,b,b,a, (4, 4, 4) 
4 6 (Adc)? and its dual (485)! 3 3 » 
5 | 3 (ВСаа) = Ба, Ер, Е; (4,2, 2) |. 
(Abc)(Bca)(4B) a,b, and its dual | (8, 3, 4) 
6. | 
(48y)(Bya)(4B) c. cs (6, 5, 4) 

(4bc)(Bca)(4 B) I and its dual | (6,6,2) | ` | 
| | | 
(487) (Bra)(4B) (°F) (6, 6, 6)- 

8 3 (Abc) (ABy) b,c» | (2, 4, 4) 
9| 6 | (Abc)(Bya)(AC)(CB) b,c, | (5, 8, 6) 
| bc\/ a | | 
10 | 8 (40048) *)( o) 16е. 


"This gives 47 invariants in all. 
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The K4 Group. 
24. F brackets are of these types 


(i) (abcu), (aByx). 
(ii) (Abc), (АВу). 


(Ш) Fy · (у = 1, 2, 8 and differ). 
(iv) С. | | 

(у) Н; hy. 

(vi) Е, k 


In accordance with § 16, these six sets may be considered to be of in- 
creasing complexity; and to express members of one set in terms of earlier 
sets is to reduce them. We shall quote results without detailing every 
proof, as the work is tedious. Investigation shows that no irredicible 
member can have more than four F, brackets, and the cases when 8 or 4 
occur are comparatively rare. 


(i) (абси), (aByz). 


25. The (r.s.)* shows that only the F, factors (Абс), (Bca), (Cab) can 
exist along with (abcu). The complete system is 


(abcu)(Abc)(Bca)(4.B)c., (abcu)(Abc)(A, а), 


(abcu) N, where N consists of F, or F, brackets and (A, a) likewise; and 
where a, b, c may be rearranged. That all three F3 factors cannot appear 
simultaneously is proved in § 26. 

There is a dual set for (az). 


(ii) (Abc), (ABy). 


26. The (r.s.) rules out type (abcu), so this group consists of members 
involving the six brackets (Abc)...(ABy) with Р, or F, brackets. Leaving 


* A convenient abbreviation for reduction system. 
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out cases reduced in (VII), $ 20, and (v), $ 21, there may be the following 
general types :— 
f (Bac) №, (Bay)N, 
(Bac)(CaB) N, 
(Bac)(Buy)N, 
B) < (Bca)? and (Bya)’, 
(Bac)(Cab)N and its dual, 
(Bac)(Cab) (Abc) N T 
\ (Beca) (Abo) (A By) М 55 


where N consists of F, or F, brackets. The two latter forms reduce, 
leaving in this group the forme containing at most two F; brackets. 
Further reduction is not obvious. Herewith is a proof that (Bca)(Cab) (Abc) 
réduces, whieh is typical of subsequent reductions, and shorter than that 
for (Bca)(Abc) (AB). 


(Bca)(Cab)(Abc)N = 0. 
From the (r.s.) we select these identities 
(1) (4bc)(Bau) = —(Bca)(Abu)+(abcu)(BA), 
(2) (4bc)(Baz) = ћаб, and also (Cab) = 0 mod (Вас), 


(8) (Bca)(Cab) Ар = (Abc)(BC)"+etc. = 0, 516. 


If N contains (Bau), the form reduces by multiplying (1) by (Bac), 
Hence by symmetry N cannot have any of the six (Bau), (Вси), .... 

If N contains (Baz), identity (2) applies. This rules out six more 
factors. | | | ч 
__ Since (8) rules out Ap, Bp, Ср it follows that the only factors in N 
-involving A, B, С are (ВС), (СА), (AB)', which cannot possibly be paired 
with the odd A, D, C of the first three brackets. Hence N = 0. 


486 | H. W. TuaNBULL | CK. [May 12, 


(11) Fy, where Ела = (ApbB). : 


27. The six Fy factors reduce in product except for types Е, Ко Еј» 
Е.Е, which lead to four cases, 


(a) Fi, (8 Е.Е. M, (у) Ка Ва Му · (6) Fs Mg- 


Now, by (r.s.), 


M, may contain (Abc), (4B), and F, F, factors, 
М, » (Abc), (Cab), (АВу), (Саб) _ » 
M; » » » ! » 


Further investigation admits only the following to be retained :— 


r E? and FF \,(Abe)(ABy) and the like, all quadratic complexes, . 
* FF bo(Ayz)[8] where [8] = ug or (P 2 

Fa Fy(bep)(Syp) and Fi Fs b, Ca, 

Fig Fat4, С) where (4,0) = (& ©) or (aov, 

| D 

*Fa(Cab)N, 

Е,,(А bc) (ABy)N, 
* Pu(Abo) N, 
v FN, where N has F, or F, factors. 


4€) 


(iv) Gy, where Gi, = (Apby). 


28. A form containing Gi, is reduced when expressed in terms of pre- 
ceding factors. Taking Сз ав typical, the (r.s.) admits of 


Fo, Fu (Abc), (Bca), (48y), (Caß), N. | 
But баба = FFs; во that Са, Ез = 0. Accordingly we need 


* These have dual forms. 
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only consider the types ^ p dius 
(0,65 FM, 
(2) Gy, F4 M, 


(8) С, M, where M contains neither G; nor Fij. 


Since Gs is dual of GA and F, is its own dual, then types (1) and (2) 
are dual. So (1) and (8) need only be considered. Ultimately we are 
left with | 2j 

: on | 
"а Fi (ABy)(4) where (А) = (Ap), (4,7) or (47). 


Gis(4By)(A 00) св (A), EE 


| Gal 1 dc) | g) where no independent dual exists, and there are 
4 only three of this type for all Gy. 


b B | 
; Ga ( C ,)a» 
С, №, where N consists of Fy, F, factors but contains neither 
c nor B. | А 
Gia. 


The brevity of the above list is largely due to identities of the type 
Сів]. = GigtyJo, 


where i, j are any ‘two different symbols u, a, 4, а. 


(v) Hi, ki: where Н, = (BCuo). 
29. The factor H, reduces with any F, bracket except 

Fy, Fy, Н, Hy hy (ABy), (Bya), (Ca), (Bca), (Cab). 

But owing to relations such as | 

| H, Fy = Е,(Вр)и, H,(Bea) = F,(Beu), 

h Fy = F,(Bp)a:, H,h = F,(BO)’, 
Н,Н, = К(Сад), 

H,(ABy) = H,(Bya) = Ну(Сад), E 
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the system may be reduced to the following types :— 


(+H, Е. (С. a) where (С, а) is (Cp)a,, (° 1.) or Мо 
* H, Hy Hg ua ug ty, | 
*H, Hsu,us (A, B), 

ну, (е), 
Hn 
* Hi(Bca)(Cab) caba tte, 
* Hi(Bya)(Ca) и, ug üy, 
* Hi(Bca) №, 
| *Hi(Bya) N, 
*Hy(ABy)N, 
“HN, where N consists of F,, Е, factors. 


(E) 


This list includes a sextic covariant of degree 8 in the coefficients 
of each of f, fis and f, viz. :— 


hy hy hsa.b,c, = (BCax)(CAbz)(A Bez) а, 0,с,. 


(i) K=(ABuCu). 
90. The (r.s.) allows the factors H,, Н,, Н, and the types 
Ua... (Ар)... (Abu)... (BO) ... (BC) .... 
The system then is 
* КЗ, 


*KH,u,(A) where (4) = (Ар), was ahi uh 


b p 
(Œ) 1*x(BOY(CAY(Cp) where (ВО) = (BO) or (BOY or wu 
*K(BC) (Ap), 
` *K(Ap)(Bp)(Cp). 
The product КН, Н, is reducible. | 
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The K, Group. 


81. F, factors are of one type of which (4 Bcy) is representative. The 
(r.8.) shows that forms to be retained are, besides the three Fi, F,’, F7, 


F,MN and ЕМ, 


where M is a product of F, factors, and N of F4, F, factors. Further the 
(r.s.) admits the symbol a only twice, viz. in the factors (Bca) and a,. 
Similarly for b, a, 8. Introducing four new symbols, let 


Fs = (Bca)a,, Fs = (Bya) Cas Fi = (А bc) b,, Fis = (АВу) Ce; 


and regarding these as new F, brackets, we may then express a member 
P, containing Fi, as a product of factors selected from 


Cr, Uy, (Ap), (Bp), (Аси), (Вси), (Аус), (Byz), (ВС), (CA), (AB), (АВ)", 
(4 B)" and F, brackets, viz. Fig, Fis, Fis, Fas, Fes, F5, Ну, hg. 


Identities show that Н.Л, HF, Н, (Вас), Н.с. can each be ex- 
pressed in terms involving Fj or reducible terms. Hence if Н, occurs in 
P, no other F factor is present. Similarly for Лу. 

There are similar reductions for F\3(Bac), Ка (Вау); which imply that 
Fıs Fs, Ез Ез are here reducible. Clearly FisFis is reducible: and 
further, F,(BO), Ка(Вуг), F,(Bcu) can all be expressed in terms involv- 
ing either Ра or Fi. If then both Еј, F5 occur in P, the only other 
factors involving c, у are с,и,, and the form is 


Fi Fis Fog Cx tly ; 


otherwise a form containing Ела has besides only tags and chains. 
Again, by (Ш), (VIII) of $ 20, we reduce F4(Bac)(ABy), so that the 
only remaining type with two F, brackets is F; (Bac)(4 bc) and its dual. 
The K, group is represented then as follows :— 


F, F 3 Fog¢rty,  Fi(Bac)a,(Abc)b, (с, y], 
(G) | FiFislB}, FiBac)a,[B], ЕН, (с), 
Fi [4 , B, C, y] FA, 


where the second, fourth, and fifth have dual forms, and the square 
brackets indicate chains and tags as discussed in the K, system. | 

This exhausts all cases, and the Complete System is contained in the 
K, and K, groups of § 19, together with the sets denoted by (A) to (G) in 
§§ 25-81. . 
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ON THE TRANSFORMATION OF CERTAIN SOLUTIONS ОЕ THE 
ELECTROMAGNETIC EQUATIONS 


By J. BRILL. 


[Received January 6th, 1921.—Read March 10th, 1921.) 


1. We consider the particular form of the electromagnetic equations 
suitable for a ponderable body at rest with respect to the system with 
which the time is associated,* the medium being isotropic. For the con- 
venience of our investigation we will replace the independent variables 
2, y, 2, t by the symbols zı, xg, Zg, zı and thus the equations will assume 
the form 


om аа Olke) , O(ke) _ — 
jJ, " + TA + 025 тё 


(um) Er (ёа -2). (ит, = с (58 за) 


02, Ol, Оха os Or, Ox 
O(ums) _ (8а дез wm Olum) | olum) _ 
77 тн Ota ш E. " ? + pm Ons 
From the first four equations we readily deduce 
О (се) О (сез) (сез) 
| д Xy + CZ, Po Og +52. = 
which may be integrated іп the formt 
p= (a, B, ys Tis Lo 23), ge, = — (а, B, У, La Ts T4), 
сез = (а, 8, у; zy, Хр Z4); сез == — (а, B, у; zy, Ty T4). 


. * Vide Silberstein’s Theory of Relativity, p. 261. | 
t To facilitate printing we adopt the notation (и, v; х, y) as expressing the Jacobian of u 
and v with respect to x and y. 
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We will now, introduce the assumptions 
ke, = а(8, у; za =з) фи, ke; = —a(B, у; t, Ee. 
· ke, = a(8, у; ту, t)+w; 
cm, = —a(B, у; zy zo - € cm, = — а(8, у; 23, х) +n, 
cm, = — а(8, y; zs, 2) +. 


491. 


Substituting these values in our first four equations and taking account 


of the values for р, се, Cea сез given above, we obtain 


ди d Ф _ до o€ 


ee ee cha 
Ow т, Of. _ 0 Ou , Ov є =й 
Cz, ОЛА Ong m г Oz, Ox, = | 


These four equations are satisfied in the most general manner by thé 


assumptions 
_ OX; 0X, _ OX, 0X, |, 0X, OX 
= Qu Of? "T £g Од, Ses Oz, Om, 
OX ox OX, OX OX, OX 
— = == БЕ = 8 • 
ae on des ан Xu о 


We have thus obtained a set of forms, of a quite general type, that 


satisfy the first four of our equations. 
fied in a perfectly general manner by the assumptions 


ду, OY, Әә. ә _дҮ,_дҮ, 

ита = n, Ory’ d E Ot, Oz,’ | ts Qm 
_ oY, ду, ду, ду, ау, об 

CE] ~ ба — Oz,’ сез = да dx,’ сёз = or, E 


The remaining four can be satis- 


Thus the simultaneous satisfaction of our whole set of equatione 


necessitates that the following shall be identically satisfied 


айй о, 


OL, 


ШШ 


9 ЈУ 
o| alB, y; за edt SR ak (Sa 
| с 1—96 y; э+ 8 а 


с | a(B, у; гр 79 + = — 


OL 


0X, OX) 
1 


4 + 


(1) 
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OX, -Z 


M 1—а(8, y; Ti zT OL, Ox, 0, (4) 


M —а(8, y» La Ly)+ = 2) — с (22 —. 939 = 0, 


= 0. (6) 


n ^ Mz, ^ Or, 


EN ) 


To obtain a solution we need to know a, 8, у and the X's. Equations 
(1) to (6) really impose restrictions on the form of these functions. If we 
eliminate the Y's we obtain differential a defining the first set of 
functions. 


2. Now suppose that by means of a point transformation we change 
the independent variables from z, 2, Zg Z, to £1, ёз, Су é and that we 
obtain 


X de E X dn X de X da, = —L dE Lade e Тад + L, d£, 
and Y,dz,+ Y,dz,+Y,dr3+ Y,dz, = M, dé + Madé + Madé + M,d£,. 
We then have four equations of the type 


р ОЁ 0, ёз дё 
Х = laga "ада ELS +L, Se, 
and four of the type 
ee r 96 02; o£, 
У, = Mi Mast Ms т 02, 
Our equations (1) to (6) then assume the form 
4 4 
с | аф, У; Љу 19 + > (Lu Én; La, z)! —k ~ (Mas Фф; Ta 70 = 0, (7) 
( 4 | 4 
C 1 а(8, у; zy, 23) + i (La, En; 2, Tg), +k 2 (Ma, En3 Ху T4) = 0, (8) 
4 4 E, 
с 196, У; £p 2) + > (La, ба; ш КА] —k 2 (Mn, Én; 23, 20 = 0, (9) 
4 \ 4 
u | a8, ys Ly, + > (La, Eni ti 2) | +c > (M. En; Za, Ts) = 0, (10) 


4 4 : Kr 
A f (В, y» Lo Ly) + > (Ls fe Lo; 2): —6 >, (M,, 1996 Zi Хз) = 0, (11) 


4 4 | 
M a(B, У; La La) + 2 La t 13; 2! +c i (Му ба: Tis To) = 0. (12) 


1921.] TRANSFORMATION OF SOLUTIONS OF ELECTROMAGNETIC EQUATIONS. 498 


We will now define our point transformation as satisfying the eighteen 
conditions 


(23, 23; Ср ёз) = (Zy 24; ё, ё), (Tis 25; Сә, £g == — (Ta T4; ё, ё), 
(ту, тә; En é) = (та 24; С, É), (0 24; Ёз, С) = — uk (Ta 23; £y ё), 
Ps 24; ё, 6) = `иЁ(ж,х»ь; ёё), С (тата; ба £9 = — uk (21, та; £1, ё), 
(£a £3; 61,69) =— (£p 24; С» С), (21,23; Фр ёз) = (Zo, £4; Ea, £4), 
(11, ж; С, É) ==— — (243 Суб), (xu T; ё, Ёз) = Uk (2a, Ts; Су С), 
с (та 24; Фу Eg) = — k(x, ба; Фр €), С (гута Ev ё) = иб, 23; ёз, ё), 
(та, хз; ё, ё) == (2,24) бз, ё), (zo 29; ÉLÉ) =— (Ha 245 С» 6), 
(21, 28; £1, Ё) = (Za Las Ёз С), C" (zy das бр 6) = — mk (£a, £3; Ёз, ё), 


C (£a, 24: С é) = wk (n, 23; С» £), e zs. 24; ё, £2) — — пик (21, 23; 65 é). 


If we now multiply equations (7), (8), (9), (10), (11), (12) respectively 
by (Za 25; Ср ба), (21, 28; Lar E), (Ту Ta; Со Ёз), (11, 24; Ea, Ёз), (Tas 245 En, бу), 
(rg 24: Су Ёз), take account of the above relations, divide out common 
factors from certain of our equations, and add the results, we obtain 


4 4 
c {а(8, у; En EDH È (Lm bai En ÉD} —® È Of bas 6,6) = 0, 


which reduces to 


c [a(8, у; & f+ Ge S| а (бе'— е) 


This is identical in form with equation (1). Similarly we can obtain 
five other equations respectively identical in form with equations (2) 
to (6). 

If we have а set of functions a, 8, y, Х;, Xa Xy, X, suitable in form 
for the derivation of a solution of our electromagnetic equations, we can 
transform a, B, y by means of a point transformation satisfying our 
eighteen conditions, and calculate a set of L’s from the four equations of 


the type Or Oxy is E 
о 4 OL | T 


The transformed forms of a, 8, у and the set of L's so obtained are suit- 
able in form for the deduction of a new solution of the electromagnetic 
equations. The new values of k and д will be obtained by simple trans- 
formation, but the new value of o will be derived from the solution of a 
differential equation. | | 
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CYCLOTOMIC QUINQUE-SECTION FOR EVERY PRIME OF THE 
FORM:10n+1 BETWEEN 100 AND 500 


By Panpit Oupa ЏРАРНТАТА. 


Communicated by G. Н. Harpy. 


[Read April 21st, 1921.— Received in revised form July 14th, 1921.) 


Tue formula of quinque-section was first given by L. J. Rogers in 
. Vol. 82 (old series) of the Proceedings. It was shown by W. Burnside in 
1915, also in the Proceedings, that the problem of quinque-section de- 
pends on the solution of two Diophantine equations, namely: _ 


(1) [4p—16—25(A + B)]?+1125(4 — В) 450(C 4- D?) = 12%, 
(2) [4p—16—25(4+B)][4—B] --3(C*--4CD— D*) = о. 


Burnside solved these two equations for every prime of the form 10n 4-1 

under 100, and gave the values of p, A, B, C, and D in а tabular form. 
The object of this paper is to construct a similar table for every prime 

of the form 10n-+1 between 100 and 500. The details of caeu apon are 


given for one prime only. 
I have used the general formula of Burnside, — that I have 


correeted the coefficient of » to Qr In Burnside's paper this is 


misprinted as (p D Cayley gave the quintic for every prime under 


100. In order to + his results I calculated them by the method given 
by Burnside, and found that there are two discrepancies. For the prime 
31 the coefficient of у? ought to be —21 and not —2. For the prime 61, 
the constant term must be —18 and not 28. 


The Details of Calculation for the Prime 281. 


In the first equation let us substitute the value of p, supposing that 
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A+B = 48; then, by the first equation, we get 
[4х 281—16—25 x 48 | +1195(4 — B)?+450(C?+ р?) = 144 x 281, 
or 1125(4 — B--450(C*--D?) = 89875. | 
Now, if d—B=1, | 
+ = = 85 = ET or 7?-4-6?. | 
Thus C = 9 and D=2 or C=7 and р = 6. And if А-В — 8, 
| C+D = 65 = 824-1? or THL. | 
Thus C = 8 and D=1or C = 7 and D=4. Finally, it A—B = —5, 
C?+ D? = 25 = 5O or 4?--8*. 
Thus C = 5 and D=0 or С = 4 and р = 8. | | 
Of these solutions only С = 4, D = 8 is a solution of the second equa- 


tion, as may be verified at once by substitution. 


Since A+B = 48 and A—B = — 5, we have 4 = 19 and B= 24. 
The solution is therefore 


A=19, B-—24, C=4 D=8. 


The Determination of the Coefficients of the Quintic. — 


The formula for the determination of the coefficients of the quintic, 
as given by Burnside, is as follows: 


sy 4_ 2(p—l) в 2(p—1)(2p +8) 


+l a {5(4+B)— рез] ta (2-3. , B) a - py 
+404 — В)(р*— -0 |- (poy 


Only the coefficients of 7°, 7", у and the constant term depend upon p. 
When p = 281 their values are found to be —112, —191, 2257, and 
967 respectively. The quintic is therefore 


75 4-5 — 1127—1917? 4-225754-967 = 0. 
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TABLE. 
і 

В C D 1 | nf L | 7 n 1 
ee LL Es al Cee a ar —  — — рна = 

9 3 2 ' 1 1 | — 40 98 |— 2 | — 17 
9 1 6 , 1 1 | — 52 | — 89 109 193 
10 2 9 | 1 | 1 | — бо | — 12 784 ` 198 
14 2 7} 1) 1 '— 72 | —-198 998 . — 49 
18 3 а | 1 | 1 | — 76 | —8599 | — 487 , — 155 
19 l 2 | 1| 1 | — 84 | — 59 1661 269 
20 | 4 4 | 1 | 1 | — 96 | —212 | 1232 512 
18 | 2 6 | 1 | 1 | —100 | — 20 1504 | 1024 
19 | 1 8 |1 | 1 1-108 '—-40 |— 18} 845 
24 4 3 | 1 1 жи | —191 2257 967 
27 7 O | 1 | 1 ;|—194 | 535 | 418 539 
29 3 deu 314 | _ 139 —887 | —1848 | — 1027 
38 3 10 | 1/1 | —160 369 879 | — 29 
32 | 8 111,1 | —168 219 | 3858 | —8517 
30 6 !— 6 1 1 | —172 | —724 | —1824 1728 
34 2 9 | 1 | 1 | —184 | —199 4551 | 5419 
39 | 3 | 12 | 1 | 1 | – 196 59 | 2019 | 1377 


I have received very much help from Pandit Shukdeo Chaube in calcu- 
lation, and from Prof. Narendra Kumar Majumdar in preparing the plan of 
this paper. 
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